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PREFACE 


This text has been written primarily as an introduction to the basics of 
the actuarial mathematics of life insurance. The subject matter is suitable 
for a one-semester or a one-year college course. Since it attempts to derive 
the results in a mathematically rigorous way, the concepts and techniques of 
one variable calculus and probability theory have been used throughout. A 
two semester course in calculus and a one semester course in probability 
theory at the undergraduate level are the usual prerequisites for the 
understanding of the material. 

There are five chapters in this text. Chapter 1 focuses on some 
important concepts of financial mathematics. The concept of interests, 
essential to the understanding of the book, is discussed here very 
thoroughly. After the study of present values in general, annuities-certain 
are examined. 

Chapter 2 is concerned with the mortality theory. The analytical study 
of mortality is followed by the introduction of mortality tables. 

Chapter 3 discusses different types of life insurances in detail. First, we 
examine stochastic cash flows in general. Then we study pure endowments, 
whole life and term insurances, endowments, and life annuities. 

Chapter 4 is devoted to premium calculations. It opens with a section on 
net premiums, followed by a section discussing office premiums. 

Chapter 5 deals with reserves. In addition to presenting different 
reserving methods, the mortality profit is also studied here. Careful 
consideration is given to the problem of negative reserves as well. 

The book contains many systematically solved examples showing the 
practical applications of the theory presented. Solving the problems at the 
end of each section is essential for understanding the material. Answers to 
odd-numbered problems are given at the end of the book. 

The authors are indebted to Drs. D. K. Nagar, Jie Chen and Asoka 
Ramanayake with whom discussions and whose comments on the original 
manuscript, resulted in a vastly improved text. We are grateful to the 
Society of Actuaries, the Institute of Actuaries and the Faculty of Actuaries, 
acknowledged in the appropriate places, for permission to reproduce tables. 
Thanks are also due to Ms. Anneke Pot of Kluwer Academic Publishers for 
her cooperation and help. Her counsel on matters of form and style is 
sincerely appreciated. Finally, the authors are thankful to Cynthia 
Patterson for her efficient word processing and for her patience during the 
preparation of this manuscript. 


Bowling Green, Ohio A. K. Gupta 
Budapest, Hungary T. Varga 
August, 2001 


CHAPTER 1 


FINANCIAL MATHEMATICS 


1.1 COMPOUND INTEREST 


There are many situations in every day life when we come across the 
concept of interest. For example, when someone makes a deposit in a bank 
account, the money will earn interest. Money can also be borrowed from a 
bank, which has to be repaid later on with interest. Many car buyers who 
cannot afford paying the price in cash will pay monthly installments whose 
sum is usually higher than the original price of the car. This is due to the 
interest which has been added to the price of the car. 

In general, interest is the fee one pays for the right of using someone 
else's money. In the case of a bank deposit, the bank uses the money of the 
depositor, whereas in the case of a bank loan, the borrower uses the money of 
the bank. The situation is slightly complicated with a car purchase. What 
happens here is that the buyer of the car gets a loan from the dealer which 
can be used to pay the price of the car in full. This loan has to be repaid to 
the dealer in monthly installments. 

Consider an interest earning bank account. Assume we make a deposit of 
$X on January 1, and leave the money there until the end of the year. On 
January 1 of the next year, we withdraw the money together with the 
interest. We find that our money has accumulated to $Y. What is the rate 
of interest for the year? Let us denote the interest rate by "i". It is worth 
noting that the interest rate is often expressed as a percentage (e.g. 4%), or 
as a real number (e.g. 0.04). 

Let us split $Y into two parts. One is the amount of the original 
deposit: $X, also called the capital content, the rest is the interest content: 
$X1. We have the following equation: 


Y=X+Xi 
or equivalently 
Y= X(1 +7). 
EXAMPLE 1.1. A sum of $340 is deposited in a bank account on January 1, 
1990. The account earns interest at a rate of 3% per annum. What is the 


accumulated value of the account on January 1, 1991? What are the capital 
and interest contents of the accumulation? 
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Solution: The accumulated value is $340(1 + 0.03) = $350.20. The 
capital content is $340. The interest is $340 x 0.03 = $10.20. The interest 
could also be obtained as $350.20 - $340. 

We may ask what happens if $X is deposited on January 1, but the 
withdrawal takes place earlier than January 1 of the next year. How much 
money can we withdraw then? The capital content must be the same; that 
is, $340, but the whole annual interest cannot be paid. We could argue that 
the interest should be proportional to the time between the deposit and the 
withdrawal. Thus, if the withdrawal takes place n days after the 


deposit, the interest paid for this time interval is $X 568 . So the amount 
available at withdrawal is $X € + ss) . Interest computed in this way 


is called simple interest. Later on, we will see that the interest for a 
fraction of a year can be defined in another way as well. 


EXAMPLE 1.2. A sum of $340 is deposited in a bank account on January 1, 
1990. The account earns interest at a rate of 3% per annum. Using simple 
interest, answer the following questions. 

a) What is the accumulated value of the account on February 1, 1990? 
What is the interest paid for the period between January 1 and 
February 1? 

b) What is the accumulated value of the account on July 1, 1990? What 
is the interest for the period from January 1 to July 1? 

Solution: a) The number of days from January 1 to February 1 is n = 31. 


31 
The interest for this period is $340(0.03) 365 = $0.8663. Hence, the 


accumulated value on February 1 is $340 + $0.8663 = $340.87. 
b) Since the number of days from January 1 to July 1 is 
n = 31 + 28 + 31 + 30 + 31 + 30 = 181 and the interest for this period is 
181 
$340(0.03) 365 = $5.0581, the accumulation on July 1 is $340 + $5.0581 = 


$345.06. 


In Example 1.1, we found that a capital of $340 invested on January 1, 
1990 grows up to $350.20 by January 1, 1991. Furthermore, Example 1.2 
showed that the same investment accumulates to $345.06 by July 1, 1990. 
Now, assume we withdraw this $345.06 on July 1 and deposit it 
immediately afterwards. Then the amount will accumulate to 


=" = $350.28 by January 1, 1991. That means, we 


earned an interest of $10.28 over the year which is higher than the $10.20 
interest earned in Example 1.1. Therefore, we can make a better deal, if 


instead of leaving our money in the account for the whole year, we 
withdraw and redeposit it in the middle of the year. 


$345.06 È + 0.03 
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We can go further. If we withdraw the money from the account every 
day of the year and deposit it immediately afterwards, we earn interest at 


0.03 
a rate of 365 each day. Hence, the original $340 will accumulate to 


0 365 


$340] 1+ 365 = $350.35 in one year. So we can earn an interest of 


$10.35 in this way. This interest is higher than the interests obtained in 
the previous transactions. Hence, if we wanted to maximize the gain on our 
investment, we would have to run to the bank every day. Therefore, we 
introduce another type of interest which makes it possible to avoid this 
problem. 

First, let us introduce some notations. If we invest one unit, say $1, at 
time tı, its accumulation (or accumulated value) at time tg is denoted by 
A(t1,t2). We will measure time in years. 

We call A(t1,t2) the accumulation factor. We can also write 
A(t1,t2) = 1 + ieff(t1,t2) where leff(t1,t2) is called the effective rate of 
interest for the term from tı to tg. The notation "i" without subscript will 
be reserved for the annual interest rate. The problem with simple interest 
rate is that A(t1,t2) A(to,t3) + A(t1,t3). We would like to have a function 
A(t1,t2) satisfying 


A(t1,t2) A(t2,t3) = A(t1,t3), for t1 < t2 < t3. (1) 
This is called the principle of consistency. It can also be written as 
(1 + ieff(t1,t2)) (1 + ief(t2,t3)) = 1 + teff(t1,t3), for t1 < t2 < t3. 
If A(t1,t2) satisfies the consistency condition, the interest is called 
compound interest. Applying the above relationship repeatedly, we can see 
that it is equivalent to 
A(t}1,t2) A (t2,t3) ... A (tn-Ltn) = A(tt tn), for t4 <to <..<ty-1< ty, 


Or 


(1 + ieff(t1,t2)) (1 + teff(ta,t3)) ... (1 + îeff(tn-1,tn)) = 1 + ieff(t1.tn), 


for ty <t? <... < ty] < ty. 


One of the most often used functions satisfying (1) is 


A(t1,t2) = (1+ gel (2) 


Remember that t] and tg are measured in years. As we have mentioned 
earlier, i is the annual rate of interest. This function satisfies the principle 
of consistency, since 
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boti  £3-t2 
A(t1,t2) A(t2,t3) = (1 + i) (1 + 7) 
„ t3-Ł4 
=(1+31) 
= A(t1,t3). 


EXAMPLE 1.3. A sum of $340 is deposited in a bank account on January 1, 
1990. The interest follows (2), and the annual rate of interests is 3%. What 
is the accumulation on July 1, 1990? If we withdraw and redeposit the 
accumulated amount on July 1, 1990, what will it grow up to by January 1, 
1991? 

Solution: The number of days from January 1 to July 1 is 181. Therefore 


181 
to - t] = 365” and using (2) we get 


181 


365 
A(t1,t2) = (1.03) = 1.0147658 


and hence $340 accumulates to $340 x 1.0147658 = $345.02 by July 1. 
The number of days from July 1, 1990 to January 1, 1991 is 184. Therefore, 
184 


$345.02 accumulates to $345.02(1.03) °” = $350.20 by January 1, 1991. 

If we compare this result with Example 1.1, we can see that the deposit 
made on January 1, 1990 accumulated to the same amount with or without 
redepositing the money in the middle of 1990. 


Formula (2) assumes that the annual interest rate is always the same. 
What happens when the annual interest rate changes from time to time? 
We can still define the accumulation factor A(t1,t2) by (2) if the annual 
rate of interest remains constant between tų and t2. Moreover, we can link 
the accumulations in periods with different annual interest rates by (1). 
That means, if the interval between tı and tg contains a point t*, where 
the annual interest rate changes, A(t1,t2) can be defined as A(t1,t*) 
A(t*,t2). As a result, we obtained compound interest again. It is illustrated 
by the following example. 


EXAMPLE 1.4. What is the accumulation on October 1, 1992 of a $2000 
deposit made on June 1, 1988, if the annual rate of interest is 4.5% in 1988, 
4% in 1989, 3% in 1990 and 1991, and 4% in 1992? A compound interest is 
used, satisfying (2) in each calendar year. 

Solution: First, we find that the number of days from June 1 to January 1 


is 214, and from January 1 to October 1 is 273. Thus, the accumulation factor 
214 


365 
for the interval from June 1 to the end of 1988 is (1.045) . The 
accumulation factor for the next three years is 1.04(1.03)?, and for the 
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273 
365 
period from the beginning to October 1 of 1992 it is (1.04) . Therefore the 
accumulation factor for the whole term is 
214 273 
365 365 
(1.045) © 1.04(1.03)? (1.04) © = 1.16589. 
So the accumulated value is $2000 x 1.16589 = $2331.78. 
Let us return to the general accumulation factor A(t1,t2). If we want to 
work with it, we have to know the values of a function in two variables. 


However, if we have a compound interest, A(t1,t2) can be expressed in a 
simpler form. In fact, we can write 


A(to,t 
A(t1,t2) SCAR , where to < t1 < fo. 


Thus, if we fix to and define the function wi (t) = A(to,t) then 


wt (t2) 
wt (t) 


A(t1,t2) = 


Hence, wt (t) makes it possible to find the values of A(t1,t2) for any 
to < t1 < t2. The function wt (t) has only one argument but it still depends 


on to. How can we get rid of tọ? If we pick another number, say fo, where 
t0 < to, then 


A (tot) = A(to ,to) A (tot). 


If we take the logarithm of both sides of the equation, and then 
differentiate with respect to t, we get 


d % d 
di log A(tgt) = EF. log A (tọ,t). 


Note that log denotes the natural logarithm; that is, the logarithm to the 


d 
base e. Therefore, the function di log A(to,t) does not depend on the special 


choice of tg any more. Let us denote it by é(t): 


d 
A(t) = di log A(to,t) 


1 d 
“Aot Ji A(to,t). (3) 
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The function é(t) is called the force of interest per annum. It is already a 
function in one variable. Using the fundamental theorem of calculus, we 
have 


Ps Pa 
tdt = } —log A(to,t)dt 
A (t) jdt g A(to,t) 
= log A(to,t2) - log A(to,t1) 
_ lo A(to,t2) 
T OBA (to,t1) 
= log A(t1,t2). 
Therefore, 
fy 
J 5(t)dt 
2 
A(t1,t2) =e (4) 


If we want to be mathematically precise, we must require A(to,t) to 
satisfy certain regularity conditions in order for the above reasoning to be 
correct. For example, if A(to,t) has a continuous derivative with respect to 
t, then é(t) exists and is continuous. 

So far we have proved that if (1) holds, then A(t1,t2) can be expressed 
by (4). The converse is also true. That means if the function é(t) is given, 
then defining A(t1,t2) by (4), equation (1) is satisfied. In fact, we get 


ty ts 
j 5(t)dt j 5(t)dt 
1 2 


A(t 1,t2) A(t2,t3) = € e 
5 t 
) S(t)dt + l tdt 
1 2 
=e 
f3 
} 5(t)dt 
1 
=e 
= A(t1,t3). 
Moreover, 
4 amp- | sod 
di (t08) = ae 4° (s)ds 


= St). 


Financial Mathematics 7 


Again, mathematical correctness requires that ô(t) satisfy a regularity 
condition. For example, if ô(t) is continuous, then the definition of A(t1,t2) 
by (4) is correct, and A(t0,t) is continuously differentiable in t. 

We have proven a mathematical result that will be needed in later 
chapters. Therefore, we state it in the following theorem. 


THEOREM 1.1. Let the function f(t1,t2) be positive and continuously 
differentiable in to. Then it satisfies 


f(t1,t2) f(t2,t3) = f(t1,t3) 


if and only if f(t1,t2) can be expressed as 


2 
Fia 
f1 


f(t1,t2) =e ; 


where g(t) is continuous. Also, the relationship between f and g is 


d 
g(t) = 77 log f(to,t) 
1 d 
~ f(to,t) dt f(to,t) 


where to can be any number less than t. W 


We defined ô(t) in a rather abstract way. However, it also has an 
interpretation that can be appreciated more easily. 
Let t] and t2 be very close to each other. Then 


f2 
} 5(t)dt 
1 
A(t1,t2) =e 
_ a{txtaoley) 


where "=" means approximately equal. We also know from calculus that if 
the number h is very small, then e? =1 +h. 

Now, if t2 is close to tj, then t2 -tų and (t2 - t1) é(t1) are small. 
Consequently, 


to-t,)d(t 
Re: 1) OD ett) d(t1), 


and 
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A(t1,t2) = 1 + (t2 - t1) O(#1). (5) 


That means if we invest $1 at time t] then after a very short time period, 
say h, our money will accumulate to approximately 1 + hé(t1). 

Let us see next what happens when é(t) takes on a special form: 
6(t) = è; that is, é(t) is the constant function. Then, 


j 
5(t)dt 


1 
A(t1,t2) =e 
(t2-t1)ô 
=e , 


(6) 


If tg =f, +1; that is, t2 is exactly one year after t], we get 
A(ty,t, + 1) = eð. 


On the other hand, since A(t1,f1 + 1) is the accumulated value of 1 one 
year after the time of the deposit tı, it equals the capital 1 plus the 
interest 


A(t1,t7 +1) =1 41. 


Therefore 
1+i=09 (7) 


and since ô does not depend on t, neither does i. 
As a result, (7) gives the relationship between the constant force of 
interest per annum: ô, and the constant annual rate of interest: 1. 
1 
We can pick other special values for tg. Let t2 = t1 + 5° That means we 
are interested in the accumulation over a half year. Then 


5 1 


1 
1) 2 2 
afans] =(1+1). 


1 
If t2 = t4 + 


m)’ that is, the accumulation is computed for one month, we 


get 


1. L 
Aln atle? = (+) 
1, 1+ 49 =e = ( + 1) . 
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Furthermore, t2 =t] +n (n integer) indicates the accumulated value is 
to be determined for n years. Then we have 


A(t, ty +n) =e" = (1 + i)". 
In general, from (7) we get 


(t2-t1)ð | to-t1 


A(t1,t2) =e (1 + 1) 


Thus (2) means we have a constant force of interest per annum. 


EXAMPLE 1.5. Let the force of interest per annum be 0.05. If we invest 
$4000 on March 1, 1990, how much will be its accumulated value on 

a) April 1, 1990? 

b) September 20, 1990? 

c) March 1, 1993? 

What is the annual rate of interest? 

Solution: We have ô= 0.05. 

a) The number of days between March 1 and April 1 is 31. So the 
accumulated value is 


Na (0.05) 
$4000 e = $4000 x 1.00426 
= $4017.04. 


b) The number of days between March 1 and September 20 is 
31 +30 +31 +30 +31 +31 +19 = 203. So, the accumulated value is 


$4000 e = $4000 x 1.0282 
= $4112.80. 


c) There are exactly three years between the deposit and the 
withdrawal, so the accumulated value is 


3(0.05) 
$4000 e = $4000 x 1.116183 


= $4647.32. 


Using (7) the annual rate of interest is 


i=e0-1 
= 29.05 _ 4 
= 1.05127 - 1 
= 0.05127, 
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or equivalently, i = 5.127%. 


In this example we found that ô= 0.05 results in an annual interest rate 
of 0.05127. It is always true that the annual rate of interest is higher than 
the force of interest per annum. This can be seen from the Taylor expansion 


of eô: 


62 §3 
e=1+d+ 7 +a, t ve. 
because then 
i=ed-1 
62 53 
=+ +a + > Ô. 


However, as we have already mentioned, eô iscloseto 1+6 if ô is 
small. Therefore, i is close to è for small 6. Let us see some examples. 


0.01005 
0.02020 
0.03045 


0.06184 
0.10517 
0.16183 
0.22140 


Let us recall that the effective rate of interest for the period between t1 
and to was defined as 


leff(t1,t2) = A(t1,t2) - 1, 


where A(t1,t2) is the accumulation at t2 of $1 invested at t4. We often 
use another type of interest, which is called the nominal rate of interest. 
The nominal rate of interest per annum is defined as the number inom(t1,t2) 
satisfying ieff(t1,t2) = (t2 - t1) inom(t1,t2). Note that if we are using simple 
interest, the nominal rate of interest per annum is equal to the effective 
interest rate per annum, but for compound interest this is usually not true. 
Later on we will see that the nominal rate of interest per annum is less than 
the effective interest rate per annum if the interest is defined by (2) and 
to -t1<1. 

If we use the expression interest rate without adding the word effective 
or nominal, it will always mean an effective rate of interest. 

Using these definitions, we can give another interpretation to the force 
of interest. Since 
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leff(t1,t2) = A(t1,t2) - 1, 
we get 


A(t1,t2)- 1 

inom(t ta) TI 

If we recall (5), we see that as tg approaches t1, inom(t1,t2) tends to ô(t1). 
Hence at any point t, the force of interest per annum is the limit of the 
nominal rate of interest per annum as the length of the term goes to zero. 

If the interest satisfies (2), the effective and nominal rates of interest 
depend on tı and t2 only through t2 -t1ı. Therefore, we can use the 
notation i(h) instead of ieff(t1, t1 +h), and the notation ip instead of 
inom(t1, t1 + h). Then we have 


i(h)=(1 +i" -1 (8) 


and 


a Ro (2) 


EXAMPLE 1.6. Let the effective annual rate of interest be 4%. Find the 
effective rates of interest and the corresponding nominal rates of interest per 
annum for the following periods 

a) January 1 to October 1. 

b) January 1 to March 1. 

c) January 1 to January 15. 

What is the force of interest per annum? 
Solution: a) There are 273 days between January 1 and October 1, so 


h= a and the effective rate of interest is 


273 


ih) = (1.04)°°? -1 
= 0.02977. 


The nominal rate of interest per annum is 


. 0.02977 
ih = 273 
365 

= 0.03980. 
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b) There are 59 days between January 1 and October 1, so h = 59 . Asa 


365 
result, the effective rate of interest is 
59. 
365 
i(h)= (1.04) -1 
= 0.00636 


and the nominal rate of interest per annum is 


. _ 0.006360 
hT 59 
365 

= 0.03935. 


14 
c) There are 14 days between January 1 and January 15, so h = 365: 


The effective rate of interest is 


14 


365 
i(h) = (1.04) -1 
= 0.00151 


and the nominal rate of interest per annum is 


0.00151 
h= 14 
365 
= 0.03925. 


The force of interest per annum can be obtained by using (7) 


ô = log(1 + 1) 
= log 1.04 
= 0.03922. 


We can clearly see that as h goes to zero, ij tends to ô. 


Note that in this example, the nominal rate of interest per annum is 
decreasing as h is decreasing. This is always true, shown in the following 
theorem. 


to-t 
THEOREM 1.2. If A(tı,t2)= (1 +i) OT js satisfied then the nominal 
rate of interest per annum ij is monotone increasing in h and approaches 6 
as h goes to zero. 
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Proof: Let us write (9) as 


. (@+i}-1 
ih = hk 
(1 + i)" - (1+ i)? 
“ko (10) 
This is the difference quotient of the function 
fle) = A +i. (11) 


Therefore, ip is the slope of the line segment joining (0,f(0)) and 
(1,f(h)). Since the function f(x) = (1 + i)¥ is concave up, ip is increasing in 
h. 


JWA goes to f'(0). But when 
f'@)=log(1+i(1+i)* f'(0) = log(1 + i) = 6 because of (7). W 


If h tends to zero, 


From the theorem, it immediately follows that i, <i, if h <1. Hence 
the nominal rate of interest per annum for a term shorter than a year is less 
than the effective annual rate of interest. 


1 
If h = p , where p is a positive integer; that is, the term of the 


i UP). 
transaction is one pth of a year, i, has one more notation: i Pi Using (9), we 
have 


1 
p) a+- 
= 1 
P 
1 
= p((1 +i) - 1), (12) 
or equivalently 
| ey} 
1+ p =1+1. (13) 


We call i? the nominal rate of interest per annum convertible pthly. That 
means, the interest is payable pthly. 
If we take p = 12 in (12), we get i(12). Although one month is not 
(12) 


exactly one twelfth of a year, can be regarded as the effective rate of 


12 
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interest per month. Similarly, Pa is the effective rate of interest per 
i 
quarter and DE is the effective rate of interest per half year. Obviously, 
;(365) 
365 
dealing with a leap year. If an amount is invested for one day only, it is 
also called overnight money. 


gives the exact effective rate of interest per day, unless we are 


EXAMPLE 1.7. Let 1= 0.04. Determine i(2), i(4), j(12) and i(365), 
Solution: From (12) we get 


1 


2 
1.04) - 1 
i(2) = Canl = 0.03961, 


2 


1 


4 
1.04) -1 
(4) 0D -1_ ooog, 


4 


1 
12 
1 


12 


= 0.03928, 


and 


We can see that as p gets larger, i? tends to ô= log 1.04 = 0.03922. 


1 
This is due to the fact that as p increases, h = n tends to zero. 


EXAMPLE 1.8. A bank uses the following nominal interest rates: 6% per 
annum convertible yearly, 5.5% per annum convertible monthly, and 5% per 
annum convertible daily. Find the accumulation of $3000 if it is invested 
for 

a) one day. 

b) one month. 
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c) one year. 
Solution: a) The accumulation in one day is 


0.05 
3000 È + 5s | = $3000.41. 


b) The accumulation in one month is 


0.055 
12 


3000 È + = $3013.75. 


c) The accumulation in one year is 
3000 (1 + 0.06) = $3180. 


Next, we want to examine the different ways in which compound 
interest can be paid to the investor. Assume an investor invests $1 at time 
to and wants to get back this capital of $1 at time te. The most obvious 
way of paying interest is the payment of ieff(to,te) at time te. 

However, there are other possibilities. Let us pick n -1 points in the 
time interval between to and te, say t1,t2,....tn-1 so that to<t1<t2<...< 
tn-1 < tn = te. When a capital of $1 is invested at time tọ, it will earn an 
interest of ieff(to,t1) by t1. If this interest is paid back to the investor at 
t1, the outstanding capital is still $1. This will earn interest of leff(t1,t2) 
by t2 and this interest is again paid back to the investor. The amount of the 
capital drops again to $1. If we repeat this procedure n times we get the 
following sequence of interest payments: 


leff\t0,t1) at t1, (14) 
leff(t1,t2) at to, (15) 
ioff(tn-Ltn) at tn. (16) 


After paying ieff(tn-1.tn) at tn, the outstanding capital is again $1 and 
this can be returned to the investor. 
Using nominal rates of interest, we can rewrite (14)-(16) as follows: 


Inom(to,t1) : (t1-t0) at t1, (17) 


inom(t1,t2) : (t2 - t1) at to, (18) 


mh 


Inom(tn-1tn) | (tn - tn-1) at tn. (19) 
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In the case of interest rates defined by (2) we can formulate our result in 
the following theorem. 


THEOREM 1.3. A capital of $1 is invested at an annual interest rate of 


i for n years. The interest satisfies A(t1,t2) = (1 + i)? A Then the interest 
can be paid in any of the following ways: 
a) Payment of interest (1+1)" - 1 at the end of year n. 
b) Payment of interest i at the end of each year. 
Ap) 


1 
c) Payment of interest 7 at the end of each p year long period. 


The outstanding capital after each interest payment is $1. W 
Later on, we will find some more methods of paying interest. 


EXAMPLE 1.9. We invest $300 at an annual rate of interest of 8% for 
five years. 

a) How much interest will we get at the end of the fifth year? 

b) If the interest is paid at the end of each year, how much will these 
payments be? 

c) How much will the interest payments be if they are paid monthly? 

Solution: a) The interest at the end of the fifth year will be 


$300((1.08)9 - 1) = $300 x 0.4693 
= $140.80. 


b) The yearly interest payment is 


$300 x 0.08 = $24. 


(12) 
c) First we need to determine "on . From (12) we get 


1 
j(12) 12 
= (1.08) © -1. 


So the monthly interest payments are 


1 
12 
$300((1.08) - 1) = $300 x 0.00643 


= $1.93. 


We can see that the total interest paid in (a), (b), and (c) of Example 1.9 
are all different. In (a) it is $140.80, in (b) it is $24 x 5 = $120, and in (c) it 
is $1.93 x5 x 12 = $115.80. It is always true that the total amount of interest 
paid yearly is less than a single interest payment at the end of year n and 
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the total amount of interest payments made more often than yearly is even 
less than this. Indeed, 


ni<(1+i)"-1, 


since using the binomial theorem, we get 


n n 
NN _ _ . 2 n 
(1 + 1) 1=1+ni+ (5); rat (Ki 1 
n n 
_ . 2 ‘n . 


Because it has already been proven that 
ih <i for h<1, 
we get 


(p) 


i <i forp>l. 


Therefore, 


(p) 
1 


npp <ni 


is also true. 

Let us look at (17)-(19) again. If n is large and the differences 
ty - to, to - t1, .., te - tn-1 are small, the expressions (17)-(19) can be 
approximated by 


ô(to)(t1 - to) at ti, 
Ô(t1)(t2 - t1) at fo, 


Ôltn-1)(tn - tn-1) at th. 


If we denote the total interest paid between to and t by I(f0,t), we get 


k 
I(to,th) = X d(tj)(ti-ti1) for k = 1,2,....n, 
i=1 


which is an approximation to 
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Ek 
I &(s)ds. 
to 


We get 


Ek 
I(to,th) = J 5(s)ds for k= 1,2,..n. 
0 


Consequently, if t,'s are close to each other, the function D(to,t), defined 
by 


t 
D(to,t) = J 5(s)ds for to <t <te, 
0 


gives a reasonable approximation to the total interest paid from tọ to t. 

This introduction of the function D(t0,t) is rather heuristic. Now, we 
want to derive it in a more correct mathematical way. 

First we want to define what we mean by continuous interest payments. 
In general, a continuous cash flow can be defined by the function M(to,t) 
(t 2 to) where to is fixed and the function is continuous in t and M(to,t) 
gives the total payment made from tg to t. Obviously, if to < t1 <to, then 
M(to,t2) - M(to,t1) gives the payment made in the time interval from tı to 
t2. Thus M(to,t + h) - M(to,t- 4) is the payment made from t-h to t +h. 
Since M(to,t) is a continuous function in t, M(to,t +h) - M(to,t - h) 
approaches zero as h goes to zero. This implies that the payment made 
exactly at time t is 0. So in this case, it does not make sense to talk about a 
payment at a given point in time. We have to examine payments in time 
intervals. 

Although M(to,t +h) - M(to,t) goes to zero as h tends to zero, if 
M(to,t) is differentiable with respect to t, we can define the function 


M(to,t + h) - M(to,t 
o(t) = lim MOLLI) (o.t) 
h>0 


That is, p(t) is the derivative of M(to,t) with respect to t. So, we can 
write 


d 
pt) = F; M(to,t). 
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Note that the function p(t) does not depend on the choice of to. Indeed, 
if we pick another tọ, say to (tọ >to), and M(t6t) denotes the payment 
made from fọ to t, then 


M(t0 ,t) = M(to,t) - M(to,t0)- 


Since tg and tọ are constant with respect to t, we get 


d x d 


The function p(t) is called the rate of payment per annum at time t. 

Now, let us assume we want to derive a continuous interest payment 
stream that leaves the investment unchanged all the time. That means our 
goal is to define a continuous function D(to,t) in t such that D(tg,t) gives 
the total interest paid from tg to t onan initial deposit of $1 at time tg 
for every t such that the outstanding capital remains $1 all the time. 

Let us see what happens at time t. The deposit at t is $1, and 
D(to,t + h) - D(to,t) is the interest paid in the time interval from t to t+h. 
If h is small, the $1 capital at t will accumulate to approximately 
1 + ô(t)h, because of (5). Since the continuous flow of interest has to keep 
the investment unchanged, we have 


D(to,t + h) - D(to,t) = S(t) -h 
D(to,t + h) - D(to,t) _ 
SA = Ot). (20) 


Taking the limit on both sides of (20), as h tends to zero, we get 


d 
=, Di(to,t) = S(t). (21) 


Using the fundamental theorem of calculus, from (21) we get the 
following result. 


D(tg,t) = } O(s)ds. (22) 


Because of (21), the annual rate of the interest payment at time t is ô(t). 
In the special case when d(t) = ô, we get 


D(to,t) = (t - to)ò. (23) 
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Thus we get the following result. 


THEOREM 1.4. A capital of $1 is invested at an annual interest rate of 


to-t 
i for n years. The interest satisfies A(t1,t2) = (1 + i) "Then the 
continuous interest payment stream at an annual rate of è keeps the 
outstanding capital unchanged ($1) over the whole n year long period. W 


EXAMPLE 1.10. A deposit of $400 is made on January 1 for 5 years in an 
account earning 6% interest a year. Assume the interest is paid 
continuously. 

a) What is the annual rate of the interest payment? 

b) What is the total amount of the interest payment? 

c) What is the interest paid in one month? 

Solution: a) The rate of payment per annum is 


400 6 = 400 log(1 + i) = 400 log 1.06 = 400(0.05827) = 23.31. 
b) The interest paid during the 5 year long period is 
5(400)ò = 5(23.31) = $116.55. 


c) The interest paid in one month is 
1 400 5=— 23.31) = $1.94 
12 (400)0 = 12 (23.31) = $1.94. 


Now we discuss some more methods of paying interest. 

Consider the following simple situation. We deposit $1 at time tı at 
an annual rate of interest i and withdraw the accumulated amount at t? at 
an effective rate of interest of leff(t1,t2). Then we will get 1 + leff(t1,t2) 
back at fo. 

Now, assume that we need exactly $1 at time t2 so we only want to 
invest so much money at tı that will accumulate to $1 by to. The question 
is how much the deposit has to be at ty. Let us denote it by v(t1,t2). Then 
v(t1,to) (1 + leff(t1,t2)) = 1, hence 


1 1 
OEY) TF Fett) Atto) eo 


The number vo(t1,t2) is called the discount factor for the time period 
from tj to to. 

Since an investment of 1 at t] accumulates to 1 + i(t1,t2) by to, and an 
investment of v(t1,t2) at t1 accumulates to 1 by to, if we invest 
1 - v(t1,t2) at ty, its accumulation at tg will be i(t1,to). Hence, introducing 
the notation 
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deff(t1,t12) = 1 - v(t1,t2), (25) 


deff(t1,t2) is the discounted value of i(t1,t2). The number deff(t1,t2) is 
called the effective discount rate for the time period from tı to tg. From 
(24) and (25) we get 


depti tz) = CL) (26) 


1 + ieff(t1,t2) ` 


Thus, the transaction of investing v(t1,t2) at t1 and withdrawing the 
accumulation $1 at t2 can also be interpreted in the following way. 

We invest $1 at time tį. An interest of deff(t1,t2) is paid back to us 
immediately and the capital $1 is returned at time t2. Therefore, 
deff(t1,t2) can also be called an interest paid in advance. 

If t2 =t] +1 and omitting t] cannot cause any misunderstanding, we 
usually write d and v instead of deff(t1,t2) and v(t1,t2), respectively. 
Thus we have 


(27) 


(28) 


EXAMPLE 1.11. A sum of $500 is deposited for one year at an annual 
rate of interest of 3%. How much interest is paid if 
a) the interest is paid at the end of the year? 
b) the interest is paid at the beginning of the year? 
Solution: a) The interest is 
$500 7 = $500(0.03) = $15. 


b) The discount rate is 


So, the interest paid in advance is 
$500 d = $14.56. 
In Example 1.11, we can see that d <i. It is always true that 
deff(t1,t2) < ieff(t1,t2), (29) 


since 
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deff(t1,t2) _ 1+ ieff(t1,t2) < leff(t1,t2). 


Annual interest rates are almost always less than 100%. However, it 
can also happen that i > 100%; for example, in countries with a hyper 
inflation. On the other hand, d is always less than 1 since 


deff(t1,t2)=1-v(t,,t2) < 1. 
EXAMPLE 1.12. We can invest money at an annual rate of interest of 4% 
for one year. How much do we have to invest if we want the accumulation to 


be $500 after one year? 
Solution: The investment has to be 


$500 v. 


$500 v = $480.77. 
What we said about discount factors and discount rates so far does not 
depend on the type of interest we are working with. However, we can 


examine these concepts in the context of different types of interests. 


First assume we have a simple interest. Let the annual rate of interest 
be i. Then 


i(t1,t2) = (t2 - t1)1, 
and (26) gives 


1 
d(ty,t2) = (t2 - t1) 14- tpi 


It is important to note that, in general, 
d(t1,t2) # (t2 - t1)d, 
since together with (28), this would imply that 


i i 
1+ (t2 -t1)i 1 +1 
which is only true if t2 - fy = 1. 


Next we turn our attention to compound interest. First note that because 
of (4) and (24), we get 
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fp 
- J &(t)dt 
ti 
v(t1,t2) =e 
If we use the principle of consistency and (24), we get 
v(t1,tn) = v(t1,t2) o(t2,t3) ... O(tn-1,tn) (30) 


for t1 <t? <...<ty-1 < tn. From (25) and (30) we obtain 
1- deff(t1,tn) =(1- deff(t1,t2))(1 7 deff(t2,t3)) e (1- deff(tn-1/tn)). (31) 


Equations (30) and (31) can be interpreted as follows. 

We want to receive $1 at time t,. Then we need to invest v(ty-1,ty) at 
time t,-1. In order to have v(ty-1,t,) available at time t,-1, we have to 
invest U(ty-2,tn-1) V(tn-1,tn) at time ty-2, etc. Finally, we must invest 
v(t1,t2) ... v(tn-2,tn-1) V(tn-1 ,ty) at time ft ,. On the other hand, we also 
know that an investment of v(t1,f,) at time tı will accumulate to $1 by 
time ty. 

Finally, assume we have a compound interest of the form (2). Then, (26) 
implies 


1 


Lt Tia) 
1 


—A(t1,t2) 

ee 

= h-t 

(+00 
_ 1 t2 asi 
{1+i 
tot 
=(1-d)* *. (32) 
As a result, 
to-ty 

deff(t1,t2)=1-(1-d) . (33) 


Again, it is worth remembering that, in general, 


1 


to-t 


Indeed, combining this equation with (33) we would get 
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to-t to-t 
1-(1-d)° =d" for to>ty 


or 


to-t to-t 
d’t4 (1-4) =1 


Introducing h = t? - t1, this can be written as 
d'+(1-d)" =1, for h>0. 
However, 0<d<1 and d?! and (1-d)" are both monotone decreasing 


functions in h, so their sum can take on the value 1 only for one h. Now, 
h=1 satisfies the equation, and hence 


def(t1,t2) = 
only if to=t1+1. 


Also note, that because of (33), deff(t1,t2) only depends on tı and t2 
through t2- ty. So, we can introduce the notation 


d(h) = deff(t1,t1 + h). 
Then from (33), we get 
d(h) =1-(1- d}. (34) 


We can also talk about nominal discount rate per annum which is 
defined by 


deff(t1,t2) = (t2 - t1) dnom(t1,t2). 
Dividing both sides of (29) by (t2 - t1), we get 
dnom(t1,t2) < inom(t1,t2). 


If we have a compound interest rate, dnom(t1,t2) approaches ô(t1) as 
to goes to ty. Indeed, if we divide both sides of (26) by (t2 - t1), we obtain 


inom(t1,t2) 
1 + ieff(t1,t2) 
_ inom(t1,t2) 
-1+ inom(#1,t2)(t2 - t1) ` 


dnom(t1,t2) = 


(35) 


Now, if to goes to t1, inom(t1,t2) tends to ô(t1), as we have already 
proven and t2-t] goes to 0. So, dnom(t1,t2) approaches ô(t1). 
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If the interest satisfies (2), we use the notation 
dh = dnom(t1,t1 +h). 


Then (34) gives 
(36) 


EXAMPLE 1.13. Let the annual rate of interest be 4%. Find the effective 
discount rates and the nominal discount rates per annum for the following 
time periods: 

a) January 1 to October 1. 

b) January 1 to March 1. 

c) January 1 to January 15. 

Solution: The annual discount rate can be obtained from (28). 


273 
a) There are 273 days between January 1 and October 1, so h = 365 ` As 


a result, the effective discount rate is 


273 
365 
d(h) = 1 - (1 - 0.03846) 
= 0.02891 
and the nominal discount rate per annum is 
_ 0.02891 _ 0.03865 
h= 273 3° . 
365 
59 
b) There are 59 days between January 1 and March 1. So, h= 365 ` 


Hence, the effective discount rate is 


59 
365 
d(h) = 1 - (1 - 0.03846) ~ = 0.00632 


and the nominal discount rate per annum is 
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0.00632 
h= 5 7 0.03910. 
365 
14 
c) There are 14 days between January 1 and January 15 and h = 365 ` 


Therefore, the effective discount rate is 
14 
365 
d(h) = 1 - (1 - 0.03846) = 0.00150 
and the nominal discount rate per annum is 


_ 0.00150 
"= 
365 


= 0.03911. 


In this example, the nominal discount rate is increasing as h is 
decreasing. We can also see that the nominal discount rate goes to 
ô = 0.03922 as h tends to zero. Again, we can state a general theorem. 


THEOREM 1.5. If A(tı,t2)= (1 + i)? È is satisfied then the nominal 
discount rate per annum dp is monotone decreasing in h and dy approaches 
ô as h goes to zero. 

Proof: Let us rewrite (36) as 


P —1-(-d? (1-d)-(1-4)0 
h= kh 5 h -0 i 
So -dp is the difference quotient of the function g(x) = (1-d)*, or in 
other words, it is the slope of the line segment joining (0,9(0)) and (h,g(h)). 
The function g(x) = (1-d)* is concave up, thus -dp is increasing in hA. 
Therefore, dp is decreasing in hA. 


If h tends to zero, a - ato) goes to -g'(0). But 


g'(x) = log(1 - d) (1 - d)*, so 
-¢'(0) = -log(1 - d). 


Now, 


-log(1 - d) = log fey 
= log(1 + 7) 
=ô i 
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As a special case of the above theorem, we get dy>d for h <1. 
Consequently, the nominal discount rate per annum for a term shorter than a 
year is greater than the annual discount rate. 


1 
If h = y , where p is a positive integer; that is, the term of the 


transaction is one pt} of a year, dy, has one more notation: qa” Using (36), 
we get 


1 


dP -p ((1-(1-d)") (37) 


or equivalently, 


We say that a” is the nominal discount rate per annum convertible pthly. 

If we take n = 12 in (37), d(12) gives the nominal discount rate per 
annum convertible monthly. Similarly, d(2) a(4), and d(365) are the 
nominal discount rates per annum, convertible half yearly, quarterly, and 
daily, respectively. 


EXAMPLE 1.14. Let d = 0.03. Determine d(2), d(4), 412), and (365), 
Solution: Using (37) we get 


NH 


d(2) = 2(1 - (1 - 0.03) ) = 0.030228, 


| 


d(4) = 4(1 - (1 - 0.03) ) = 0.030344, 

i 
12 

d(12) = 12(1 - (1 - 0.03) ^) = 0.030421, 

and 

1 

(365) — 365, _ 

d = 365(1 - (1 - 0.03) `~) = 0.030458. 


(p) 


1 
Note that as p increases, h = p decreases, so d` goes to 


5 = -log(1 - d) = 0.030459. 


Since paying ieff(t1,t2) interest at time t2 is equivalent to paying 
deff(t1,12) at time tı, using Theorem 1.3 we get the following result. 
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THEOREM 1.6. A capital of $1 is invested at an annual interest rate of 


i for n years. The interest satisfies A(t1,t2) = (1 + i)? a Then, the interest 
can be paid in the following ways. 
a) Payment of 1-(1-d)” at the beginning of the first year. 
b) Payment of d at the beginning of each year. 
(p) 1 
c) Payment of ra at the beginning of each p year long period. 


The outstanding capital at the end of each payment period is $1. W 
From Theorem 1.3, 1.4, and 1.6 we can get the following result. 


THEOREM 1.7. A capital of $1 is invested at an annual interest rate of 


ty 
. Then, the 


i for n years. The interest satisfies A(t1,t2) = (1 + i)? 
interest can be paid in the following ways. 
a) Payment of (1 +i)” -1 at the end of year n. 
b) Payment of 1-(1-d)" at the beginning of the first year. 
c) Payment of i at the end of each year. 
d) Payment of d at the beginning of each year. 
(p) 


1 
e) Payment of > at the end of each n year long period. 


(p) 
f) Payment of ra at the beginning of each 5 year long period. 


g) Continuous payment stream at an annual rate of ô. 
The outstanding capital at the end of each payment period (or at any time 
in g)) is $1. Also, 


(p) 


d<d <5<i” 


<i, for any p> 1 integer, 


and a” and P tend to è as p goes to infinity. W 


In the remainder of the book, we assume that we are working with 
compound interest. 


PROBLEMS 


1.1. A sum of $500 is deposited in a bank account on February 1, 1989. If 
the account earns interest at a rate of 4% per annum, what is the 
accumulated value of the account on February 1, 1990? Find the 
capital and the interest contents of the accumulation, too. 
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1.2. 


1.3. 


1.4. 


1.5. 


A sum of $2000 is deposited in a bank account on March 1, 1991 at a 
3% annual interest rate. Using simple interest determine 


a) the accumulated value of the account on May 1, 1991 and the 
interest paid for the period between March 1 and May 1. 

b) the accumulated value of the account on November 1, 1991 and 
the interest paid for the period between March 1 and November 
1. 


A sum of $800 is deposited in a bank account on May 1, 1988 ata 4% 
annual rate of interest. Assuming the accumulation factor satisfies 
(2), find the accumulation on September 1, 1988. What is the 
interest earned during this period? 


A sum of $1500 is deposited in a bank account on January 1, 1989. 
The annual rate of interest is 5%. 


a) Based on a compound interest satisfying (2), what is the 
accumulated value on June 1, 1989? If the accumulation is 
withdrawn and redeposited immediately afterwards, how 
large will the account grow by January 1, 1990? 

b) Answer the same questions as in part (a), but this time use a 
simple interest. 


A sum of $3000 is deposited on March 1, 1988. If the annual rate of 
interest is 4% in 1988 and 1989, 5% in 1990, 3% in 1991, and 3.5% 
in 1992 and 1993, and the a compound interest satisfies (2) in each 
calendar year, determine the accumulation on March 1, 1993. 


In the remaining problems of this section, we assume a compound interest 
rate satisfying (2). 


1.6. 


1.7. 


An interest earning account has a constant force of interest per annum 
of 0.06. If $2500 is deposited on January 1, 1991, what is the 
accumulation on 


a) February 1, 1991? 
b) June 14, 1991? 
c) November 1, 1991? 


Given the following forces of interest per annum, find the 
corresponding annual rates of interest 


a) ô= 0.008. 
b) 6=0.025. 
c) ô= 0.037. 
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1.8. 


1.9. 


1.10. 


1.11. 


1.12. 


1.13. 


CHAPTER 1 


Given the following annual interest rates, find the corresponding 
forces of interest per annum 


a) i=0.025. 
b) i=0.05. 
c) 1=0.07. 


Using a 5% effective annual rate of interest, determine the 
effective rates of interest and the corresponding nominal rates of 
interest per annum for the following periods 


a) March 1 to April 1. 

b) March 1 to September 1. 

c) March 1 to December 17. Also find the force of interest per 
annum. 


Let i= 0.05. Find i), i), (0), and i6365). 
Assume the following nominal rates of interest are used: 


7% per annum convertible yearly, 
6.7% per annum convertible weekly, 
6.4% per annum convertible daily. 


Determine the accumulation of $2500 if it is invested for 


a) one day. 
b) one week. 
c) one year. 


A sum of $2000 is invested ata 7% annual rate of interest for four 
years. 


a) How much interest is paid at the end of year four? 

b) Determine the interest payments if they are made at the end of 
each year. 

c) If the interest is paid monthly, find its monthly amount. 


The interest on a $500 deposit is paid continuously for 3 years. 
Assume the annual rate of interest is 7%. 


a) Determine the annual rate of the interest payment. 
b) Find the total amount of the interest payment. 
c) Obtain the interest paid in one quarter. 
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1.14. a) If i=0.04, find d, 6, and v. 
b) If d=0.03, find i, 6, and v. 
c) If 6=0.035, find i,d, and v. 
d) If v=0.97, find i,d, and 6. 


1.15. Asumof $800 is deposited for one year. Based ona 4% annual rate 
of interest, determine 


a) the interest if it is paid at the end of the year. 
b) the interest if it is paid at the beginning of the year. 


1.16. How much money will accumulate to $1200 in one year, if a 5% 
annual rate of interest is used? 


1.17. Assuming a 5% annual rate of interest, find the effective discount 
rates and the nominal discount rates per annum for the following 
time periods: 


a) February 1 to April 1. 
b) March 1 to June 1. 
c) March 1 to July 12. 


1.18. If d = 0.04, determine d(2), d(3),dQ2)) and d(965). 


1.2. PRESENT VALUE 


We have already seen in Section 1.1 that if t] < t2, then an amount of 

1 | . . 

v(t1,t2) = A(t,to) invested at time tų will accumulate to $1 by time t2. 

We say that v(t1,t2) is the present value of $1 at time t1. Obviously, the 
present value of C is C v(ty,t2). 

Next assume we want to make an investment at time tọ so that we will 
get payments of C1,C7,...,Cn at times t1,t2,...,tn, respectively 
(to < t1 < t2 < ... < tn). What should be the investment at to? Denoting it by 
PVK, we get 


PV}, = Cy v(to,t1) + Co v(to,t2) +... + Cy v(to,tn). (1) 


The notation PV stands for present value. If tg is clear from the 
context, we can omit it from the subscript of PV. 


EXAMPLE 2.1. How much money has to be deposited in an account 
earning interest ata 5% annual rate on January 1, 1988, if we want to make a 
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withdrawal of $1000 on January 1, 1989, $2000 on January 1, 1991, and $500 
on January 1, 1993? 
Solution: The deposit can be obtained as the present value 


-$1000 —~+ $2000 | — $500| — ? $3071 82 
1.05 * 1.05] * 1.05] ~ 94. 


Now, assume we want to make the same withdrawals as in Example 2.1, 
but we also make three additional deposits: $900 on January 1, 1990, $100 
on January 1, 1991, and $200 on January 1, 1992. We can ask again how much 
the initial deposit should be on January 1, 1988. In this case, equate the 
present value of the deposits to the present value of the withdrawals. 
Denoting the initial deposit on January 1, 1988 by I, we get the equation 


a 2 a 3 1° 4 

1+900| 755] + 100| 7gs | +200| 755 
-1000| — |+ 2000! — i 500| — ° 
= 1.05 |* 1.05] * 1.05] ` 


Thus, the initial deposit can be expressed in the form of (1) as the present 
value of a cash flow 


PV = 1000 - 900| — ° 2000| — i -100| — i 
1.05 1.05] * 1.05 1.05 


4 5 


1 1 
- 200 1.05 +500 55 = $2004.57. 


This shows that (1) also makes sense if some of the amounts C1,C2,...,Cn are 
negative. 

Thus, in general, assume sums of C1,C2,...,Cn are due at times 
t1,t2,...,tn, respectively, where t1<t2 <... < tn. The amounts C; can be 
negative. Then the present value of this discrete cash flow at to, where 
to St 1 is 


PV, = C1 v(to,t1) + Co v(to,t2) + ..- + Cy v(to,tn). 
Note that there is a simple relationship between the present values of a 


given cash flow at different times. Let us take a tg such that #0 < to. Then, 
the present value at tọ is 


PV». = Cy o(fot1) + Co v(toto) +... + Cy V(t tn). 
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However, 
v(to,tn) = v(toto) v(to,ti) for every 1 = 1,2,....n, 
and therefore 


PV = v(tato) PVI, (2) 


That is, the present value of the cash flow at tọ equals the present value at 
to times the discount factor for the time period between to and fp. 


EXAMPLE 2.2. Ata 4% annual interest rate, find the present value on 
January 1, 1988 of the following cash flow. 


$1000 received on January 1, 1988 
$2000 paid on January 1, 1989 
$500 received on January 1, 1990 
$1500 paid on January 1, 1991 
$3000 received on January 1, 1992 


Solution: The present value is 


1 1 Y 1) 1 
PV = 1000 - 2000 =, + 500| 777 | -1500|77| +3000] 777 
= $770.12. 


So far, we have assumed in this chapter that the interest rate is given 
and we want to find the present value of a cash flow. However, we may also 
be interested in the opposite question. Let us see an example. 

Suppose we have the opportunity to invest $1000 on January 1, 1990. In 
return, we will get $500 on January 1, 1991 and $600 on January 1, 1992. 
Should we make this investment or not? Of course, making this investment 
is better than leaving the money in the safe where it will remain 
unchanged. On the other hand, if the other option is to make a deposit at a 
bank at an annual rate of interest 1, the money will also grow there. The 
deposit is more profitable than the investment if a deposit of $1000 on 
January 1, 1990 is more than what is needed to withdraw $500 on January 1, 
1991 and $600 on January 1, 1992 from the account, that is, the sum of the 
present values of $500 and $600 is less than $1000. We can write this as 


500 600 
1+i (+i2° 


1000 > 
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Since the interest rate i is not fixed in this problem, we use the notation 
PV(i) for the present value at interest rate i. So we get the inequality 


, 500 600 

PV(i) = -1000 + 14 ita +i)? <0. 
On the other hand, we will choose the investment if 
500 600 

PV(i) = -1000 + 14 +a 7 2 > 0. 


Now, PV(i) can be interpreted as the present value on January 1, 1990 of 
the cash flow $-1000, $500, and $600. So if PV(1) is greater than zero, we 
choose the investment, otherwise we do not. 

Let us see the present value of the cash flow at different interest rates 


This implies that at 1= 3% or i= 6% we choose the investment, but at 
i=7% or 1=8% we do not. It seems that there must be an i= ig such that 


PV(i)=0, 
PV(1)>0, if i<io, 
and 
PV(i) <0 if i> ip. 


This is clearly the case, as the following considerations show. 

The function PV(1) is continuous and strictly monotone decreasing in i 
for 120. If i=0, then PV(1) = 100 is positive and the limit of PV(i) at 
infinity is -1000; that is, negative. It is known from elementary calculus 
that there is exactly one positive i, say ig, for which PV(i) = 0. Moreover, 
PV(1)>0 for i<ioq and PV(1)<0 for i> io. 

The interest rate ig which makes PV(i) equal to zero is called the 
yield of the transaction. 

In this example, io can be obtained explicitly. From PV(1)=0, we get 


-1000(1 + i)? + 500(1 + i) + 600 = 0. 


Using the quadratic formula, we obtain 
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i = 0.06394 and i= -1.56394. 


Since we are looking for a positive interest rate, the yield is 6.394%. 
In general, assume sums of C1,C2,...,Cn are due at times f1,t9,...,ty, 
where t1 Sto <... < tn. Choose a tg such that tg <t]. Assume that (2) of 


ot; 


t 
Section 1.1 holds true, thus v(tọ,ti) = (1+i) . Then the present value of 


the cash flow can be expressed as 


to-t2 


. ins to-tn 
PV; (i) = C41(1 +2) + Co(1 + 1) +...+C,(1 +i) . (3) 


If there is an i > -1 which makes PV£ (i) equal to zero, it is called the 


yield or internal rate of return of the transaction. 
Note that PV; (i) = 0 is equivalent to 


Fy „t2 „Én 
Cy +) +C2(1+1 +..+Cuh +i =0. (4) 


Therefore, we do not need to to define the yield. We can define it as a root 
i > -1 of (4). We may wonder whether it is possible for the yield of a 
transaction to be negative. It is possible as the following simple example 
shows. 

We invest $1000 for one year. However, the investment performs very 
poorly and we only get $900 back after one year. The yield of this 
transaction is the root of 


-1000 + 900(1 + iy 1 =0, 
from which 
i = -0.1. 


On the other hand, a yield less than or equal to -1 is not possible since 
this would imply that $1 accumulates to a negative number in one year 
(1+i<0). This would mean, we loose more than what we have invested, 
which is impossible. 

The equation (4) can have no roots, one root, or more than one root. The 
general analysis of this equation is beyond the scope of this book. However, 
we will prove a useful theorem which gives a sufficient condition for the 
existence and uniqueness of the root of (4). 

In order to state the theorem, we need to introduce the concept of net 
cash flows. Recall that in (3) and so in (4) it is possible that tį = tj41. If we 
add all the payments due at the same time t, we get a net cash flow. That 
is, C1,C2,...,Cn is a net cash flow, if t1 < tọ <... < tn. Note also that when 
valuing a cash flow, Cj=0 can be dropped. 
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THEOREM 2.1. Let Cy,C9,...,Cy be nonzero sums due at times t1,t9,...,tp, 
where t1 <t <... < tu. If there exists k (1 <k <n) such that Cy,Co,...,Ck 
are positive and Ck+1,Ck+2,-..,Cy are negative, or vice versa, the equation 


-t -t -tn 
Ci(1+i) +Co(1 +i) ++ Cri "=0 (5) 
n 
has exactly one root i which satisfies i >-1. Moreover, if Cı and Y Cj 
j=l 


have different signs, the root of (5) is positive. 

Proof: Without loss of generality, we can assume that C1,C2,...,Ck are 
positive and Ck+1,Ck+2,-..,Cn are negative. 

Let t* be any number between tx and tk41. Multiplying (5) by (1+ i) 
we get 


tty Manto) Lt, Lt 
C4(1+1) + Co(1 +71) +... + Ck(1 +i) +Ck+1(1+1) 


* 


+4 C(1+Î) "= 0. (6) 


Let us denote the left hand side of (6) by f(i). 
Let us examine the terms of the sum separately. 


+ 


t*- 
First take a j such that j <k. Then t*-t;>t,-t;20, and so (1 + i) 
is strictly monotone increasing in 1. Since Cj >0 also holds we find that 
t*-t, 
Ci(1 + 7) ’ is strictly monotone increasing in i. 


+ 


t 
Next let j >k. Then t*-tj< tķ+1-tj<0, andso (1+ i) / is strictly 
tt 
monotone decreasing in i. Since Cj <0 in this case, we see that C;(1 + 1) 
is strictly monotone increasing in 1. 


Thus the function f(i) is strictly monotone increasing in i. When 1 


*_f. 
approaches -1 from the right, the limit of (1+i) / is 0 for t*- t;>0, and 
plus infinity for t*-t; <0. Hence, the limit of f(i) at -1* is minus infinity. 


On the other hand, if i tends to infinity, the limit of (1 + i) ! js plus 
infinity for t* - tj > 0, and zero for t* - t; <0. Consequently, the limit of f(z) 
at infinity is plus infinity. 

Thus, f(i) increases strictly from minus infinity at -1* to plus infinity 
at infinity. Also, the function f(z) is continuous for i >-1. We know from 
calculus that the equation f(1) = 0 has exactly one root for which i> -1. 

Finally, consider the second statement of the theorem. We only have to 
prove that (5) has a positive root. 

n 

Let C1>0 and X, Cj <0. By multiplying (5) by (1 + i), we obtain 

j=l 
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„ti-ta „tity 
C1 + Co(1 + 1) +... + Cy(1 + 1) = 0. (7) 


Let us denote the left hand side of (7) by g(i). The function g(i) is 


n 
continuous for i>-1, g(0)= Y Cj <0, and the limit of g(i) as i goes to 
j=l 
infinity is C41 > 0. Thus g(i) has a positive root. II 


The usefulness of this theorem can be demonstrated by the following, 
very common transaction. 

Assume we make an investment of I at time tı. In return, we will 
receive payments of R2,R3,...,.Ry, later on. Then, we can define a cash flow 
by Cy =-l, Co = R2,C3 = R3,...,Cy = Rn. Thus Cy <0 and C2,C3,...,Cy are 
positive. Moreover, the transaction is only useful if we receive more than 
what we have invested. So we should have I< R1 + Ro +... + Ry; that is, 

n 

» Cj> 0. Theorem 2.1 says that the yield equation has a unique solution, 
j=l 
which is positive. Furthermore, let us consider the present value of this 
cash flow at t1. Using (3), this is 


, „ti-ta „titr 
PV (1) = C1 + C2(1 + 1) +... + Cal + 1) . 


Now we have Cj >0 and t4- H<0 for j>1. Therefore, PV; KO) is strictly 


monotone decreasing in 1. 
EXAMPLE 2.3. Find the yield of the following transaction. 


$500 paid on January 1, 1988 
$1000 paid on January 1, 1989 
$400 received on January 1, 1990 
$1200 received on January 1, 1991 


Should we make this transaction if our other option is to deposit the money 
ata 3% annual interest rate at a bank? 

Solution: Since all the negative cash flows precede all the positive 
cash flows, it follows from Theorem 2.1 that the yield equation has a unique 
root. If we write down the present value of the cash flow on January 1, 1988, 
we get the equation 

, 1000 400 1200 
PV =-500- T+ +p a 7O (8) 


Let us compute the value of PV(i) for some i's. 
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(i i | PVO | 


If i = 3%, the present value of the cash flow is positive, so we prefer the 
given transaction to the bank deposit. Since PV(i) is positive for i = 0.03 
and negative for i= 0.04, the root of (8) must be between these two numbers. 

We use linear interpolation to obtain an approximation to the root of 
(8). We get 


i 0 - PV(0.03) 
i= 0.03 + 5709.94) - PV(0.03) (0-04 - 0.03) 
-4.3346 
= 0.03 + ~~ 0.01 = 0.031482. 


-24.9203 - 4.3346 
Hence, the yield is 3.148%. 


Next, we turn our attention to continuous payment streams. Recall that 
in Section 1.1 we fixed to and defined a nonnegative continuous function in 
t, M(to,t), such that M(to,t) gave the total payment made from to to t. If 


d 
M(to,t) is differentiable in t, we called p(t) = di M(to,t) the rate of 


payment per annum at time t. Now we drop the condition that M(to,t) be 
monotone increasing. Thus we can allow for negative payments, since 
M(to,t2) - M(to,t1) is the payment made in the time interval from tı to t2. 

What is the present value of a continuous payment stream? Assume we 
are interested in the present value at to of the payment stream M(to,t), 
to <t<te. Let us divide the interval (to,te) into n subintervals by the 
points ty < t2<... < ty-1. Then, M(to,ti+1) - M(to,tj) is the payment made 
between times t; and tj41, 1=0,1,...n-1. If ti and t;j+] are close to each 
other, the present value at to of the payment made in (t;,tj+1) can be 
approximated by 


u(to,ti) (M (to,ti+1) - M(to.ti)). 


Hence an approximation of the present value of the cash flow at to is 


n-1 

Sn = DI v(to,ti) (M(to,ti+1) - M(to,ti)) 
1= 
-1 _ 


x v(to,ti) 


E 0 ti+1 - bj 
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Now, assume that n goes to infinity, and the maximum of the 
differences tj41 -ti (i = 0,1,..,n - 1) tends to zero. Using elementary 
calculus, we can see easily that 


Le d 
lim S,= J v(to,t) —M(to,t)dt. 
to dt 


n—oo 


Therefore, the present value at fo is 
Lo 

PV, = J v(to,t) p(t)dt. (10) 
0 


Now, assume there is a continuous cash flow between to and te ata rate 
p(t) and we want to find its present value at a time preceding tọ, say at 
to. Let us define 


O if to<t<to0 
p*(t) = | 
p(t) if to <t<te. 


Then p*(t) obviously defines the same cash flow as p(t), and we can write 
fe n Le 
PV p = 1 v(to,t) p*(t)dt = v(to,to) | olot) p(t)dt. 
o to 0 


Thus, 


PV» = v(t to) PV. (11) 


This is the same relationship as (2). 
If the discount factor satisfies 


(tto)  -ô(t-to) 
€ 7 


v(to,t) = (1 + 7) = (12) 
then (10) can also be written as 
fe _S(t-t0) 
PV; = le o(t)dt. (13) 
0 to 
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As an important application of (13), consider the continuous payment 
stream at a constant rate r. Then we get 


Le _S(t-t Sto fe -ôt 
PV = Je | O dt=re Je dt 
0 0 
-ôt, -ét 
Sty e ep 0 
=re 5 
_ -(t,-t) 
= Y 5 
(te-to) 
1-(1 + 
-E0 (14) 


EXAMPLE 2.4. A continuous payment is made from January 1, 1988 to 
January 1, 1991 at an annual rate of $2000. Find its present value on January 
1, 1988 and on January 1, 1986 using a 4% annual rate of interest. 

Solution: Since 1 = 0.04, we have 6 = log 1.04 = 0.03922. Thus the 
present value on January 1, 1988 is 


1 - (1.0473 


PV = $2000 03922 


= $5660.56. 


Using (11) we obtain the present value on January 1, 1986 
PV = (1.04)? $5660.56 = $5233.51. 


The yield can be defined for a continuous cash flow as well. If there 
exists a ô which makes the present value (13) zero, the corresponding 


annual rate of interest i=eÒ - 1 is called the yield of the transaction. In 
other words, i is the yield, if ô= log(1 + i) satisfies 


i -S(t-t0) 
e o(t)dt = 0 (15) 
to 
or equivalently, 
Le 


-ôt 
| e” p(t)dt =0. 
to 


It is also possible to combine discrete and continuous cash flows. Then 
the present value is 
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Lo 
PV = C1 o(fo,t1) + C2 otosta) +. + Cn Utot) + foltot) Pat. (16) 
0 


If the discount factor satisfies condition (12), then (16) can be written as 


-O(t,-t -O(to-t 
e ý ) Ce (a ) ee 


PV =C] p(t)dt. (17) 


-S(tn-to) JE Ato) 
n e + fe 


If the interest rate is not known, and there exists a è which makes (17) 


equal to zero, then 1= eò - 1 is the yield of this transaction. 

We have already talked about the accumulated value in Section 1.1. 
There we only computed accumulations of positive sums. However, as the 
considerations on present value showed, it is sensible to value negative sums 
as well. 

Now, we state some results on accumulated values. Since they can be 
proved similarly to the results on present values, their proofs are omitted. 

Assume sums of C1,C2,...,Cn are due at times t1,t2,...,tn, respectively, 
where ti < t9 <... < tn. The amounts C; can be negative. Then the 
accumulated value of this discrete cash flow at te, where te È tpn, is 


AVE, = CjA(t1,te) + C2A(t9,te) +... + ChA (tn,te) 
C1 C2 Cy 
= + +... + . 
v(t1,te) v(t2,te) v(tn,te) 


(18) 


Assume we have a continuous payment stream M(t0,t), to <t < te, whose 
rate of payment is p(t). Then the accumulated value of this continuous cash 
flow at te is 


to t 
t) 

AVi = Ñ Altto pat = | LO ar. 19 
t= AGA Pdt = d ro (19) 

If (12) is satisfied, (19) can also be expressed as 

te ltet) 
AVi = Je o(t)dt. (20) 
© £9 
Furthermore, if p(t)=r then 
1 . to-to 1 

aver tti (21) 
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If a cash flow contains both discrete and continuous elements, its 
accumulated value is the sum of the accumulated values of the discrete and 
the continuous parts. 

If we take fp> te, then 


o AV; 
AV = AV; Altet) =——& . 22 


e 


Moreover, we can find a simple relationship between present values and 
accumulated values. Since we are working with compound interest, (1) can 
be expressed as 


v(to,te) 


n*e 


Vtg = atto) © otto) È 


Then, using (18) we get 
PV, = U(to,te) AV; . 


Similarly, for continuous cash flows, (10) and (19) imply that 


Lo 
_ v(to, te) _ 
PV, = d (EE) PAE = olote) AVI, 
Thus, 
PV; = v(to,te) AVE, (23) 


is always true. This can also be expressed as 
AV; = A(to,te) PVt,. (24) 


EXAMPLE 2.5. Consider the cash flow of Example 2.2. Find its 
accumulated value on January 1, 1993 ata 4% annual interest rate. 
Solution: The accumulated value is 


AV = 1000(1.04)° - 2000(1.04)4 + 500(1.04)3 - 1500(1.04)2 + 3000(1.04) 
= $936.97. 


We can also obtain the result using the relationship (24) between 
present value and accumulated value. In Example 2.2 we found that the 
present value on January 1, 1988 is 
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PV = $770.12. 
Hence, the accumulated value on January 1, 1993 is 
$770.12(1.04)° = $936.97. 


EXAMPLE 2.6. Consider the continuous cash flow of Example 2.4. Find 
its accumulated value on January 1, 1991 and on January 1, 1993 ata 4% 
annual rate of interest. 

Solution: First, let us consider the accumulated value on January 1, 1991. 
From (21), we get 


(1.04)3 - 1 


AV = $2000 - 503922 


= $6367.36. 


Using (24) and the result of Example 2.4 we can also write 
AV = $5660.51(1.04)3 = $6367.30. 


The difference between the two results is due to round-off errors. Using (22) 
we obtain the accumulated value on January 1, 1993 


AV = $6367.36(1.04)2 = $6886.94. 


Next, we focus on a cash flow which is concentrated on the time period 
from to to te. That means, the cash flow is zero outside this interval. Also, 
assume that the present value of the cash flow is zero at to. Then, it 
follows from (24) that the accumulated value at te is zero as well. 

Now, let us select a time t between to and te. Then one part of the cash 
flow takes place before t, and another part occurs after t. If there is also a 
transaction exactly at t, we assign it to one of the two parts. Let us denote 
the cash flow before t by CF, (past cash flow) and the cash flow after t 
by CF? (future cash flow). Since the present value of the total cash flow is 
0 at te, we get 


PV (CF1) + PVt.(CF2) = 0. 
Thus, 
A(to,t) PV (CF1) + A(to,t) PV (CF2) = 0 
and using (2) and (24) we obtain 


AV+CF 1) + PVCF?) = 0. 
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Therefore, the present value of CF? at t is the negative of the accumulated 
value of CFj at t. 

Why are we interested in valuing a cash flow at a time t between to 
and te? To see this, consider the following example. 

A bank promises an investor to pay him $100 on January 1, 1989, $200 
on January 1, 1990, $400 on January 1, 1991, and $300 on January 1, 1992. The 
bank uses a 3% annual rate of interest. Then the investor has to pay 


100 200 , 400300 
7 1.03 * (1.03)? * (1.03)3 * (1.03)? 


= $918.21 


to the bank on January 1, 1988. So the payments made and received by the 
investor form a cash flow whose present value is zero. 

Assume the bank checks its books on January 1, 1991 before the first 
payments of the year are made. Then it is necessary to find out how much 
money is credited to the investor at that moment. In other words, how much 
money should be reserved for the investor if the future paying liabilities 
have to be met. This can be computed in two different ways. One possibility 
is to find the accumulated value of the $918.21 investment minus the $100 
and $200 payments. This is 


918.27(1.03)3 - 100(1.03)2 - 200(1.03) = $691.26. 


Another possibility is to find the present value of the future payments 
of $400 and $300: 


300 
400 + 1.03 — $691.26. 


We can see that the two approaches give the same results. The reason 
that the two results have the same sign is that in the computation of the 
present value, the sums $400 and $300 had a positive sign and in the 
computation of the accumulated value, we changed the signs of $400 and 
$300 to negative, and gave $918.21 a positive sign. 

Let us analyze this example a little further. 

The original investment is $918.21 but the investor receives a total of 
$1000 from the bank. We may ask when the interest of $81.79 is paid. 

The bank received a capital of $918.21 from the investor on January 1, 
1988. The interest on this amount is $918.21(0.03) = $27.55 for the first 
year. Thus when the bank pays $100 on January 1, 1989, $27.55 from this 
can be regarded as the interest payment. So the capital repayment in this 
payment is $100 - $27.55 = $72.45. The outstanding capital is 
$918.21 - $72.45 = $845.76. Note that this can also be expressed as 
$918.21(1.03) - $100, which is the accumulated value of the past cash flow. 
This is also equal to the present value of the future cash flow: 
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200 400 300 
1.03 * (1.03)2 * (1.03)3 ~ 


$845.76. 


The interest paid next year is $845.76(0.03) = $25.37. So the capital 
repayment part in the payment on January 1, 1990 is $200 - $25.37 = $174.63 
and the outstanding capital is $845.76 - $176.63 = $671.13. 

The interest in the payment on January 1, 1991 is $671.13(0.03) = $20.13. 
Thus the capital repayment is $400 - $20.13 = $379.87 and the outstanding 
capital is $671.13 - $379.87 = $291.26. 

Finally, the payment on January 1, 1992 contains an interest 
$291.26(0.03) = $8.73 and a capital repayment of $300 - $8.73 = $291.27. 
Since this is the last payment, the outstanding capital should be zero. 
Indeed, $291.26 - $291.27 = 0. (The slight difference is due to round-off 
errors.) 


Interest 


We can summarize the payments in the following payment schedule. 
Capital Outstanding 
Content of Repaid Capital 


Payment 
Payment After Payment 


January 1,199_| e | 2127 | 0 _ | 
[fol | 8178 | 9182 | SOS 


We can see that the sum of the interest contents of the payments give 
$81.79, and the sum of the capital repayments is $918.21. (The slight 
differences are again due to round-off errors.) 

If we are only interested in the capital repayment and the interest 
content of one payment we do not need to fill in a whole table. First we need 
to find the outstanding capital just after the previous payment. This can be 
obtained either as the accumulated value of the past cash flow or as the 
present value of the future cash flow. The interest on this outstanding 
capital will be the interest content of the next payment we are focusing on, 
and the difference between the actual payment and the interest payment is 
the capital repayment. 

EXAMPLE 2.7. How much has to be invested on January 1, 1989 if the 
investment provides payments of $400 on January 1, 1990, $200 on January 
1, 1991, $300 on January 1, 1992, and $100 on January 1, 1993. A 4% annual 
rate of interest is used. 

What are the interest contents and the capital repayment parts of the 
payments on January 1, 1991 and on January 1, 1993? 

Solution: The investment is 
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400200 300 _ 100 
71.04 * (1.04)2 * (1.04)3 * (1.04 


(1.04)4 = = $921.71. 


Now, look at the payment on January 1, 1991. We have to find the 
outstanding capital just after the previous payment; that is, on January 1, 
1990. 

Since the past cash flow only contains two terms, the original 
investment and the first payment and the future cash flow consists of three 
payments, we may prefer to determine the outstanding capital as the 
accumulation of past cash flow 


AV = 921.71(1.04) - 400 = $558.58. 


The interest earned on this amount by January 1, 1990 is $558.58(0.04) = 
$22.34. Therefore, the interest content of the payment on January 1, 1991 is 
$22.34 and the capital repayment is $200 - $22.34 = $177.66. 

Next, consider the payment on January 1, 1993. First, we determine the 
outstanding capital on January 1, 1992, just after the payment made on that 
day. 

We calculate the outstanding capital as the present value of the future 
cash flow, since this cash flow only contains one term. 


100 
PV=7 g4 = $96. 15. 


The interest earned on this amount by January 1, 1993 is $96.15(0.04) = $3.85. 
Thus the interest content of the last payment is $3.85 and the capital 
repayment is $100 - $3.85 = $96.15. 

For the rest of the book, we assume that the interest satisfies 


bot 
A(t,,t2)=(1+ì) 


PROBLEMS 


2.1. An account earns 6% interest per annum. How much has to be 
deposited on January 1, 1988 if we want to make the following 
withdrawals: $500 on January 1, 1989, $800 on January 1, 1990, 
$1200 on January 1, 1991, and $1000 on January 1, 1993. 


2.2. Consider the following cash flow: 


$800 paid on January 1, 1989, 
$1000 paid on January 1, 1990, 
$700 received on January 1, 1990, 
$500 paid on January 1, 1992, 
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2.3. 


2.4. 


2.5. 


2.6. 


2.7. 


$2000 received on January 1, 1993. 


Based on a 5% annual interest rate, find the present value of the 
cash flow on 


a) January 1, 1988, 
b) January 1, 1989. 


Obtain the yield of the following transaction 


$1500 paid on January 1, 1989 

$600 received on January 1, 1991 
$600 received on January 1, 1992 
$500 received on January 1, 1993. 


Is this transaction prefereable to depositing the money at a 4% 
annual rate of interest at a bank? 


A continuous payment is made from January 1, 1990 to January 1, 1993 
at an annual rate of $1500. Find its present value on January 1, 1990 
and January 1, 1988, using a 3% annual rate of interest. 


Consider the following cash flow: 


$700 paid on January 1, 1988, 
$600 received on January 1, 1989, 
$500 paid on January 1, 1991, 
$800 received on January 1, 1992. 


Based on a 3% annual rate of interest, find the accumulated value 
of the cash flow on 


a) January 1, 1992, 
b) January ], 1994. 


A continuous payment is made from January 1, 1989 to January 1, 1992 
at an annual rate of $2000. Find its present value on January 1, 1989 
and its accumulated value on January 1, 1992. 


For an investment of $2332 on January 1, 1988, the investor receives 
$600 on January 1, 1989, $650 on January 1, 1990, $670 on January 1, 
1991, and $720 on January 1, 1992. 


a) Verify that the yield of the transaction is 5%. 
b) Find the interest content and the capital repayment part of the 
payment on January 1, 1989. 
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c) Find the interest content and the capital repayment part of the 
payment on January 1, 1991. 


2.8. A loan of $8000 is taken out on January 1, 1987. The loan is to be 
repaid by four installments, calculated on the basis of an 8% annual 
interest rate. The first installment is $2000 due on January 1, 1988, 
the second is $2500 due on January 1, 1989, the third is $2800 due on 
January 1, 1990. 


a) Find the amount of the final installment, due on January 1, 1991. 
b) Obtain the payment schedule. 


1.3. ANNUITIES 


Now, we want to focus on special types of cash flows, whose payments 
occur at regular time intervals (e.g. yearly, monthly, or daily). These cash 
flows are called annuities. Later on in the book, we will study annuities 
whose payments are contingent on the survival of the annuitant. Those 
annuities are called life annuities. If the payments of the annuity do not 
depend on the survival of a person, we are talking about an annuity-certain. 
They will be discussed in this section. If the payments are made in advance, 
that is, at the beginning of each time interval, the annuity is called an 
annuity-due. On the other hand, if the payments are made in arrears, that 
is, at the end of each time period, the annuity is called an annuity- 
immediate. These names are used traditionally, although they do not seem 
to be very logical. The first payment of an "annuity-immediate" is not made 
immediately at the beginning of the first payment period, rather, it is due 
at the end of it. 

An annuity whose payments are equal is called a level annuity. We 
will study annuities whose payments are $1, since any other level annuity 
can be obtained from this by a simple multiplication. 

First we examine annuities that make payments once a year. They are 
called yearly annuities. 

Let us consider an annuity that pays $1 at the beginning of n 
consecutive years. This is an annuity-due. 

The present value of this annuity-due at the beginning of the first year 
is denoted by ä al The letter "a" stands for annuity, the symbol n| means 


that the payments are limited to n years. The two dots above "a" are used 
to distinguish the annuity-due from the annuity-immediate whose notation 
is a al If it is not clear from the context, what the annual rate of interest is, 


we can include it in the subscript: @ 5., a 5.. 
n| 1 nl 1 


Using the summation formula of the geometric sequence, we get 
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n-1 1-v” 
ä -=1+v+u +.. +url= Y oka . (1) 
n] - 1-0 
k=0 
Since 1-v=d, we have 
. 1-0" 
alta (2) 
or equivalently 
— 7 n 
l=da@ j+? . (3) 


Formula (3) can also be obtained by general reasoning. 

Assume $1 is invested at the beginning of the first year. The annual 
interest for the first year is paid in advance. That means d is paid at the 
beginning of the first year. At the beginning of the second year, the interest 
on $1 for the second year is paid and it is again d, etc. Finally, an interest 
of d is paid at the beginning of year n. At the end of year n, the 
outstanding capital is still $1. Now taking the present value at the 
beginning of the first year, we find that the originally invested $1 should 
equal the present value of the interest payments plus the present value of 
the $1 outstanding capital at the end of year n. The interest payments 
form an annuity-due, and their present value is da al The present value of 


$1 remaining at the end of year n is v” and we get 


l=dä +0". 
nl 


EXAMPLE 3.1. An annuity of $500 per annum is payable for 20 years. 
The first payment occurs on January 1, 1991. What is the price of this 
annuity if it is bought on January 1, 1991? Use a 3% annual rate of interest. 

Solution: We have to find the present value of the annuity on January 1, 
1991. Since this is an annuity-due, the present value is 

PV = 500 ä 207 


0.03 
Since í= 0.03, we have d= 1.03? 0.029126 and from (2) we get 


| 1 \20 
| 1.03 


201 70.029126 9288. 


i 


Thus, 


50 CHAPTER 1 


PV = $7661.90. 


EXAMPLE 3.2. A loan of $5000 is taken out on January 1, 1992. It has to 
be repaid by 15 equal installments payable yearly in advance. Based on an 
8% annual rate of interest, determine the amount of the installments. 

Solution: Denoting the annual installment by X, we get the equation 


from which it follows that 
_ 5000 
è 15] 
Now, 
| 1 15 
i {1.08 
ä 15] “oa = 9.2442, 
-1.08 


and consequently, the annual payment is 


-5000 
~ 9.2442 


= $540.88. 


The accumulation of the annuity-due at the end of year n is denoted by § „l 


or § ali Using (24) of Section 1.2, we get 


Saitama i 


/ 
n 


(4) 


ë p et (5) 


EXAMPLE 3.3. An amount of $300 is deposited at a bank on January 1 of 
each year from 1981 to 1989. What is the accumulation on December 31, 
1989? Use a 3% annual rate of interest. 

Solution: The term of this annuity-due is 9 years (1989 - 1981 + 1). Asa 
result, the accumulated value on December 31, 1989 is 
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AV = 300§ 5. 


Since i= 0.03, we have d = 1.03 = 0.029126 and using (5), we get 


_ (1.03)? - 1 | 
S = 0.029126 7 10-4699. 


Thus 
AV = $3139.17. 


Next, assume an annuity-due is purchased whose payments start in year 
m +1 and continue until year m + n. So there are no payments made in the 
first m years. 

This is called a deferred annuity-due. Its present value at the beginning 
of the first year is denoted by m li at 


Since after the first m years, the payments of this annuity coincide 
with those of a non-deferred annuity, using (2) of Section 1.2, we obtain 


-= Maz 
mid J=? an (6) 
and hence 
; ym . ym+n 
mld da E 0) 


There is also another way of evaluating a deferred annuity. Note that 
a series of payments of $1 made in the years m + 1,m + 2,..,m+n can be 
regarded as the difference between two annuities. The first one pays $1 in 
years 1,2,...,m +n, the second one pays $1 in years, 1,2,....m. Thus 


mld i ma Ë nl (8) 


It is left to the reader to show algebraically that the right hand sides of (6) 
and (8) are equal. 

Next, we look at annuities whose payments vary with time. We will 
examine two special types of varying annuities, one with linearly increasing 
payments and a second one whose payments form a geometric sequence. 

Let us consider first an annuity with linearly increasing payments. More 
specifically, we focus on an increasing annuity-due that pays $k at the 
beginning of year k for every k from 1 to n. 

The present value of this annuity at the beginning of the first year is 
denoted by (lä day and its accumulation at the end of year n is (Iš) DE 
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That is, the annuity pays $1 at the beginning of the first year, $2 at 
the beginning of the second year, $n at the beginning of year n. This 
annuity can be expressed as the sum of n annuities. The first one is an n 
year annuity-due of $1 per annum, the second one an n - 1 year annuity-due 
of $1 per annum deferred for 1 year, the third one an n - 2 year annuity- 
due of $1 per annum deferred for 2 years, etc. The last annuity isa 1 year 
annuity-due of $1 per annum deferred for n - 1 year. Thus, we get 


n-1 
Using (7), we obtain 
n-1 
I Y vk -n vt 
n- ok _ y” k=0 
(Id) -= > = TT 
nl k=0 d d 
and in view of (1), this can be written as 
ä al” u” 
(a) j= (9) 
or equivalently 
a . n 
@ ro) gtr . (10) 


Formula (10) can also be obtained by general reasoning. 

Assume $1 is invested at the beginning of each year in the n year long 
period. The interest on $1 for the first year is paid in advance, at the 
beginning of the year. This interest is d. At the beginning of the second 
year, the total invetment is already $2. So at the beginning of the second 
year 2d is the interest paid in advance for the second year, etc. Finally, 
nxd is the interest paid at the beginning of year n. By the end of year n, 
the capital has grown up to $n. So the present value of the investments, 
ä al should equal the present value of the interest payments dd) 7 , plus 


the present value of the $n capital at the end of year nv”. Thus (10) 
follows immediately. 

Multiplying both sides of (9) by (1 + 1)", we obtain the accumulated 
value 


S$ -n 
(Iš ) 35 J | (11) 
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The increasing annuity introduced here makes it possible to value 
annuity-dues whose payments form any arithmetic sequence. That means, 
the payment is A in the first year, A + B in the second year, ..., A + (n - 1)B 
in year n. We can see that the present value of this annuity cannot be 
expressed directly from (Id i since the second payment does not equal two 


times the first payment. However, we may try to split this annuity into two 
others whose present values can be obtained easily. The first guess would be 
a level annuity of A plus an increasing annuity with payments 
0,B,2B,...,(n - 1)B. However, we again have the problem that the second 
payment does not equal two times the first payment. A better choice is to 
express the annuity as the sum of a level annuity of A - B per annum and an 
increasing annuity with payments B,2B,...nB. It can happen that A - B 
becomes negative but it does not affect the computations. 

So we can determine the present value of an annuity-due with payments 
A,A + B,...,A + (n -1)B as follows: 


PV = (A - B)ä + Blt) 5 (12) 


EXAMPLE 3.4. The first payment of a yearly annuity is made on January 
1, 1985 and is of amount $2000. Each subsequent payment increases by $300 
yearly. The last payment is made on January 1, 1992. Determine the present 
value on January 1, 1985 and the accumulated value on December 31, 1992 at 
a 4% annual rate of interest. 

Solution: We have A = $2000 and B = $300, thus using (12), the present 
value is 


PV = (2000 - 300) + 300(Id )g 


Since 1= 0.04, we get v = 0.96154 and d = 0.03846. Using (2) we obtain 


_ _1-(0.96154)8 — 
ä = 0.03846 3 7:90209 


and (9) gives 


i 7.0021 - 8(0.96154)8 
(Id ) d= 003846 ~ 30.07029. 
Therefore, the present value is 1700(7.00209) + 300(30.07029) = $20924.64. 
The accumulated value is (1.04)8 20924.64 = $28636.81. 


There are also annuities-due whose payments form a geometric sequence. 
That is, the payment is A in the first year, bA in the second year, ..., b”-1A 
in year n, where b is positive. Let us define j as 
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j=b-1. (13) 

The number j can be negative but j 2-1 is always true. The expression 100) 
gives the percentage change in annual payments. 
Now, the present value of this annuity-due is 


PV = A + vbA + v2b2A + ...+ 0% lpnr-la, 


Note that this is equivalent to valuing a level annuity-due of A per annum 
at an annual rate of interest 1*, where 


and 
Using (13) we get 
1+ H 
1+7’ 
SO 
e (14) 


As a result, the present value of the annuity-due with payments 
A,bA,bAA,....b"- 1A is 


PV=Aai Jp (15) 


where i* is defined by (14). 
Note that if i equals j then i* is zero and so is d*. Therefore, formula 
(2) cannot be used to compute 4 al However, in this case v-b = 1, and 


PV=A-n. 

EXAMPLE 3.5. The payments of an annuity are made on January 1 of the 
years 1980 through 1990. The first payment is $200 and the payments 
increase by 2% yearly. What is the price of this annuity on January 1, 1980, 
ifa 3% annual rate of interest is used? 


Solution: Using (15), the present value is 200 4 ige” where 
.03 - 0.02 
i* = = = 0.009804, So v* = 0.990292 and d* = 0.009708. Thus, 


1 - (0.990292)!! 


4 1110.009804 = 0.009708 7 10-4848 
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and the price of the annuity is 200(10.4813) = $2096.26. 

So far we have studied yearly annuities whose payments are made at 
the beginning of the years. If we consider annuities whose payments are of 
the same amount as those of the annuities-due, but the payments take place 
at the end of the years instead of at the beginning of them, we get the 
corresponding annuities-immediate. The only difference in notation is that 
we do not write the two dots above the letters a and s. 

Note that a yearly annuity-immediate can be treated as a yearly 
annuity-due deferred for one year. So using (2) of Section 1.2, we get 

PV(annuity-immediate) = v PV(annuity-due). (16) 
Moreover, taking (23) of Section 1.2 into account, we obtain 


AV(annuity-immediate) = v AV(annuity-due). (17) 


It is also useful to keep in mind that since 


we get 


that is 
(18) 


Using the results for the annuity-due and applying (16), (17), and (18) 
we get 


(19) 


and 


— j n 
l=ia +0". (20) 


The values of a yy are tabulated in Appendix 1 for selected values of 1 


and n. 
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Formula (20) can be obtained by general reasoning, which is very similar 
to the explanation given to (3). The only difference is that the interest 
payments are made at the end of each year. Therefore they are of amount 1 
and form an annuity-immediate. 

Furthermore, we obtain 


squat)", (21) 
s sC, (22) 
mia =a 4, (23) 
n la E rn, (24) 
m | nl a m+n) © ml’ (25) 
ai Al” no" 
(a) 5 =, (26) 
ä ia i (Ia) 5 +nv", (27) 
and 
Š T n 
(Is) = (28) 


Note that on the right hand sides of (26), (27), and (28) the two dots are 
still above a and s. This also follows from general reasoning whose details 
are left to the reader. 

Using (12) and (16) we get the following result. 

The present value of an annuity-immediate with payments 
A,A + B,..,A +(n-1)B canbe obtained as 


PV = (A - B)a al +B (la) 7: (29) 


On the other hand, the present value of an annuity with payments 
A,bA,...b" 1A cannot be obtained directly from (15). The present value is 


PV =vA4+v2bA4+v2b2A +... +v” 14 
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1 
=) (V bA + v2b2A + v3bľA +... + DINA) 


1... 
=, 0" a (30) 


where i* is defined by (14). 
If 1=], we get 


A 
PV=3 n. 


EXAMPLE 3.6. An annuity of $1200 per annum is payable for 15 years. 
The first payment is made on December 31, 1991. What is the price of the 
annuity if it is bought on January 1, 1991? Use a 4% annual rate of interest. 

Solution: We have to find the present value of the annuity on January 1, 
1991. Since this is an annuity-immediate, the present value is 


PV = 1200 a 15: 


i , \15 
{1.04 


151° 0.04 


We have 


a = 11.1184. 


Alternatively, we can use Appendix 1 to obtain a 15) It gives 
a 157 11.1184 


as we have already computed it. Thus 
PV = 1200(11.1184) = $13342.06. 


EXAMPLE 3.7. An amount of $800 is deposited at a bank on December 31 
of each year starting in 1980 and ending in 1992. What is the accumulation 
on December 31, 1992 if a 3% annual rate of interest is used? 

Solution: We have to find the accumulation of a 13 year annuity- 
immediate. It can be expressed as 


AV = 800s , 3: 


We can obtain s 13] as 
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(1.03)13 - 1 


S 


which is the same value as in Appendix 1. Hence 
AV = 800(15.6178) = $12494.24. 


EXAMPLE 3.8. An amount of $500 is payable on December 31 for 15 
years. The first payment is due in 1990. Using a 3% annual interest rate, 
find the purchase price of this annuity on January 1, 1980. 


Solution: The purchase price is $500 10|a 15] We can evaluate 


10|4 15] in two ways. We can either write 
— 710 _ _ 
1014 = 010 a |= 0.74409(11.9379) = 8.8829 


or we can compute it as 


jola 554 yg a 3" 17-4131 - 8.5302 = 8.8829. 


Thus, the purchase price is 500(8.8829) = $4441.45. 


EXAMPLE 3.9. An annuity pays $200 on December 31, 1980, $400 on 
December 31, 1981,...,52200 on December 31, 1990. Find the present value of 
this annuity on January 1, 1980 and its accumulated value on December 31, 
1990 ata 3% annual interest rate. 

Solution: The present value is $200 (Ia) til Now 


ve _ 11 
l _ ai il llv 
da) i 
where 
, 1 11 
i {1.03 
a, 1 1 = 9.5302 
1.03 
and 


1 1 11 
vii = 1.03 = 0.72242. 
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Thus 


) _ 9.5302 - 11(0.72242) 
(la), 45 0.03 
= 52.786. 


Thus, the present value is 200(52.786) = $10557.2. The accumulated value is 
(1.03)11 $10557.2 = $14613.6. 


The values of (1+ 1)", v",s iV and a a) are tabulated in Appendix 1 for 
selected interest rates. Since § Al and @ h cannot be found in the tables, it is 
useful to find relationships between $ - and s + and between ä - and a ~. 

nl nf nl nl 


It follows from (16), (17), and (18) that 


ä = (+ia asg =" (31) 


and 


š = (1+i)s iii (32) 


In addition, note that if we drop the first payment from an annuity-due, 
we get an annuity-immediate with the number of payments decreased by 1, 
that is 


4a nell 


and hence 


ä qalta a: (33) 


On the other hand, if we drop the last payment from an n year annuity- 
immediate, the resulting annuity can be regarded as an n - 1 year annuity- 
due deferred for 1 year. Therefore taking the accumulated value at the end 
of year n, we get 


and so 


(34) 
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Formulas (33) and (34) are easier to use than (31) and (32) since an addition 
or a subtraction is simpler than a multiplication or division. 
Thus, in Example 3.1, we can calculate ä 01 from Appendix 1 as 


a.5=l1+a 1 + 14.3238 = 15.3238, 


20] 197 


and in Example 3.3 we can write 


$ 97 S 107 1 = 11.4639 - 1 = 10.4639. 


Next we examine annuities whose annual sums are paid in more than one 
installment. 

Consider any annuity-due discussed so far. Now assume that for every k 
from 1 to n, a payment of C at the beginning of the year is replaced by p 


C 
payments of an each. The first payment is made at the beginning of the 


pol 


1 
year, the second payment ” years later, ..., the pth payment y years 


later. For a level annuity, we take Cķ= 1, k = 1,...,n and for a linearly 
increasing annuity, Cr =k, k = 1,...,n. We say that these annuities are 
payable pthly, and we indicate it by the symbol (p) in the superscript of a 
and s; for example ä VI ë A How can we value these annuities? 


Let us focus on the payments of only one year first. We can ask what the 
present value of this cash flow is at the beginning of the year. Note that 


C , 
the p payments of “E each form an annuity-due. The only difference 
compared to what we have discussed so far is that the time interval 


1 
between two payments is only p th of a year. Hence if we use the effective 


(p) 


1 . . 
rate of interest fora — long period; that is, p , the present value can be 


obtained from (2) as 
— © (35) 


Thus, using (13) of Section 1.1 we obtain 
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1-(+i! | 1-v d 
PV = Ck JP = Ck Fo = Ck a (36) 
| Ck 
Therefore, the present value of the p installment payments of p 
d 
during the year is the same as the present value of one payment of Ck py at 
d 


the beginning of the year. 


C 
So, if we replace the p installment payments of > with one payment 
d 
of Cki) for all k's, the present value of the cash flow does not change. 
d 


However, these newly created payments form a yearly annuity. We can use 
the formulas derived for yearly annuities and obtain 


(p) do. 1-0 
Sal PY" nl) 


g P) n; 
cadena ny 


sud, A+ 
n ok nl FO 


(p) _(p) 
mid = Oma, 

PAZ d F _ om -ymen 
mi ioni p 
aP =a . Po.) 

n| 4 man) a ml’ 
n 
(p) . n 
VA 


and 
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Since the interest tables contain the values of a al and s al but not of ä n 
and $ „ it is useful to express a? and 3?) as 
nl nl nl 


p) i 
Aal P2 nY 


and 


Q i- 
5 n Pd 
where we used (31) and (32). 


The values of 50) are given in Appendix 1 for selected values of i and 


EXAMPLE 3.10. An annuity of $600 per annum payable monthly in 
advance is purchased for a term of 6 years. Find its price if the annual rate 
of interest is 3%. Find its accumulated value at the end of year 6. 


12 
Solution: The price is 600 al ) We can write 


a) i 
de Zaad" ¢): 


The value of a g] can be determined by using (2) or from Appendix 1: 


a a” 5.4172. 


, i 0.03 . 
We also have to find J02) for i= 0.03. Since d= 1.037 0.029126, equation 
1 
12 
(37) of Section 1.1 gives d(12) = 12(1 - (1 - 0.029126) “) = 0.029522. Thus, 
703) = 1.01619. From Appendix 1, we get 15) = 1.016177. The difference 


between the two numbers is due to round-off errors. Therefore, we have 


12 
ai a = 1.016177(5.4172) = 5.50483 
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and the price of the annuity is 600(5.50483) = $3302.90. The accumulated 
value at the end of year 6 is 


$3302.90 - 1.039 = $3943.84. 
Let us turn our attention to annuities-immediate. Assume that for every 
k from 1 to n, a payment of Cx at the end of the year is replaced by p 
C 1 
payments of > each. The first payment is made at the end of the first p 


1 
year long period, the seond payment is made p year later, ..., the pth 


payment at the end of the year. Then we get annuities-immediate payable 
pthly and we use the symbol (p) again; for example, an , sh . 

Let us find the accumulated value of the installment payments during 
one year at the end of the year. Using (22), we get 


P) |p 
C ty d 1+i-1 ] 
-ky A aa ia 
AV =, P) = Ck O) TkT) 
P 


Then in view of (23) of Section 1.2 and (24) of Section 1.2 we find that the 
present value of the n-year long cash flow does not change if we replace the 


C 
p installment payments of n with one payment of Ck) made at the end 
i 


of the year k. This new cash flow is an annuity-immediate with yearly 
payments. So using the formulas for yearly annuities we obtain 


(p) 1 1-v" 
QLC 
(p) n P) 
y =+) ah, 


(Į) i (1+i)"-1 
“al ~ () nl DD 


(p) (p) 
m La =y” a / 
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. m _m+ 
la) 1 y” -yn 


M nl ~ ) n py 


(p) (p) (p) 


A =A - 
nl m+n] Anl ’ 


m | 


n n 
A - NV 


da) MT 
l 1 


and 


S~-n 


(p) ií n 
Qs) = KO) ds) 15 . 
i 
The values of Tp) are given in Appendix 1 for selected values of i and p. 
i 


EXAMPLE 3.11. An amount of $200 is payable quarterly in arrears for 5 
years. If the annual interest rate is 3%, what is the purchase price of the 
annuity? 

Solution: The quarterly payments of $200 can be thought of as the 
installments of an annuity of $800 per annum payable quarterly in arrears. 


(4) 
Therefore, the price is 800 a 5) . We have 


i 
The values of a 5 and (4) can be calculated directly or taken from 


Appendix 1: 


a 5] = 4.5797, 


i 
AA) = 1.011181. 


4 
Hence, af ) 1.011181(4.5797) = 4.63091 and the price of the annuity is 


800(4.63091) = $3704.73. 
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EXAMPLE 3.12. An amount of $200 is paid quarterly in arrears for 5 
years. If the interest rate is 3% per annum convertible quarterly, what is 
the purchase price of the annuity? 

Solution: A 3% interest rate convertible quarterly means that the 

0.03 
effective rate of interest for a quarter is 4? 0.75%. Furthermore, there 
are 4x5=20 quarters isa 5 year long period. Therefore, the price of the 
annuity is $200 a 


A 


1 \20 
1-| 10075 


4 2010.0075" 0.0075 


. No 
2010.0075 


= 18.5080. 


Thus the purchase price is 200(18.5080) = $3701.60. 
Note that the last two examples look similar. The only difference is 
that while in Example 3.11, the 3% is the effective annual rate of interest, 


4 
0.03 
in Example 3.12 the effective annual rate of interest is | 1 + a} 15 


0.03034. However, we do not have interest tables for i = 3.034%, so we had 
to make the calculations by hand. 


EXAMPLE 3.13. An annuity is payable monthly in arrears. It starts 
with a monthly payment of $200 in 1980, and the monthly payments 
increase by $10 each year. The last payment is made at the end of 1990. 
Find the present value of this annuity on January 1, 1980, and the 
accumulated value on December 31, 1990 ata 4% annual rate of interest. 

Solution: Let us split this annuity into two parts. One is a level annuity 
paying $190 each month, the other one is an increasing annuity paying $10 
monthly in 1980, $20 monthly in 1981,..., $110 monthly in 1990. The total 
annual payment of the level annuity is 12 x 190 = $2280, and the total 
annual payments of the increasing annuity are $120 in 1980, $240 in 
1981,...,61320 in 1990. Thus, the present value is 


(12) (12) 
PV = 2280417] + 120 (la) 11] . 
So, we have 


PV = 12) (2280 a g+ 120 (Ia), 4) 


From Appendix 1, we get 
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Gi Tii 1+a 1017 1 + 8.1109 = 9.1109 


i 
(12) = 1.018204, 


1 


11 
af..-1lizy 
in o] 9.1109 - 11(0.64958) 


Therefore, the present value is 1.108204[2280(8.7605) + 120(49.138)] = 
$26341.45. The accumulated value is $26341.45(1.04)!4 = $40551.45. 


Next we discuss continuous annuities. In their notation a bar "—" is put 
above a and s. First consider a continuous payment stream at a rate of $1 
per annum for a term of n years. The present value of this annuity at the 
beginning of the first year can be obtained from (13) of Section 1.2 


n 
-ôt |” -ô 
a g= e% dt = y „t-e "i 
ni 0 -ô ô ô 


0 
and the accumulated value of the annuity at the end of year n is 


(1 +1)" -1 


F =(1+i)" a J 5 


The present value of a deferred continuous annuity can be expressed as 


Or as 


min) “ml ` 


If the annuity is paid continuously at a rate of k per annum in year k 
(k = 1,2,...,n), then we get 


P” 
n-1 n1 koon 4a nv 


(I Da n 7 2 5 6. 


Q 
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and 


_ - Fa 
(Is) 3=0+9" 04)" 


The present values and accumulated values of annuities-immediate are 
tabulated in most interest tables. Therefore, it is useful to express the 
present values and accumulated values of continuous annuities in terms of 
those of annuities-immediate. We get 


Fa), = 5 (ly 


and 


gah Oy 


i . 

The values of § are given in Appendix 1 for selected values of i. 
Note that the expressions for the continuous annuities can be obtained as 
the limits of the pthly annuities as p goes to infinity taking into account 


(p) 


that lim i =ô. For example, 
pe 
(pP) i- a 
fal |P nl” 


thus 
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EXAMPLE 3.14. An annuity is paid continuously at a rate of $500 per 
annum for 7 years. What is the present value of the annuity at the 
beginning of the first year and what is the accumulation at the end of year 
seven? Usea 5% annual interest rate. 


Solution: The present value of the annuity is $500 a 7: We can obtain 


— 


a 7] as: 


— i 
EN TE T 
The values of 3 and a 7) can be computed directly or we can look them 
up in Appendix 1: 


a 77 5.7864, 


1 
5 = 1.024797. 


Thus 


an = 1.024797(5.7864) = 5.92989. 


Therefore, the present value is $500(5.92989) = $2964.94. The accumulated 


value equals $500 S . We can obtain sz as 


= 1 
$a = 55 7” 1.024797(8.1420) = 8.34390. 


Thus the accumulated value is $500(8.34390) = $4171.95. 
We can also use the relationship between present value and 
accumulated value to find the accumulation: 


$2964.94(1.05)” = $4171.97. 


EXAMPLE 3.15. An annuity is payable continuously for 6 years. The 
rate of payment is $300 per annum in the first year, $600 per annum in the 
second year,..., $2400 in the eighth year. Find the present value and the 
accumulated value of the annuity at a 3% annual rate of interest. 
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Solution: The present value is $300 (I a ) el We have 


ä -- 600 
(I a è _ 


From Appendix 1, we get 


v? = 0.83748, 


ô = 0.029559, 


and 


5.5797 - 6(0.83748) 


(I a A = 0.029559 = 18.7699. 
Thus, the present value is 300(18.7699) = $5630.97 and the accumulation is 


(1.03)° 5630.97 = $6723.67. 


Finally, let us study annuities whose payments are made at intervals of 
time length r years, where r is a positive integer, greater than 1. 


Assume we have £ consecutive time intervals, each of length of r 


years. Let us denote the total length of these intervals by n (n= £-r). If 
regular payments are made at the beginning of each interval, we get an 
annuity-due, if the payments occur at the end of each interval, we have an 
annuity-immediate. 

We could value these annuities using an effective rate of interest 
loff = (1 +1) l], However, even if í is a "nice" number, e.g. 0.02, 0.03, or 


0.05, (1 +1) £_1 does not come out nice, e.g. (1.02)? - 1 = 0.0404, (1.03)4 - 1 = 
0.1255, or (1.05)14 - 1 = 0.7959, and tables are not available for these 
interest rates. In order to determine the present value of the annuity, we try 
to find a series of annual payments whose present value coincides with the 
present value of the original payments. 

Let us assume $1 is paid at the beginning of each r-year long period. Let 
us select one of these r-year long periods and place a payment of C at the 
beginning of each of the r years. These payments form an annuity-due 
whose present value at the beginning of the r-year long period is 


» . 
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Setting this present value equal to $1, we get 


Repeating the same procedure for every r-year long period, we get an n-year 


annuity-due whose payments are of amount i at the beginning of each 
year. Therefore, its present value at the beginning of the first year is 


d 
Ya (37) 


So this is the present value of the annuity-due with payments of $1 every r 
years. The accumulation of the annuity at the end of the last year is 


fal n 
ay fy 


AV =PV(1 +i)" =(1+i)" (38) 


Next assume $1 is paid at the end of each r-year long period. We want 
to replace the payment at the end of an r-year long period with payments of 
D at the end of each of these r years, whose accumulated value at the end 
of the r-year long period equals $1. Since the r payments form an annuity- 
immediate, we get 


Ds Piz 1, (39) 


thus 


D=—. (40) 
SA 


Making these substitutions in every r-year long period, the present 
value at the beginning of the first year does not change. So it is 


A nil 
PV=—. (41) 
S r| 


Furthermore, the accumulation at the end of the last year is 
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WN 
3j 


AV =PV(1 +i)" ==. 
rl 


(42) 


EXAMPLE 3.16. An amount of $1000 is payable at the end of 6 
consecutive three year long periods. What is the present value of this 
annuity at the beginning of the first period? What is the accumulated value 
at the end of the last period? Use a 3% annual rate of interest. 

Solution: From (41), the present value is 


1 
PV=1000 — a, 4. 
S 3] 18] 
From the table in Appendix 1, we get 


13.7535 l 
Thus the present value is $1000 3 999 = 4449.67. Using (42), the 


accumulated value is 


1 
AV = 1000 zs 


3] 18! 
From the table in Appendix 1, we get 
23.4144 


Thus, the accumulated value is $1000 30909 = $7575.27. Of course, we 


could also obtain the accumulated value directly from the present value: 
$4449.67(1.03)18 = $7575.27. 
Note that we could find the same results by computing 1000 a 6 and 


e 
1000 s at an effective rate of interest of ip = (1.03)3 - 1 = 0.09273. 


6li, 
However, there is no table available for an interest rate of 9.273%. That is 
why we prefer applying (41) and (42). 

At the end of Section 1.2, we analyzed the structure of the payments an 
investor receives for a capital invested. We found that each payment can be 
split into an interest payment part and a capital repayment part. At this 
point, the reader is advised to review that part of the book. 

Here we want to study the situation where the payments form an 
annuity. 
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Assume an amount of C is invested at the beginning of year one, and in 
return for this, the investor receives equal payments of A at the end of year 
1,2,...,m. If the investment earns interest at an annual rate of i, we can write 


C = A a nl . 
Thus, the amount of each payment is 
A =—. (43) 


We want to find out what the outstanding capital is just after the kth 
payment is made (k = 1,2,....n). This is equal to the present value of an 


annuity of A per annum payable for n-k years; thatis, Aa n-K] From (43) 
we get 
A a n-k] (44) 
a =C——_. 
n-k] a n] 


The interest on this amount for one year gives the interest content of the 
(k+1)th payment. This equals 


A n-k) sa n-k] 
7 1=C 7 . 
n| n] 


C 


From (20), we get 1a n-k] = 1-v"-k. Thus, the interest content of the (k+1)th 


payment is 


k 


=A(1-v""). (45) 


Therefore, the capital repayment part of the (k+1)th payment is 


-k n-k 
C 1-v" V _ 
— .C =C—=Ay"*. 


(46) 


If we choose the special case of the investment with C =a n then all 


the above formulas become simpler. In fact, the annual payments will be just 
$1, and the payment schedule can be laid out as follows. 
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It can be seen from this schedule that the interest content of the 
payments is decreasing, while the capital repaid is increasing with time. 


Payment Interest Outstanding 
Content of Capital after 
Payment Payment 


EXAMPLE 3.17. An investment of $5000 is made on January 1, 1970. In 
return for this, the investor receives annual payments of equal amounts at 
the end of each year from 1970 to 1990. 

a) What is the amount of each payment? 

b) What is the interest content and the capital repayment part of the 
payment at the end of 1972? 

c) What is the interest content and the capital repayment part of the 
payment at the end of 1990? 

d) After which payment does the outstanding capital first drop below 
$3000? 

e) What is the first year when the capital repayment is higher than 
the interest content? 

Assume the investment earns interest ata 5% annual rate. 
Solution: The number of payments is n = 21. 
a) If the annual payment is denoted by A, we have 5000=A a oil 


Thus, 


5000 5000 


So the amount of each payment is $389.98. 
b) In the year 1972, the third payment takes place. Thus, from (45), 
the interest content is 


$389.98(1 - v°1-2) = $389.98(1 - 0.39573) = $235.65. 
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Hence, the capital repaid is 389.98 - 235.65 = $154.33. The capital repaid 
could also be obtained from (46) 


$389.98 v21? = $389.98(0.39573) = $154.33. 


c) In the year 1990, the 218 payment is made, and therefore the 
interest content is 


21-20 
) 


$389.98(1 - v = $389.98(1 - 0.95238) = $18.57, 


and the capital repaid is 389.98 - 18.57 = $371 41. 
d) The outstanding capital after the Pai payment is 


$389.98 a 21.41: 


We have to find the smallest k such that 


$389.98 a „q < $3000; 


that is, 


a; p< 76927. 


Checking the table in Appendix 1, we see that 21 -k <9 must be true. Thus, 
k 212. So the smallest k is 12, which corresponds to ear 1981. 

e) The capital gpament in year k is Av” ) and the interest 
payment is A(1 - yi tk ). Hence we need to find the smallest k for which 


Ave &D, A(1 - gE, 
Simplifying, we get 


yi k+l n-k+1 


>1-v 


that is 


n-k+1 1 
V > 5: 


Taking logarithm on both sides of the inequality, we obtain 


(n -k + 1)log v > -log 2. 
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Now, log v = -ô = -0.048790, and log 2 = 0.693147, and n= 21, so we get 
(22 - k)(-0.048790) > (-0.693147) 
22 - k < 14.2067 
k > 7.7933. 


Therefore, the smallest k is 8 which corresponds to year 1977. 
Note that k could also be obtained from Appendix 1. From that table, 


1 1 
we find yl4 >57, vy) <5, hence 22-k<14, and this also gives k = 8. 
PROBLEMS 


3.1. Given 1= 6%, obtain 


3.2. An annuity pays $500 yearly in advance for 20 years. Usinga 4% 
annual rate of interest, find 


a) the present value of the annuity at the beginning of the first 
year. 
b) the accumulated value of the annuity at the end of year 20. 


3.3. Given i= 8%, determine 
a) 5 | a 15 | 
b) 12 | a 25 | . 
3.4. A 10 year level annuity-due of $700 per annum is purchased four 


years before the payment period starts. Find the purchase price of 
the annuity based ona 3% annual rate of interest. 


3.5. A loan of $8000 is repaid by 8 equal installments payable yearly 
in advance with the first payment due 2 years after the loan is 
taken out. Based ona 9% annual rate of interest, find the amount of 
the annual installments. 
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3.6. 


3.7. 


3.8. 


3.9. 


3.10. 


3.11. 


3.12. 
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Given 1= 0.02, find 


a) (la FP) 
b) (lä ) g) 
c) (IS) 19 


An annuity is payable yearly in advance for 5 years. The payment 
in the first year is $1000 and the payments increase by $200 each 
year. Find 


a) the present value of the annuity at the beginning of the first 
year. 
b) the accumulated value of the annuity at the end of year 5. 


Use a 4% annual rate of interest. 


An annuity is payable yearly in advance for 10 years. The first 
payment is $500 and each subsequent payment decreases by 3%. 
Based on a 5% annual interest rate, find the present value of the 
annuity at the beginning of the first year. 


Given 1= 4%, determine 


a) a 7 
b) a 


Find the present value of a 20 year level annuity-immediate of 
$800 per annum at the beginning of the first year based on a 3% 
annual rate of interest. Also find the accumulated value at the end 
of the year 20. 


A loan of $9000 is repaid by a 10 year level annuity-immediate. 
Find the amount of the annual installment based on a 7% annual 
interest rate. 


Given 1= 5%, determine 
a) 20 | A 10] 


b) 31445): 
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3.13. 


3.14. 


3.15. 


3.16. 


3.17. 


The first payment of a 15 year level annuity of $900 per annum is 
made five years after the annuity is purchased. Show that the 
purchase price (say X) can be obtained from either of the following 
two equations 


X= 9005] a 
X = 900 4| a 


15] 
15] 


Evaluate the purchase price on the basis of a 5% annual rate of 
interest. 


Given i=3%, determine 


a) (la), g 
b) (1a). g 
c) (Is), 5; 


A loan is repaid by a 12 year varying annuity-immediate. The first 
installment is $1080 and the installments decrease by $90 each 
year. Determine the amount of the loan using a 5% annual rate of 
interest. 


The payments of a 10 year annuity-immediate increase by 3% each 
year. What is the present value of the annuity at the beginning of 
the first year if the amount of the first payment is $550 anda 2% 
annual rate of interest is used. Also obtain the accumulated value of 
the annuity at the end of the year 10. 


Given 1= 6%, obtain 


(2) 
a) A15] 
(12) 
b) S90] 
. (6) 
c) 5| Ë 59 
(4) 
d) (Ia) g] 
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3.18. 


3.19. 


3.20. 


3.21. 


3.22. 


3.23. 


3.24. 


CHAPTER 1 


(12) 
e) (Iš) 16] . 


A 10 year annuity of $900 per annum is payable monthly in 
advance. Based on a 4% annual rate of interest, determine the 
present value of the annuity at the beginning of the first year and 
the accumulated value at the end of year 10. 


A loan of $5000 is repaid by equal payments made quarterly in 
advance during a term of 6 years. Using a 7% annual interest rate, 
find the amount of the quarterly payments. 


An annuity-due of $1200 per annum is payable monthly for 20 
years. Obtain the present value of the annuity at the beginning of 
the first year on the basis of a 


a) 5% annual rate of interest 
b) 5% annual rate of interest convertible monthly. 


The monthly installments of a 15 year annuity-due are $300 in the 
first year and increase by $20 each year. Based ona 6% annual 
rate of interest, find the present value of the annuity at the 
beginning of the first year and the accumulated value at the end of 
the last year. 


Given 1=5%, find 


b) Sag 


c) 8147, 


d) (Ia)... 


An annuity of $2000 per annum is paid continuously over a period of 
10 years. Using a 4% annual rate of interest, determine the present 
value of the annuity at the beginning of the first year and the 
accumulated value at the end of year 10. 


The payment of a continuous 15 year annuity of $3000 per annum 
starts 3 years after the purchase time. Determine the price of the 
annuity on the basis of a 6% annual rate of interest. 
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3.25. 


3.26. 


3.27. 


3.28. 


An annuity of $1500 per annum is payable for 10 years. Based ona 
5% annual rate of interest, find the present value of the annuity at 
the beginning of the first year if the payments are made 


a) yearly in advance. 
b) yearly in arrears. 

c) monthly in advance. 
d) monthly in arrears. 
e) continuously. 


Prove 


a, cal <a sal ZIE (p > 1) 


algebraically and also by general reasoning. 


An amount of $400 is paid at the beginning of 5 two year long 
periods. Based on a 4% annual interest rate find the present value 
of the annuity at the beginning of the first year. 


A loan of $6000 is repaid in equal installments payable yearly in 
arrears for 10 years. 


a) Determine the amount of the annual payment. 

b) Find the interest content and the capital repayment part of 
the payment at the end of the first year. 

c) Find the interest content and the capital repayment part of 
the payment at the end of year six. 

d) After which payment does the outstanding capital first drop 
below $5000? 

e) Find the first year when the capital repayment is higher 
than the interest content. 


Use a 6% annual interest rate. 
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MORTALITY 


Life insurance is concerned with financial transactions whose payments 
depend on death or survival of the policyholder. For example, a life 
annuity makes regular payments until the insured dies, while other 
insurances pay a fixed sum on death. On the other hand, if the premiums for 
a life insurance are paid over a longer period of time, then their payment is 
contingent on survival. 

Therefore, in order to be able to discuss life insurance, we need to study 
the theory of mortality first. 


2.1. SURVIVAL TIME 


Since the age at which someone will die cannot be predicted with 
certainty, the lifetime of a person can best be modeled by a random variable. 
We will denote the future lifetime of a newborn baby by the random 
variable T. The random variable T is also called the survival time. 

Recall from probability theory that F(t) denotes the probability that 
T is less than or equal to t: 


F(t) = P(T < t). (1) 


The function F(t) is called the distribution function of T. Itis reasonable to 
assume that the distribution function of the survival time T is "smooth"; 


d 
that is, F(t) is differentiable and its derivative, Ji F(t) = f(t) is 


continuous. Therefore, F(t) can be written as 
t 
F(t) = J fls)ds. (2) 


The function f(t) is called the probability density function of T. 
It is useful to introduce the concept of survival function. The survival 
function is denoted by S(t) and is defined by 
S(t) = 1- F(t); (3) 
that is, 


S(t) = P(T > 2). (4) 
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Hence S(t) is the probability that an individual survives longer than 
t. It follows from (3) that the survival function S(t) defines the 
distribution of T uniquely. 

Note that since T is a continuous random variable, (4) is equivalent to 


S(t) = P(T > t). (5) 


Since 

l= Í f(s)ds (6) 
is always true and (2) holds, we can write 

S(t) = f fis)ds. (7) 


It follows from (7) that 


d 
a; Sit) = SA. (8) 


In most cases, when a life insurance policy is issued, the insured is not a 
newborn baby any more. If the insured is of age t at the time of the 
purchase of the policy, we are interested in the behavior of the survival 
time under the condition the individual has lived to age t. Hence, 
conditional probabilities play an important role in actuarial mathematics. 
Let us study them next. 

Let us look at the conditional probability P(T 2t2|T 2 t1), where 
S(t1)> 0. We can write 


P(T > S(t 
pers | 724) PTZ St). o) 


So if we define the function in two variables 


S 
fot.) = P(T > t2|T n) =27,) (10) 


then fo(t1,t2) satisfies fo(t1,t2) fo(t2,t3) = fo(t1,t3). Hence, using Theorem 
1.1 of Section 1.1, we can find a continuous function g(t), such that 
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Peat 
ty 
fo(t1,t2) =e and (11) 
g(t) = È log folt, t). (12) 
Now, (12) is equivalent to 
LA op _ fH 
g(t) = SO i 3) = S04 - 


Since f(t) is a probability density function, it is always nonnegative. This 
makes g(t) a negative function. However, we prefer to work with positive 
functions, so we define a new function h(t) by 


1 
h(t) = cy =-50 £ S(t). (13) 


Then h(t) is nonnegative, and we have 


Fat 
P(T> t2|T 2h) = =e a (14) 
Taking #1=0 in (14), we have S(t) =1, so 
t 
- I h(s)ds 
P(T >t) = S(t) =e | (15) 
It follows from (13) that 
f(t) = h(t) S(t); (16) 
thus we can express f(t) in terms of h(t): 
- | h(s)ds 
f(t) = h(t) e . (17) 


Therefore, h(t) defines the distribution of T uniquely. 
Let us see how we can interpret the function h(t). Since 
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P(t1<T<to) P(T2t2) P(T 21?) 


> > >t) = dei LEI 
P(T<t9|T=t})+P(T=t2|T>=t]) P(T = ti) +P(T > n) PIT 2 h) 1, 
(18) 
using (14), we obtain 
f2 
That 
f1 
P(T<t|T=t#)=1-e | (19) 


If ty and t2 are very close to each other, then an approximation of the 
right hand side of (19) gives 


—(to-t h(E) 
e 


P(T <t2|T 2 t}) =1- =1- (1 - (t2 - t1) A(t1)) = (t2 - t1) h(t1). 


(20) 


That means assuming an individual has survived to age t, the 
probability that he/she will die in the following e-long period, where e€ is 
small, is approximately e h(t). We say that h(t) gives the conditional 
failure rate of the survival time T. The function h(t) is called the hazard 
function of T. 


EXAMPLE 1.1. Assume the lifetime of an individual follows the 
exponential distribution with probability density function 


f(t)=a eAt for t>0. 


Find the survival function and the hazard function. 
Solution: The survival function is 


S(t) = P(T 2 t) = Ja eds ds = Ja eA s-t) e-At ds = eAt Ja edu du= ed, ift>0 


and the hazard function is 


-At 
h(t) Sy" car if t>0. 


Hence the hazard function is a constant. It is left to the reader to show that 
the exponential distribution is the only continuous distribution with a 
constant hazard function. 

What we have discussed in this section belongs to a special field of 
probability theory, known as the survival analysis. 
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PROBLEMS 


1.1. Assuming the lifetime of a person is given by an exponential 
distribution with an expected value of 80 years, find the 
probability the person will survive to age 50. What is the value of 
the hazard function at this age? 


1.2. Given the survival function 


-(At)Y 
S(t)=e , if t2>0 


where 4>0 and y>0, obtain the probability density function of 
the lifetime random variable and the hazard function. 


1.3. Prove that if the hazard function of a continuous distribution is 
constant, the distribution is exponential. 


2.2. ACTUARIAL FUNCTIONS OF MORTALITY 


In this section, we introduce some standard actuarial notations and 
derive important results of mortality theory. 

As we have seen in Section 2.1, the survival function S(t) defines the 
distribution of T uniquely, so we can use the values of S(t) to describe the 
distribution of T. If we want to tabulate the values of S(t), we have to list 
a lot of small numbers; that is, numbers between 0 and 1. However, it is 
more convenient to work with numbers greater than 1. 

Let us choose a "large" positive number £9. Usually, 29 is somewhere 
between 10,000 and 1,000,000, but other choices of Lo are also possible. 


Let us multiply S(t) by £o forall t20 and denote the result by £: 
l; = Lo S(T). (1) 


We can interpret (1) as follows. Assume we observe o persons who 
have just been born and their lifetimes are identically distributed. What is 
the expected number of persons from this group who survive to age t? Let us 
denote the survival time of person i by Tj, i = 1,2,...,29. Using the 
indicator function I, whose definition is 


1 if the statement is true 


I(statement) = | l l 
0 ifthe statement is false, 


the number of survivors at age t can be expressed as 
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Lo 
I(T; 2 t), 
a 


1 


and therefore the expected number of survivors at age t is 


Lo lo 
E| Y I(Ti=t)|= Y E(I(T;21)) 
2 


1 


i=1 
Lo 
= Y (1-P(Tj>t)+0-P(T;<t)) 
i=1 
Lo 
=> P(T;2t) 
i= 1 
= lo S(t). (2) 


It follows from (1) and (2) that 2; is the expected number of persons 
surviving to age t. 

Of course, if the values of 2; are known for all t 20, they define the 
distribution of T uniquely since (1) implies that 


di 
SO = po (3) 


In actuarial mathematics, we use the function 2; instead of S(t). 
Moreover, the age is usually denoted by x instead of t. If we write (x), by 
that we mean a life aged x. 

We can rewrite (1) and (3) as 


l= 29 S(x) = lo P(T =x) (4) 


and 
Ly 
P(T 2 x) = S(x)=—. (5) 
Lo 


Since people do not live forever, it is reasonable to assume that there is 
an upper limit for the age. We will denote it by ©. Hence f(t) = S(t) =0 for 


t> ©, therefore, 2,=0 for x>@. We will also use the notation 
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dy = Ly 7 lx41, (6) 
that is 
dy = £Lo(S(x)- S(x+1))= LoP(x<T<x+1). (7) 


Since ly can be thought of as the expected number of persons surviving 


to age x and £,+] as the expected number of persons surviving to age x + 1, 
dy, can be considered as the expected number of persons dying between the 
ages of x and x+1. 

The hazard function, defined by (13) of Section 2.1 is called the force of 
mortality in actuarial mathematics and is denoted by py: 


1 d 
Hx = h(x) =- S(x) dx S(x), 
which can also be written as 
d 
gy =-— log ly. (8) 
X 


Of course, (8) does not make sense if x @. However, we will define Hy 
=0 for x2 æ since it makes the formulas more simple. It follows from (14) 
of Section 2.1 that for any nonnegative n: 


X+n n 
7 f pat -J Hx+dt 
x 
Lyin = Lye = Lye , (9) 


and (15) of Section 2.1 implies that 
x 
-{ pdt 


Using (16) of Section 2.1 we can write the probability density function of T 
as 


f(t) = > Oy wp. (11) 
0 


So from (5) and (11) we get 
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l T1 
a4 = P(T 2 x)= f — l udt 
Lo x Lo 
Lf 
=— J 2 dt. 12 
to 3 Hx+t (12) 
Therefore, 
Ox=! di ppdt=S Lest pvt dt. (13) 
Furthermore, from (7) and (11) we get 
; x+1 
fx P(x<T<x+1)= Í 2; uydt 
Lo x 
1 
-+ fg dt (14) 
Lo Ò x+t hx+t dl. 
Thus, 
1 
dy = J Dy tt Mest dt. (15) 


Next, we introduce some more standard actuarial notations. 
The probability that a person aged x will survive to the age of x + n is 
denoted by „px: 
yPx = P(T=>x+n|T>x). (16) 
If n=1, wecandrop n from „py. Thus 


py = P(T2>x+1|T2x). (17) 


The probability that a person aged x will die before the age of x +n is 
denoted by 74x: 


n9x =P(T <x+n|T2x). (18) 
Again, if n=1, we can drop n from yx. So 


9x = P(T <x+1/T2x). (19) 
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The probability qx is also called the rate of mortality at age x. 
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The probability that a person aged x will survive to the age of x +m 


but die before the age of x +m+n is denoted by m |n9x- Thus 


m|n9x=P(x+msT<x+m+n|T2x). 


If n=1, wecandrop n from m|nAx. Therefore, 


m|9x=P(x+msT<x+m+1|T2x). 


It follows from (5) that 


P(T 2x +n) _ lxtn 


nPx= P(T > x) 


whose special case is 


We can write 


m+nPx = mPx nPx+m 


since 


lx+m+n _ lx+m lx+mtn 


Ly E Lr Arm 


We also have 


_PST<x+ n) 
n4x =" P(T > x) 


_ P(T 2 x) - P(T 2x +n) 


P(T 2 x) 
_ l- Qyin 
Ly ’ 
and 
Ly - lx+1 dx 


(20) 


(21) 


(22) 


(23) 


(24) 
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Finally, 
P(x+m<T<x+mt+ n) 
m|n4x = P(T 2 x) 
_P(T2x+m)-P(T2x+m4+ n) 
7 P(T =x) 
l - { 
_ x+m x+m+n , (25) 
dx 
and 
qx = lx+m 7 lx+m+1 _ dx+m 
x= = . 
m L, L, 
We also get 
m|n9x = mPx * n9x+m (26) 
since 


lx+m- Qx4men _ Axm — Lxsm- Lx+m+n 


Ly I Lx4+m 
Moreover, we have 
m |n]x = mPx © m+nPx (27) 
since 


lx+m ~ Qysmen _ lx+m lx+tmen 


Ly Ly Ly 
We can see from (22) and (24) that 
nPx + n9x = 1. (28) 
The probabilities npy and yg, can be expressed in terms of py, the 


force of mortality as well. Dividing (9) by x, we get 


n 
-J Hyp 
nPx = € / (29) 
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and using (28) we obtain 


n 
-d Hx+dt 
nfx=1-e (30) 


We can obtain different expressions for the probabilities using (11). 
From (13) and (22) we get 


nPx =~ J Opypat= | E pat = J tPx Mx+t dt. (31) 
lx x+n n ly n 


From (13) and (24), we obtain 


1 x+n 0 n 
+t 
nox =") J lidt = f a Hy +pat = | tPx Hx+t dt, (32) 
lx x 0 ly 0 


and from (13) and (25) we get 


xtm+tn m+n m+n 


m|n9x = J luidt = J E pxstdt = J tPx Mx+tdt. (33) 
lx x+m m ly m 


We can rewrite (20) of Section 2.1 in terms of q and p. What we get is 
that if € is close to zero then 


fx = E Hx, (34) 
which can be rewritten as 
EY 
Hx = (35) 


The expression (34) shows why py is called the force of mortality. If 
an individual has survived to age x, then the probability of dying in the 
following é-long interval is py times the length of the interval. 

The probability sp, can be considered as a function in two variables: 
fo(x,t) = 4px. We can ask what the partial derivative of this function is. 
Because of (22), we can write 


log ppx = log x+ -log Ly. (36) 


Hence, 
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d d 

di log {px = di log Ly+t. (37) 
Now, 

d 1 d 

71 198 Px = di P% (38) 


Now, using the chain rule and (8) we obtain 
d d d 
Ji 108 fxtt= g; (+2) dix+h 198 Dott = -hytt (39) 
So from (37), (38), and (39) we get 
d 
dt tPx = ~tPx Hx. (40) 
Moreover, differentiating (36) with respect to x, we obtain 
d d d 
Tx log Px = Tx log lx44- Jx log lx. (41) 


Expanding the terms in (41), we get 


d 1 d 
dx 108 tPx = py ax P% (42) 
d 
dx log Lytt = -Mx+tt, (43) 
and 
d 
dx log Ly = -py. (44) 
Thus, 
d 
dx Px = tPx(hx - xt). (45) 


As we have already mentioned in Section 2.1, when an insurance policy 
is issued to an individual, we are interested in the future lifetime of the 
insured. Therefore, it is useful to introduce a random variable Ty for all 
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ages x, defined as the future lifetime beyond the age of x given the 
individual has survived to age x: 


Ty =T-x|T2>x. 
In other words, Ty=0 and for any t20 


Pix<sT<x +t) 


P(x S$) =~ ET y) 


=P(T<x+t|T 2%). 


Therefore, the distribution function of Ty at ¢ is 


F(t) = P(Ty <t) 
=P(T<x+t|T2x) 
= 14x = 1 - Px (46) 


and using (16), we can express the survival function of Ty at t as 


S(t) = P(Tx > 1) 
=P(T-x>t|T=x) 
= tPx - (47) 


From (20) we get 


P(m<Ty<m+t)=P(m<T-x<m+t|T=x) 
= m|t9x- (48) 


We can obtain the probability density function of Ty by differentiating 
F,(t) with respect to t. If we use (40) and (46), we get 


d d 
gi Px) =a; CL - tx) 


= tPx Ux+tt- 
Therefore, the probability density function of Ty is 
fx(t) = tPx Ux+t - (49) 


We may be interested in the expected future lifetime of an individual aged 
x. Denoting it by ex, we have éy= E(Tx) and using (49) we get 


ey = j t Px bx+t dt. 
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In order to simplify this integral, we can use integration by parts. Let 
u(t)=t and v(t) = ¢px X x+. Then u'(t) = 1, and from (40), we get 
v(t) = -tpx. So the integral can be rewritten as 


“tPx ` t| 1-0 + / tpxdt = j {Px dt, 


thus 


co 


Èx= ET) = J px at (50) 


We may also ask what the variance of the future lifetime random 
variable is. To find this, we need to determine E(T2) first. Using (49), we 
get 


co 


2 
ETI) = J #2 Px hast at 


We can use integration by parts again with the choice of u(t) = t? and 
v'(t) = Py lx+- Then u(t) = 2t, and v(t) = -:py. Thus, 


2 co T 
E(T,) = -Px - t2 | t=0 +2/ tip, dt 
=2 | tipy dt. 
Ò tPx 
, _ T2 _ 2 
Since V(Ty) = E(T)) - (E(Tx))*, we get 
V(T,) =2 j t py dt - ê? (51) 


In many problems of life insurance, the exact age at death is not 
important. It is possible that we are only interested in the number of 
complete one year long periods an individual survives. For example, if the 
insured gets a sum of $2000 each time he/she reaches a birthday between 
the ages of 60 and 70, it does not make a difference whether a death occurs 
at the exact age of 62.1 or 62.8. The only thing that counts is that the 
death occurs between the ages of 62 and 63. Hence, it is worth studying the 
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number of complete one year long periods an individual aged x survives, 
which is called the curtate future lifetime. So we introduce the random 
variable K,, and define it as the integer part of the future lifetime beyond 
the age of x given the individual has survived to age x. That is, 


Ky, = [T- x]|T2x = [Tx] (52) 


where [ ] is the integer part function, that means [z] is the largest integer 
less than or equal to z. 

Now Ky, is a discrete random variable, and its probability function can 
be obtained using (48): 


P(Kx = k) = P([T x] = k) 
= P(k<Ty<k+1) 
=k|4x, for k=0,1,2,.... (53) 


Using (46), the distribution function of Ky can be obtained as 


P(Kx < k) = P([Tx] < k) 
= P(Ty<k+1) 
= P[Ty<Kk+1] 
= k+19x (54) 


and therefore, the survival function of Ky at k equals 


P(Kx > k) = k+1Px- 


Note that since K is a discrete random variable, we must pay attention 
whether an inequality involving Kx is strict or not. 
Now, let us find the expected curtate future lifetime and its variance. 
The expected curtate future lifetime of an individual aged x is denoted 
by ey. Then ey = E(Ky) and using (27) and (53) we obtain 


ex= ¥ kP(Ky =k) 


= J, K(kPx - k+1Px) 
k=0 


= k kPx - > (m - 1) mpx 
k=0 m=1 
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(ee) 


= kkpx- >}, (k- 1) kpx 


= )) kpx (55) 
k= 


In order to find the variance of the curtate future lifetime random 


variable, we need to determine E(Kî) first. Following the steps of (55) we 
obtain 


E(Kî) = Ý k2 P(Ky =k) 


= È kkpx- X (k-1) kpr. 
k=1 k=1 
Now, k2 - (k - 1)? = 2k-1, thus 
2 [oe] [oe] 
E(K,) =2 x k kPx - x kPx 
k=1 k=1 
=2 > k kPx - Cx, (56) 
k=1 


where we used (55). Therefore, 


eo 2 
ViKx)=2 2 k Kpr- exe (57) 


The question arises here how we can obtain the numerical values of the 
mortality functions. One possibility is to use a functional form of Ly. 
Usually, a function for the rate of mortality uy is given from which y can 


be obtained using (10). The following expressions define some of the most 
popular analytical laws of mortality: 


De Moivre's law: px = , 


Gompertz's law: px = B CF, 


Makeham's law: uy =A +B C*, 
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double geometric law: py =A +B C* + Mn*, 
Makeham's second law: py=4A+Hx+B.C*, 


Perk's law: ___A+BC™ _ 
erk Ss law: Px kK CX 414D-CX’ 
where A, B,C, D, H, K, M, and n are constants. 

Unfortunately, all the analytical laws of mortality proposed so far are 
either two complicated to use or they cannot describe the real mortality 
experience with sufficient accuracy over a wider range of ages. However, 
they were extensively used before the invention of computers. 

The second possibility of obtaining mortality data is to tabulate values 
in a table. These are called mortality tables. We will study them in the 
next section. 


ExAMPLE 2.1. The force of mortality for a person is 0.002 between the 
ages of 30 and 40. Find the probability that a person aged 30 will 

a) survive the following year. 

b) die within one year. 

c) survive to age 35. 

d) die before the age of 38. 

e) die between the ages of 35 and 40. 

Solution: We have 


ux = 0.002 if 30 < x < 40. 


From (29), we get 


n 
- Í 0.002d¢ 


nPx =e = ¢0.002n for 30<x<x+n<40. 


Thus we obtain the following results: 
a) The probability that a person aged 30 will survive to age 31 is 


pag = 60.002 - 1 = 0.9980020. 


b) The probability that a person aged 30 will die before the age of 31 
1S 


939 = 1 - Pag = 1 - 0.9980020 = 0.0019980. 


c) The probability that a person aged 30 will survive to age 35 is 
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spg = 6-0-0025 = 0.9900498. 


d) The probability that a person aged 30 will die before the age of 38 
is 


-1-.p..=1--0.002:8 = 
9939 = 1- gP39 = 1-¢ = 0.0158727. 


e) The probability that a person aged 30 will die between the ages of 
36 and 40 is 


614130 = 6P30 ~ 10P30 = e-0.002-6 _ 6-0.002-10 — 0.0078730. 


PROBLEMS 


2.1. The force of mortality for a person is 0.003 between the ages of 35 
and 45. Find the probability that a person aged 35 will 


a) survive the following year. 

b) die before reaching the age of 36. 
c) survive toage 42. 

d) die within 10 years. 

e) die between the ages of 39 and 44. 


2.2. The force of mortality for a person is 0.004 between the ages of 40 
and 50 and 0.01 between the ages of 50 and 60. Determine the 
probability that a person aged 40 will 


a) die before the age of 45. 

b) survive to age 50. 

c) survive to age 60. 

d) die between the ages of 45 and 55. 
e) die between the ages of 52 and 55. 


2.3. Prove that if the force of mortality follows De Moivre's law then 
£o 
ly = Pa (@ - x). 


That means, the original population of 0 at age zero decreases 
linearly to 0 at age ø. 
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2.3. MORTALITY TABLES 


Mortality tables (also called life tables) describe the mortality 
experience of a certain group of people. Each country has its own mortality 
tables. If the mortality experience of the total population of a country is 
taken into account, we are speaking about a population mortality table. 
There are also separate mortality tables for men and women. Some 
mortality tables are based solely on the past mortality experience of insured 
lives. 

Mortality tables usually give the values of 2, only for integer values 
of x. See the table in Appendix 2. We will use this table throughout the 
book. 

The lack of knowledge of ly for non-integer x does not cause any great 
difficulty, since in the practice of life insurance, it is usually sufficient to use 
the integer part of the age of the insured. For example, age can be taken as 
the difference between the year of the purchase of the policy and the year 
of birth. Proceeding this way, we will underestimate the exact age for some 
policyholders and overestimate it for others, but if an insurance company 
has a large number of policies, these effects will balance each other. If it 
still becomes necessary to use the exact age, we can use interpolation to 
approximate , for non-integer x. We will discuss this question later in 
this section. 


Appendix 2 does not only contain the values of 2x, it also tabulates dy 
and gy. Since the numerical value of qy is often very small, between 0.001 
and 0.01, the table gives the values of 1000g, from which qy can be 
obtained by shifting the decimal point three digits to the left. 

Let us compute some probabilities using this table. 

The probability that a person aged 40 survives the following year is 


which can also be obtained as 


Pao = 1-449 = 1 - 0.0027812 = 0.9972188. 


The probability that a person aged 50 survives to age 70 is 


The probability that a person aged 80 will die within one year is 
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The result can also be obtained directly from the qy column of the table. 
The probability that a person aged 55 will die within 5 years is 


Jen = 255 - 260 
5955 Qs 
_ 86408.60 - 81880.73 


86408.60 
= 0.0524007. 


The probability that a person aged 40 will die between the ages of 70 and 
80 is 


j 270- £80 
30 | 10740 240 
_ 66161.54 - 39143.64 
7 93131.64 
= 0.2901044. 


The probability that a person aged 70 will die between the ages of 74 and 
75 is 


| Go = L74 7 275 
4'170 0 70 
_ 56640.51 - 53960.80 
7 66161.54 
= 0.0405025. 


The last probability can also be obtained by writing 


d74 
4 | 17079 70 
2679.7050 
-66161.54 
= 0.0405025. 
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Next, we want to focus on what we can say about the value of ly for non- 


integer x. Of course, we cannot determine the exact value of 2, for 
fractional x, so we have to turn to some approximation method. A simple 
but useful method is the linear approximation. If x is an integer then we 


can look up the values of lx and £x+1 in the table. Applying a linear 
interpolation for the interval between x and x +1, we get 


Det = Ax +t(Lx41- Lx) = Ly- ty (1) 
or equivalently 
lx44=(1-1)lx+t 2441 for x integer and 0<f<1. (2) 
For example, using Appendix 2, 20.4 can be approximated as 
259.4 = (1 - 0.4) L20 + 0.4221 = 0.6(96178.01) + 0.4(96078.95) = 96138.39. 


Let us recall that at the beginning of Section 2.2 we interpreted 2, as 
the number of people who survive to age x from an original population of 
ĝo at the moment of birth. In this context, the linear interpolation of 2, 
means that the distribution of the dy deaths between the integer ages x 
and x +1 is assumed to be uniform. 

Using (2), we can approximate the probabilities as well. We get 


px = a = 21-4+fpy=1-t(1-px)=1-tqx (3) 


and 
tqx =1- py =1-(1- tqyx) = tgx for x integer and 0<t<1. (4) 
For example, using Appendix 2, we get 
0.7780 = 1 - 0.7 ggo = 1 - 0.7(0.0803009) = 0.9437894 
and 
0.9960 = 0.9 geo = 0.9(0.0137604) = 0.0123844. 
If t is fractional, but greater than 1, we have to split the probabilities 


into two parts, before we can use the linear interpolation, as the following 
computations show: 
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£50 89509.00 
10.5P40 = 10P40 ` 0.5P50 =p (1 - 0.5 950) = 93737 64 Lt ~ 0-5(0.0059199)] 


= 0.9582571 


and 


£54 
4.2950 = 1 - 4.2950 = 1 - 4p50 0.2p54= 1 rm (1 - 0.2 954) 


87126.20 


= 1 -39509.00 


[1 - 0.2(0.0082364)] = 0.0282242. 


If we want to approximate the force of mortality, (2) is not appropriate 
to use. This is easy to see since the definition of py in (8) of Section 2.2 
assumes that 2, is differentiable, but the 2, function obtained by linear 
interpolation is not differentiable at integer x. The interested reader may 
consult A. Neil: Life Contingencies,1989 for approximation methods 
applicable here. 

Next, we show how the expected future lifetime and the expected 
curtate future lifetime can be obtained from a mortality table. 

Using (55) of Section 2.2, the expected curtate future lifetime is 


k 
oo œo l k=1 g + Q +. 
ex= È kx = rr for x integer. (5) 
k=1 k=1 *x x x 


110 
>, £k 
k=1 
eq = =71.31 
and 

110 

> L20+k 

k=1 

e20 = ————— = 53.96. 
299 


We can compute the exact value of ex from a mortality table since 
Lx,£x+1,£x+2,... are known values. On the other hand, if we want to find 
the expected future lifetime, we have 
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y=) ip 
0 


from (50) of Section 2.2, so we need the value of px for non-integer t's as 


well. We can write 


k+1 1 
ex= > J Px dt = © kpx J tPx+k dt, 
k=0 È k=0 0 
and using approximation (3) we have 
1 1 
Gx+k 


J dt= J (1-taysp)dt=1- 
Ò tPx+k Ò ( qx+k) 9 


Therefore, 
S k 
ex= » p[i- 5 È 2 kPx - 7 DE: k | 9x: 
Now, 
x kPx = OPx + $ kpx=1+ex 
k=0 k=1 
and 


x kl9x= X (kPx - k+1Px) = È kpx- X 2px =opx = 1. 
= k=0 k=0 Q=1 


Thus, the approximation for the expected future lifetime is 


d Luk 
o =1 1 1 kel 1 Lyi. + PxreQte 1 
ex = bexy~ 5 Hex b= Ly 27 Ly 2° 


For example, using the mortality table in Appendix 2, we get 
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110 
> £k 
o l 71.81 
e0= +z = 71.81, 
Qo 2 
109 
» L14k 
ol 172.29 
ez ——+3= 72.29, 
li 2 
en = 71.39, 
e3 = 70.48, 
e20 = 54.46, 
e50 = 27.09. 


It may seem surprising that the expected future lifetime is less at the 
time of birth than at the age of 1. The reason for that is the extremely high 
probability of dying in the first year: go = 0.024217. Once a baby survives 
his/her first year, the life expectations improve dramatically. Indeed, qx 
drops sharply after the first year: qı = 0.0013431, 
q2 = 0.0012237, etc. and the value of qọ is not reached again before the age 
of 65. 

If we consider a new entrant to a life insurance, his/her probability of 
dying in the first years of the policy tends to be lower than what can be 
expected for other people of the same age. This has two main reasons. On 
the one hand, if the benefit of a life insurance is payable on death, the 
major risk for the insurance company is that the insured dies too soon, since 
then the premium will not accumulate to a high enough level. Therefore, in 
the underwriting process, it will be checked whether the applicant is in a 
reasonably good health condition. If certain standards set by the company 
are not met, the application for the insurance will be turned down. Thus, at 
the time the policy is issued, the mortality of the policyholder is lower 
than that of other people of the same age. On the other hand, people do not 
buy life annuities unless they are in good health, since otherwise they 
cannot expect to receive the annuity payments for long. So this self selection 
also results in mortality values lower than average. However, after a 
couple of years, this initial selection effect wears off. 

Mortality tables that reflect the selection effect are called select 
mortality tables. The length of the period from entry for which a select 
mortality table defines special survival probabilities is called the select 
period. Once the end of the select period is reached, the mortality is not 
influenced by the duration of the policy any more. So if a policy is already 
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in force longer than the select period, the mortality can be calculated from a 
regular mortality table, called the ultimate mortality table. 

There are select tables with different select periods. The length of the 
select period is usually 3, 5, 10, or 15 years. We will denote the length of the 
select period by r (measured in years). 

If we use a select mortality table, the symbol [x] is used to denote a life 
aged x at the commencement of the insurance. 

The probability a life [x] survives to age x +k + 1, under the condition 
he/she survives to age x +k is denoted by p[x]ik. However, if [x] has 
survived to age x +r, the future mortality does not depend on the duration 
of the insurance any more. Therefore, if x1 +k1=x2+k2 and k1,k2 2r, we 
get 


P[x,]+k, = Plx,]+k,- 

Thus, if k2r then the probability of survival depends on x and k only 
through x +k. So we can use the notation py+k instead of p[x]+k if K2r. 
The probability p[x]+k (k <r) is called a select value while py+k (k 21) is 
an ultimate value. 

The probability a life [x] dies before age x +k + 1, given he/she 
survives to age x +k is denoted by q[x]+k, which can be simplified as q+ 
if k=r. 


The usual relationship between the probability of death and the 
probability of survival holds here, too: 


Pix]+k + 9[x]+k = 1. (7) 
A part of a select mortality table with a select period of 3 years is 
given in Table 1 (it is not related to the table in Appendix 2). From this 
table, we get the select values 
q[25] = 0.00140, 
q[25]+1 = 0.00171, 
and 
q[25]+2 = 0.00196. 
Furthermore, 
q[25]+3 = 92543 = 928 = 0.00212, 
q[25]+4 = 925+4 = 929 = 0.00217, 


and 
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TABLE 1 
SECTION OF SELECT AND ULTIMATE TABLE 


NO 
NO 


NO 
Oo 


00137 00164 00186 00200 95 
00139 00167 00190 00204 26 


N 
nw 


00140 00169 00193 00208 27 


N 
JI 


.00140 .00212 28 
.00140 .00217 29 
.00141 .00223 30 
.00143 .00230 31 
.00146 .00239 32 


00149 00189 00224 00250 33 


NININ 
ofi NID 


Gi x+3 
20 23 
21 24 
22 25 
23 26 
24 27 
25 28 
26 29 
27 | 933,467 30 
28 31 
29 32 
30 33 
n] TE 
20 23 
21 24 
22 25 
23 26 
24 27 
25 28 
26 29 
27 30 
28 31 
29 32 
30 33 
[x] x +3 
20 23 
21 24 

00137 _ 

00139 — 

00140 — 

[00140 _ 

[00140 — 

00141 _ 

00143 _ 

00146 — 


WIN 
(el Xe) 


Source: From Table 3 of Life Contingencies by C. W. Jordan, Jr. (2nd Edition), page 26. Copyright 1967 by 
the Society of Actuaries, Schaumburg, Illinois. Reprinted with permission. 
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9[25]+5 = 925+5 = 930 = 0.00223 
etc. are ultimate values. Note that 
q[25] = 0.00140 < q25 = 0.00200 
q[25]+1 = 9.00171 < g26 = 0.00204 
and 
9[25]+2 = 0.00196 < q27 = 0.00208 


showing that people who have recently purchased an insurance have lower 
mortality rates indeed. 


In a select mortality table, values for £{x]+ can also be found. They are 
defined in a way such that they satisfy the equation 


Qix]+k+1 (8) 


P[x]+k = liak . 


If k>r, then (8) becomes 
Px+k = = (9) 


with y=x+k. The values of Ly are given in the column headed Ly4,. For 
example, in Table 1, we find 


Qo5 = 938359, 
and 


£39 = 928631. 


The £'s standing in the column headed 244, are called the ultimate 
values of £ and they have the same properties as in any regular mortality 
table. 

If the column headed y+; is given, the rest of the table can be obtained 
using (8). Note that (8) can be rewritten as 


Qix]+k+1 


flxjk = Pix]+k 


or 
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l 
HEL po re. 


fk = 1 - qfx]+k" 


So if the values of g[x]+k are known, we can obtain £[x]+K using a recursion: 


lxtr 


L{x]+r-1 =- gix]+r-1 , 


L{x]+r1 


Lix]+r-2 = 1 - gix)+r-2’ 


£[x]+2 


L{x]+1 = 1 guai” 


and 


tra = el 
PIT T= qty 


Thus, we can determine £{x]+k explicitly as 


l 
Ltx}4k =——— (10) 
r-1 


II (1-9[x]+) 
j=k 


For example, using the mortality rates of Table 1, based on the value 


log = 932628, 


we can derive 


and 
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— AfaspHi 936061 _ 
*125] = 7 ~ gros 1 - 0.00140 > 997373. 
These are exactly the values standing in the table for 


L[25]HK (k = 0,1,2). 


From (7) and (8) we get 


Q l - l 
Jixlek=1-pixþk=1 Aft] tix]+k- *[x]+k+1 11) 


L[x]+k Qix]+k 
so introducing 
d[x]+k= L[x]+k- £[x]+k+1, (12) 
we can rewrite (11) as 
dix] 
Jx = xk (13) 
[x]+k 


Values of d[x]+k (k = 0,1,2) can also be found in Table 1. 

We can give the mortality functions £{x]+k and d[x]+k the following 
interpretation. Consider a group of jx] people taking out an insurance at 
the age of x. Then the expected number of survivors to age x +k is £[x]+k 
and the expected number of deaths between the ages of x+k and x+k+1 is 


d[x]+k- 
It is important to remember that if we pick one column of a select table 


headed £[x]+k with k<r, the 2's standing in this column are not related 
to each other. For example, p[x] is not equal to jx] divided by £[x+1]. 
Dividing 2's of the same column only makes sense if they belong to the 
column of ultimate values as (9) shows. 
Using the values of £[x]+k, we can express probabilities conveniently. 
The probability that a life [x] will survive to age x+n +k under the 
condition he/she survives to age x +k is denoted by np[x]+k- Since 


nP[x]+k = Pix]+k P[x]+k+1 ++ ` Plx]+k+n-1 


_ LIx]+k+1 L[x]+k+2 se Lix]+k+n 
Qix]Òko  lix]+k+ Li ]+k+n-1" 


we get 


Mortality 109 


Qix]+k+n (14) 


nP[x]+k = Lx ]Hk 


The probability that a life [x] will die before the age x+k+n given 
he/she survives to age x +k is denoted by -9[x]+k- We have 


1- Lix]+k+n _ L[x]+k - L{x]+k+n (15) 


=1- = 
nI[x]+k nP[x]+k F, lak 2 lak 


The probability that a life [x] will die between the ages x+k+m and 
x+k+m+n under the condition he/she survives to age x +k is denoted by 
m|n9[x]+k- We have 


Lix]+k+m - L[x]+k+m+n (16) 


m | nA[x]+k = mP[x]+k - m+nP[x]+k = L{x]+k 


In particular, if n= 1, we can drop n from the prefix and write 


Lix]+k+m - L[x]+k+m+1 _Ad[x]+k+m (17) 


| = 
m! T+ Lx]+k L[x]+Kk 


For example, using Table 1, we obtain 


_ £[20}+2_ 943671 
212017 ag] 946394 


= 0.99712, 


239 924429 


=1- = 
Qiosj42 934460 


59[25]+2 = 1- 


— 2123]+2- 229 938265 - 930651 


2|49[23] = = = 0.00809, 
| 49[23] 2123] 941143 
and 
d30 2071 
6 | q[20]+4 = Da = 940202 = 0.00220 


We can also derive equations similar to (23) of Section 2.2, (26) of 
Section 2.2, and (27) of Section 2.2. Since 
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Lix]+k+mtn _ Lix]+H+m l £ [x]+k+m+n 


lixe IH f ix]+k+m 
we get 
m+nP[x]+k = mP[x]+k nP[x]+k+m- (18) 
Furthermore, we get 
m | n9[x]+K = mP[x]+k : n9[x]+k+m (19) 
and 
m | n9[x]+k = mP[x]+k - m+nP[x]+k: (20) 


The proofs of (19) and (20) are left to the reader. 
In the remainder of the book, we will use the mortality table in 
Appendix 2. 


PROBLEMS 


3.1. Using the mortality table in Appendix 2, obtain 


a) p50 

b) 930 

c) 7P45 

d) 45920 
e) 10|5950 


3.2. Based on the mortality table in Appendix 2, find the probability of 
the following events. 


a) Alife aged 25 dies before the age of 30. 

b) Alife aged 30 survives to age 60. 

c) A life aged 40 dies within two years. 

d) A life aged 55 dies between the ages of 60 and 80. 


3.3. Based on the mortality table in Appendix 2, use linear interpolation 
to calculate 


a) 30.7 


Mortality 
b) 0.4P35 
c) 6.9P45 
d) 2.3970 
3.4. Using the mortality table in Appendix 2, obtain 


3.5. 


3.6. 


a) €30 
b) e30 
c) e40 
d) e45 


Using Table 1, obtain 


a) 9[20] 

b) P[20]+2 
c) P[20]+3 
d) 5p[20]+1 
e) 69[20]+2 
f) 3|49[20] 


Prove (19) and (20). 
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CHAPTER 3 
LIFE INSURANCES AND ANNUITIES 


In Chapter 1, when we discussed some aspects of financial mathematics, 
the cash flows we studied consisted of payments whose timing and size were 
fixed in advance. However, we have already pointed out that it is possible 
to make payments dependable on death or survival of a person. For 
example, a retired employee may receive a regular payment each month 
until his/her death. If we want to find out how much the employer had to 
pay into a pension fund in order to provide the employer with this life 
annuity, we cannot use the techniques of Chapter 1. Those methods can only 
be used if we know for sure how many payments will be made. However, 
here we have a situation where the exact number of payments cannot be 
foreseen. The valuation of a life annuity cannot be made without using the 
theory of mortality. 

As another example, consider an insurance that pays a sum on death of 
the insured. These insurances are called life insurances. It is clear again 
that we need to use a mortality assumption or a mortality table if we want 
to determine the price of this insurance. 

In general, we can say that the theory of life insurance is a combination 
of financial mathematics and the theory of mortality. In this chapter, we 
will always assume that the mortality of the insured life is known, and the 
insurance company can invest money at a fixed interest rate of 7 per annum. 


3.1. STOCHASTIC CASH FLOWS 


Assume a person aged x takes out an insurance at time to. The insurance 
will pay him/her certain sums at certain times depending on his/her death 
or survival. Since the premiums are paid by the insured, their payment is 
also contingent on survival. So both the benefit and the premium payments 
have to be treated as the components of a stochastic cash flow. Of course, 
the benefit and the premium payments must be given different signs. If the 
payment of an amount is contingent on survival, it is called a survival 
benefit and if a sum is payable on death, it is called a death benefit. 
Premium payments can be treated as negative survival benefits. Moreover, 
the expenses incurred by the insurance company can also be included in the 
cash flow with positive signs. Expenses will be discussed in Chapter 4. 

Since the payments of an insurance depend on death or survival, if we 
know the time the insured dies (say at time to + t), we can say exactly what 
payments are made under that particular policy. For example, in the case of 
a life annuity, only those payments are made which are due between times 
to and to +t. In the case of a death benefit, the time of death determines 
the payment of the death benefit. So in general, the cash flow of an 


Life Insurances and Annuities 113 


insurance can be described by a function in two variables: C(t*,t), where 
C(t*,t) is the payment at time tg + t* if death occurs at time to+t (t20, 
t* > 0). If the payment is made continuously, we have to use the function 
p(t*,t) which gives the rate of payment per annum at time tọ + t* if death 
occurs at time fo +t. 

Let us see some examples of the functions C(t*,t) and p(t*,t). 

First, assume the insurance pays an amount of C41 at tg +t1, C2 at 
to + t2,..., and Cy at tg + tn if the insured is still alive at that time. (For 
example, consider a life annuity.) Then a payment is made at t* if t* 
equals one of t;'s (i= 1,...,n) and t* is less than t. So we have 


Ci if t*=t; and t* <t, i= 1,2,...n 
C(t*,t) -| (1) 


0 otherwise. 


If the payment of the survival benefit is continuous and the rate of 
payment per annum at time tọ + t* is given by the function p(t*), we get 


p(t*) if t*<t 
p(t*,t) = (2) 


0 otherwise. 

Next, let us consider life insurances, whose benefits are payable on 
death. We will study two important types of them. The first one pays the 
death benefit at the end of the year of death, and the second one at the 
moment of death. Note that the year of death is defined as the time period 
between to + n - 1, and to+n if death occurs between the ages of x+n-1 
and x +n, where n is a positive integer. Furthermore, if the benefit is said 
to be payable at the moment of death, this does not have to be taken 
literally. It may take a couple of days before a death can be reported to the 
insurance company. For example, a death certificate may have to be 
obtained first, which delays the reporting process. However, a delay of just 
a few days does not have a significant effect on the finances of an insurance 
company, so in our computations we can treat the death benefit as being paid 
at the moment of death. 

If a death benefit of C is paid at the moment of death, we get 


C if t*=t 
C(t*,t) = | (3) 


0 otherwise, 
and if the death benefit is paid at the end of the year of death, we obtain 


C if t*=[t]+1 
C(t*,t) = | (4) 


O otherwise. 


The amount C is also called the sum insured. 
Still assuming we know the time of death, we can ask what the present 
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value of the cash flow at time to is. Let us denote it by g(t). 
If the cash flow is defined by (1), we get 


g(t) = x Ci v I(t; < t), (5) 
i=1 


where I(t; < t) is the indicator function of the event t; < t. 
If the cash flow is given by (2), we obtain 


[oe] 


g(t) =] p(s) v’ I(s < t)ds. (6) 


For death benefits we get the following results. If the cash flow is 
expressed by (3), we have 


g()= Co! (7) 
and if the cash flow is given by (4), we get 
g(t) = C oltl41. (8) 


If the present value depends on t only through [t], we can rewrite g(t) 
as h([t]). For example, (8) can also be expressed as 


h(k) = C vk+1, (9) 
where k= [t]. 


EXAMPLE 1.1. An insurance issued to a life aged 50 makes a payment of 
$100 at the age of 51, $400 at the age of 53, and $1000 at the age of 55 if 
the insured is alive at the respective ages. Express the cash flow in the form 
of C(t*,t) and the present value of the cash flow at the commencement of 
the insurance in the form of g(t). 

Moreover, determine the cash flow and the present value of the cash 
flow at the commencement of the insurance, if the insured dies at the age of 


a) 54 
b) 60. 


For the valuation of the cash flow, use a 5% annual rate of interest. 
Solution: The cash flow can be expressed as 
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100 if t*=1 and t*<t 
400 if t*=3 and t* <t 

C(t*,t) = 
(PA) 1000 if t*=5 and t*<t 


0 otherwise. 
The present value of the cash flow at the commencement of the insurance is 


t 


1 1 
1.05 I(1<t)+400=—=I(3<1t)+10007--——=I(5<1). 


g(t) = 100 (1.05)3 (1.05)? 
a) Ifthe insured dies at age 54, the cash flow consists of a payment of 
$100 at age 51 and $400 at age 53. The present value is 


1 1 
g(4) = 100 795 + 4007-0553 


= $440.77. 


b) Ifthe insured dies at age 60, the cash flow consists of a payment of 
$100 atage 51, $400 at age 53, and $1000 atage 55. The present 
value is 


1 1 1 
$(10) = 100 7-55 + 400770533 + 1000 70555 
= $1224.30. 


EXAMPLE 1.2. An insurance issued to a life aged 40 makes a continuous 
payment at an annual rate of $6000 for 5 years while the insured is alive. 
Express the cash flow in the form of p(t*,t). Also determine the cash flow, 
if the insured dies at age 


a) 43 
b) 53. 


Solution: The cash flow can be expressed as 


6000 if #*<5 and t* <t 
p(t*,t) -| 


0 otherwise. 


a) Ifthe insured dies at age 43, the cash flow consists of a 3 year 
continuous payment at an annual rate of $6000. 

b) If the insured dies at age 55, the cash flow consists of a 5 year 
continuous payment at an annual rate of $6000. 


EXAMPLE 1.3. An insurance issued to a life aged 30 provides a death 
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benefit of $8000. Based ona 4% annual rate of interest, express the present 
value of the cash flow in the form of g(t) if the death benefit is payable 


a) at the moment of death. 
b) at the end of the year of death. 


Evaluate these present values if the insured dies at age 54.5. 
Solution: a) If the death benefit is payable at the moment of death, the 
present value is 


1 
g(t) = 8000 (1.04)! . 


In particular, if death occurs at age 54.5, the present value is 


1 
9(24.5) = 8000 (1.04245 = $3060.36. 


(1.04 


b) If the death benefit is payable at the end of the year of death, the 
present value is 


1 
g(t) = 8000 (1.04) FT . 


If the insured dies at the age of 54.5, the present value is 


1 
g(24.5) = 8000 (1.04) [24-5141 


1 
= 8000 7794725 
= $3000.93. 


The formulas given so far can be used if we know the exact time of death. 
However, when an insurance starts, it is not known yet how long the insured 
will live. So we have to use the future lifetime random variable Ty instead 
of the exact future lifetime. Therefore, the payments of the cash flow can be 
expressed by C(t*,T,) and p(t*,T,). That means, the payment at any time 
t* depends on the random variable Ty. Hence, we get a stochastic cash 
flow. The reader familiar with advanced probability theory may notice 
that we are dealing with a stochastic process here. We will use the 
notation CF for a stochastic cash flow. Although this is the same notation 
as the one used for non-stochastic cash flows in Chapter 1, it will always be 
clear from the context what it is supposed to mean. 

The present value of a stochastic cash flow at time to can be expressed 
as g(Ty). This is a random variable whose expected value is denoted by 
EPV(CF) or EPV and which can be computed as 
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EPV(CF) = EPV = E(g(Tx)) 


=) g(t) fx(t)dt 


= Jep P+ tat, 


where we used (49) of Section 2.2. If we can write g(t) as k([t]), then the 
expected present value can also be expressed in terms of Ky, since Ky = [Tx]: 


EPV(CF) = EPV = E(h(K,)) 


= ¥ hk eax. 
1=0 


Note that we often refer to the expected present value of the cash flow 
of an insurance as the present value of the insurance. Moreover, if we do not 
specify the time at which the present value is to be calculated, we will 
always mean the time of the commencement of the insurance. 

Let us calculate the expected present values for the cash flows defined 
by (1) to (4). 

If the cash flow is defined by (1) then (5) implies 


EPV = E(g(Tx)) 


on 
=Í 
0 j= 


t; 
Civ” I(t; < t) fx(t)dt 
1 


1 


n t. oo 
=) cio" | I(tj < t) fx(t)dt 
n _ 2 
- S Go J fx(t)dt 
i i 
n t; 
=> Civ P(Tx 2 ti) 


pa (10) 


The expression v! yp, appears very often in life insurance. Therefore, we 
have a special notation for it: 


tEx = vt ipy. 
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For example, using Appendix 2, based on a 5% annual rate of interest, we get 


1E40 = v p40 = V(1 - 940) 
1 
= 105 (1 - 0.0027812) 
= 0.9497322 


and 


10 £50 
Lao 
1 89509.00 
~ (1.05)10 93131.64 
= 0.5900332. 


10E40 = v1? 10p40 = v 


If the cash flow is given by (2), then from (6) we get 


EPV = E(g(Tx)) 


00 00 


I p(s) vS I(s < t) fx(t)ds dt 


Ou, 


co 


= Í p(s) 08 (| Us < À flat yds 


= J pls) 0° spx ds. (11) 


If the cash flow is expressed by (3), then using (7) we obtain 
EPV = E(g(Tx)) 


- |C ot f,(pat 
0 
=C of ipx part dt. (12) 


If the cash flow is given by (4), then (8) implies 


EPV = E(g(Tx)) 


] 


f [t]+1 
= 6 Cv fx(t)dt 
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=C) opps pase dt, (13) 


or using (9) we get 
EPV = E(h(Kx)) 


= È Cot x|qr. 
i=0 


EXAMPLE 1.4. An insurance issued to a life aged 45 pays survival 
benefits of $2000 at the age of 47, $1000 at the age of 50, and $500 at the 
age of 55. On the basis of the mortality table in Appendix 2 and a 3% 
annual rate of interest, find the present value of the insurance at the 
commencement of the policy. 

Solution: The present value of the insurance is 


EPV = 2000 v2 9145 + 1000 v° 5p45 + 500 v10 10p45 


2000 v2 247+ 1000 v° £50 + 500 010 ges 
Las 
1 1 1 
f 2000 (1.03)? 90880.48 + 1000 1.03) 89509.00 + 500 (1.03)10 86408.60 
91640.50 


= $3062.91. 


EXAMPLE 1.5. An insurance issued to a life aged 53 pays a death 
benefit at the end of the year of death, if death occurs within two years. 
The amount of the death benefit is $800 in the first year and $1200 in the 
second year. Determine the present value of the insurance at the 
commencement of the policy based on the mortality table in Appendix 2 and 
a 4% annual interest rate. 

Solution: The present value of the insurance is 


EPV = 800v q53 + 1200v2 1 | 953 
= 800v 953 + 1200v2 P53 954 
1 1 
= 800 1.04 0.0075755 + 1200 (1.0 4)2 (1 - 0.0075755) 0.0082364 
= $14.90. 


The expected present value of the stochastic cash flow of an insurance 
can be interpreted as the average present value of the cash flows of policies 
issued to many people of the same age. This is why the expected present 
value of the benefits is usually taken as the single premium payable at the 
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beginning of the insurance. However, in some special cases, when the 
portfolio is very small, we may be interested in how much the present value 
can deviate from the expected present value. In order to do this, we have to 
find the variance of the present value of the cash flow. It is denoted by 
VPV(CF) or VPV and it can be determined as 


VPV(CEF) = VPV = V(g(Tx)) 
= E(g*(Tx)) - E*(g(Tx)) 


= j g(t) fx(t)dt - | socio 


and if e(t) =h([t]), we get 


VPV(CEF) = VPV = V(h(Kx)) 
= E(h*(Kx)) - E2(h(Kx)) 


= ¥ 12) klax- È a(k) k | 7 
i=0 1=0 


Instead of using the expression "variance of the present value of the 
insurance", we simply say the variance of the insurance. The standard 
deviation of the insurance, which is the square root of the variance, is a 
good indicator of how much the present value can fluctuate around the 
expected value. 

The premium calculation will be discussed in Chapter 4 in more detail. 

Now consider a life insurance whose benefit is payable if the insured 
dies after a certain age. For example, payment is made if death occurs after 
the age of x +m; that is, if Ty > m. This insurance is called a deferred life 
insurance. 

Next, take a pension whose benefit payments start some time (say m 
years) after the premium payments begin. Once the insured retires at age 
x +m, the premium payments form a life annuity. However, if we want to 
determine the premium for this insurance, we have to find the present value 
m years before the start of the payments. So, we are dealing with a 
deferred life annuity. 

These insurances can be studied in the following general setting. 

Consider an insurance issued to a life aged x whose payments start after 
the age of x + m. If death occurs before that age, no payments are made. In 
other words, 


C(t*,t) =0 and po(t*,t)=0 if t*<m or t<m. 


This is called an insurance deferred for m years. So, under the condition the 
insured survives to age x +m, the benefit payments can be treated as the 
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payments of another insurance taken out at time to +m at the age of x + m. 
Let us call the latter a non-deferred insurance. Our goal is to study the 
relationship between the deferred and the non-deferred insurances. 

Since the benefits of the deferred and the non-deferred insurances are 
the same after the age of x +m, we get 


gt (mm +t) = 0" gt amli), £20, (14) 


where gN +t) denotes the present value of the cash flow at time tọ and 
8t,+m(t) denotes the present value of the same cash flow at time to +m. 


We can find the relationship between the probability density functions 
of Ty and Tx+m using (49) of Section 2.2. We get 


fx(t) = tPx Hx+t (15) 
and 
fx+m(t) = tPx+m lx+m+t: (16) 
Moreover, from (15), we get 
fx(t + m) = m+tPx Hx+m+t - (17) 


Using (23) of Section 2.2, we obtain 
mPx tPx+m = m+tPx- (18) 
So (16), (17), and (18) imply 


fx(t + m) = mPx tPx+m bx+m+t = mPx fx+m(t). (19) 


Using (14) and (19), we can obtain a relationship between the expected 
present values at tg and to+m. 


EPV; (CF) = E(g¢,(Tx)) 


= grm + t)f,(m + t)dt 
= J OM gt tml) mpx fr-+m(t)dt 


= 00% nbs | Stgem(t) ferm (dt 


= mex E(St)+m(Tx+m)) 
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= mEx EPV4 +m(CF). (20) 


Next, we want to find the relationship between the variances of the 
present values at to and at tg +m. To do this, we have to find the expected 
values of the squares of the present values first. 


EHTO) = J gh(m + 1) fam + dt 
= | 02M giym) mpx fem tat 


T 2 
=m" mpy | Stoem(t) frm (dt 


= 0" mEx E(B gn (Tx+m)): (21) 


Thus, 


2 2 
VP Va (CF )= 0" mEx E(&k+m(Tx+m)) 7 mEx E? (gt +m(Tx+m)), (22) 


which can also be expressed as 


VPV: (CF) = 0™ mEx(E(Gf +m(Tx+m)) - E28 +mlTx+m))) 
+ (0 mEx - mEq) EX(St+m(Tx+m)). (23) 


Therefore, 


2 
VPV (CF) = yn mex VPVi, +m(CF) + mex(o™ - mEx)EPV +m(CF). 
(24) 


Let us examine what happens if we combine two insurances into one. For 
example, an insurance that pays an amount regularly while the insured is 
alive and an additional benefit on death can be treated as a combination of a 
life annuity and a life insurance. 

In general, if CF] denotes the cash flow corresponding to insurance [1, 
and CF? is the cash flow corresponding to insurance Íh, the cash flow CF of 
the combined insurance Ip consists of all payments of CF; and CF2. We can 
express this as CF = CF] + CF2. 

Moreover, if g1(t) gives the present value of CF, at to and go(t) is the 
present value of CF2 at to, then the present value of CF at to is 


g(t) = gi(t) + galt). (25) 
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Then we get 

E(g(Tx)) = E(g1(Tx)) + E(g2(T x), (26) 
that is, 

EPV(CF) = EPV(CF1) + EPV(CF?). (27) 


Unfortunately, VPV(CF) usually cannot be obtained in a simple way from 
CF, and CF». In fact, squaring both sides of (25), we obtain 


g(t) = 94(t) + 95(t) + 291(t) g2(1) 


and so 


2 2 
E(g*(Tx)) = EGI(Tx)) + E(62(Tx)) + 2E(g1(Tx) g2(Tx)). 

Since g1(Tx) and g2(Tx) are usually not independent, evaluating 
E(g1(Tx) g2(Tx)) can be cumbersome. However, there are certain cases when 
the function g(t) g2(t) is identically zero. This happens, if for every 
Ty, =t, either insurance I; or insurance l? does not pay any benefits. For 
example, insurance I; pays a benefit at the moment of death if death occurs 
in the first n years, and insurance I? is a life annuity deferred for n years. 
In general, g1(t) g2(t) is identically zero, if there exists an n, such that 
insurance I; pays only if Ty<n and insurance [2 pays only if Ty = n. Then, 

g1(t)=0 if t<n, 
and 
g(t) =0 if t>n. 
In any case, if g1(t) go(t) =0 for every t, we have 


E(g1(Tx) g2(Tx)) = 0. 


Thus, 
E(82(Tx)) = E(gI(Tx) + E(g5(Tx). (28) 
Then, using (26) and (28), we obtain 


VPV(CF) = VET) > 
= E(g1(Tx)) + E(g2(Tx)) - (E(g1(Tx)) + E(82(Tx)))? 
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= VPV(CF}) + EPV2(CF1) + VPV(CF9) + EPV2(CF9) - (EPV(CF}) 
+ EPV(CF9))2 
= VPV(CF1) + VPV(CF9) - 2EPV(CF1) EPV(CF9). (29) 


From (26) and (28), we can also obtain 


VPV(CF2) = V(g2(Tx)) 


= E(g°(Tx)) - E(f (Tx) - (E(e(Tx) - E(g1(Tx)))2 
= VPV(CF) + EPV2(CF) - (VPV(CF}) + EPV2(CF})) 
- (EPV(CF) - EPV(CF}))2. (30) 


Formula (30) is especially useful, if we have already derived the expected 
values and variances of CF and CF, and we are interested in finding those 
of CF». 

Next, consider the following arrangement. A person aged x at to agrees 
to pay given amounts of money to the insurance company at certain times if 
he/she is still alive then. For example, he/she pays an amount of C4 at 
time to + tı, Co at to + f9,..., and Cy at tg+t,. In return, the insurance 
company promises to pay the insured a sum of C at tọ + te (where te tp) if 
he/she survives to that time. Assuming C1,C2,....,Cn are given, what 
should C be? Itis reasonable to choose a C such that the expected present 
value at to of the payments made by the insured equals the expected 
present value at to of the payment made by the insurance company: 


n | to 
AG v’ tPx=C Ut px. (31) 


So we can express C from (31) as 


1 n t EPV¢ (CF) 

Ca & Gv px =, 

v tPx j=l 

Since C is the sum the insurance company promises to pay after receiving 

the payments of the insured, it is called the accumulation of the stochastic 

cash flow. Note that it is different from the accumulation introduced in 

Chapter 1. Using the accumulation concept of financial mathematics, we 
would get 


32 
E (32) 


n (fe-t;) 
A= > C;(1 + i) 
J=1 
n -(te-t;) 
= > Cj U , (33) 
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where i is the annual interest rate. Comparing (32) and (33), we find 


C= V | 
Pa ] tePx 
n (tet) 1 
=» Cj v > 
jal t-tPx+t, 


where the inequality holds, since t,-tpPxtt, < 1. 


What this shows is that if the insured survives to time to + te, the 
money paid by him/her does not grow up to C by that time if it is invested 
at an annual rate of interest of i. On the other hand, if the insured dies 
before time te, no money will be paid by the insurance company, although it 
has received some. However, if there is a large number of people who have 
the same insurance, the insurance company can promise to pay an amount of 
C to the survivors if C is determined from the expected value equation (31). 


EXAMPLE 1.6. An insured pays an insurance company $800 at the age of 
55, $1000 at the age of 56, and $2000 at the age of 58. How much can the 
insurance company pay back at the age of 60 on survival? Base the 
calculations on the mortality table in Appendix 2 and a 4% annual rate of 
interest. 

Solution: The company can pay back the accumulated value of the cash 
flow at age 60. From (32), we get 


(800 + 1000v 1p55 + 200005 3p55) 


v’ 5p55 
1 l56 2 
= 800 + 10000 —2 + 200003 —2 
5 £60 £55 155 
U 
£55 
_ 800 255 +1000v L56 + 200005 lsg 
v° 160 
1 1 
f 800 x 86408.60 + 1000 7 57 85634.33 + 2000 -74y3 83898.25 
7 1 
(1.045 81880. 73 


= $4467.13. 
So the company can pay $4467.13 at the age of 60 on survival. 


Now, consider a stochastic cash flow consisting of premium payments 
made by an insured to the insurance company and survival or death benefits 
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paid by the insurance company to the insured. Assume the stochastic cash 
flow starts at time to when the insured is aged x and all possible premium 
and benefit payments take place before time to + te. We can ask what the 
company can promise to pay to the insured on survival at time to + te. This 
amount is called the accumulated value of the stochastic cash flow. It is 
denoted by ACV(CF) or ACV. We can determine it by equating the present 
value at time tg of the stochastic cash flow to that of the survival benefit 
payment at time io + fe: 


EPVt (CF) = t Ex ACV(CF). 
Thus, 


EPV: (CF) 
t Ex l 


e 


ACV = ACV(CF) = (34) 


If it is not clear from the context what te is, we can use the notation 
ACVt (CF) or ACV}. 


Of course, (34) only makes sense if LE x is not zero; that is, if x + te < ®. 


However, in practical applications this condition is always satisfied so we 
will not consider it any more. 

We want to emphasize again that this result is only meaningful if we 
have a large number of policyholders having the same insurance. Then, we 
can say the accumulated value is the share of one policyholder from the 
fund built up from all the policies. 


EXAMPLE 1.7. An insurance is issued to a person aged 50. The insured 
pays a premium of $70 atage 50 and $120 atage 51. The company pays a 
death benefit of $8000 at the end of the year of death, if it occurs between 
the ages of 51 and 52. Find the amount the company can pay to the insured 
at age 52 on survival. Use the mortality table in Appendix 2 and a 3% 
annual rate of interest. 

Solution: The amount of the survival benefit can be obtained as the 
accumulated value of the stochastic cash flow consisting of the premium 
payments and the death benefit payments: 


_ 2 
ACV = 70 + 1207 1P50 8000v4 1 | 950 
v4 2p50 
2 d 
70 +1200 =. 800002 “21 
L50 £50 
2 
y2 24 
L50 
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_ 70 lso + 1200 £51 - 800002 d51 
v? 252 


70 x 89509.00 + 120 -773 88979.11 - 8000 


7 TE T. an? 571.4316 


1 
(1.03)? 88407.68 


= $147.88. 
So, the company can pay a survival benefit of $147.88 at the age of 52. 


Next, consider an insurance issued to a life aged to, consisting of 
premium payments and survival and death benefit payments. Assume the 
expected present value of the premium payments at time tg equals the 
expected present value of the benefits. So, if we give positive signs to the 
benefit payments and negative signs to the premium payments, we obtain 


EPV; (CF) = 0, 


where CF is the cash flow of the insurance. 

Let us select a positive t with the property that (premium or benefit) 
payments after time to +t cannot be made unless the insured survives to 
time to +t. 

In other words, 


C(t*,t1)=0 and p(t*,t1)=0 if ty <t<t*. 


Note that a t greater than zero does not necessarily have this property. 
For example, if a death benefit is payable at the end of the year of death 


and H=: z, then a death benefit will be paid after tọ +t (namely at to + 1) if 


the insured dies before tg + t. On the other hand, if t= 1, t has the required 
property. 

Let us return to the case when t satisfies the given condition. Let us 
denote the cash flow of the (premium and benefit) payments before time 
to +t by CF, and the cash flow of the (premium and benefit) payments 
after time to +t by CF2. If a payment is due at exactly time to +t, we 
have to assign it to one of the two cash flows. We get CF = CF1 + CF». Thus, 
(27) implies 


EPV; (CF) = EPV; (CF1) + EPV; (CF2). 
Therefore, 


EPV; (CF1) + EPV; (CF2) = 0. (35) 
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Using (20), we obtain 
EPV; (CF2) = ¿Ex EPV;}(CF9). (36) 


Furthermore, the payments of CF, are made before tọ + t, hence its 
accumulated value is defined at tọ +t. When we compute the accumulated 
value, we usually give the premium payments positive signs and the benefit 
payments negative signs. So, we are interested in the accumulated value 
ACV-CF1). Now, from (34), we obtain 


EPV (-CF1) 


ACV4#-CF1) = (37) 
tEx 
Hence (35), (36), and (37) imply 
ACV}(-CF 1) = EPV;}(CF2). (38) 


Equation (38) will play an important role in Chapter 5. 
At this point, we are ready to start a systematic study of the different 
types of insurances. 


PROBLEMS 


1.1. An insurance issued to a life aged 30 pays a survival benefit of $500 
at the age of 35, $700 at the age of 40, and $1000 at the age of 45. 
Express the cash flow in the form of C(t*,t) and the present value of 
the cash flow at the commencement of the insurance in the form of 
g(t). Determine the present value of the cash flow at the 
commencement of the insurance, if the insured dies at age 


a) 31 
b) 42 
c) 70. 


For the valuation of the cash flow, use a 4% annual interest rate. 


1.2. An insurance issued to a life aged 35 makes a continuous payment at 
a rate of $2000 per annum while the insured is alive. Express the 
cash flow in the form of C(t*,t) and the present value of the cash 
flow at the commencement of the insurance in the form of g(t). Find 
the cash flow and determine the present value of the cash flow at 
the commencement of the insurance, if the insured dies at the age of 
40. For the valuation of the cash flow, use a 5% annual rate of 
interest. 
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1.3. 


1.4. 


1.5. 


1.6. 


1.7. 


1.8. 


An insurance issued to a life aged 40 provides a death benefit of 
$5000. Express the cash flow in the form of C(t*,t) and the present 
value of the cash flow at the commencement of the insurance in the 
form of g(t) if the death benefit is payable 


a) at the moment of death. 
b) at the end of the year of death. 


Under both of conditions (a) and (b), determine the present value of 
the cash flow at the commencement of the insurance if the insured 
dies at the age of 57.2. Use a 4% annual interest rate. 


Based on 1= 5% and the mortality table in Appendix 2, obtain 


a) gEso. 
b) 10È60- 


Obtain the expected present value of the insurance, given in Problem 
1.1, at the commencement of the insurance based on the mortality 
table in Appendix 2. 


An insurance issued to a life aged 30 pays a death benefit of $2000 
at the end of the year of death, if death occurs between the ages of 
30 and 31. A death benefit of $1500 is paid at the end of the year 
of death, if death occurs between the ages 31 and 32. Moreover, 
there is a survival benefit of $1000 payable on survival to age 32. 
Find the present value of the insurance at the commencement of the 
policy based on the mortality table in Appendix 2 and a 3% annual 
rate of interest. 


An insured pays an insurance company $600 at the age of 40, $800 
at the age of 42, and $1500 at the age of 46. How much can the 
insurance company pay the insured at the age of 50 on survival? 
Use the mortality table in Appendix 2 and a 5% annual rate of 
interest. 


A person pays $100 to an insurance company at the age of 40. The 
company pays a death benefit of $5000 at the end of the year of 
death, if death occurs within three years. Determine the amount of 
the survival benefit the company can offer to pay at the age of 43. 
Use the mortality table in Appendix 2 and a 4% annual interest 
rate. 
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3.2. PURE ENDOWMENTS 


One of the simplest types of insurances is the one which pays an amount 
of C if the insured survives to a certain age. This is called a pure 
endowment insurance. Obviously, it is enough to study the case when C = 1. 
Hence we will discuss the following situation. 

An insurance issued to a life aged x pays $1 at age of x +n on survival. 
Here, n is a fixed positive number. 

That means, if Ty n, then an amount of $1 is paid at to +n, whose 
present value at to is v”. If Ty <n, no money is paid. So, if we define 


v" if tèn 


s=] (1) 


0 otherwise, 


then 9(Tx) is the present value of the benefit at tọ. Its expected value, that 
1 
is, E(g(Tx)) is denoted by An] The symbol "1" above n in the notation 


means that the benefit is paid if the n years end sooner than the life of (x). 
As a result, we have 


A 17 EGO) 
=v" P(T, 2n) 


=U" npx 
= nEx. (2) 


1 
If we want to use (2) to evaluate An numerically, we have to find the 


values of y and x+n from a mortality table and also compute v”. 
This procedure can be shortened if we rewrite „Ex in the following way 


tn go. 
E, = 3 
n= (8) 
Note that if we define the function 
Dy = v* lx, for x20, (4) 
we get 
1 _Dxtn 
An = Ex = Dy ` (5) 


The function Dx is called a commutation function. Its values for integer x's, 
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n's, and 6% annual rate of interest are tabulated in Appendix 2. 
The following property of ,E, follows from (5) immediately: 


n+mEx = nEx+m mEx. (6) 


Let us derive the variance of the insurance. We can see from (1) that 
g(t) evaluated at the discount factor v is the same as g(t) evaluated at 
the discount factor v2. So, denoting the variance of the insurance by 


1 
V (A...) we get 


VA) = Ant Ant? (7) 


x 


1 1 
where ZA a] (or 25) denotes An] evaluated at the discount factor v2. 


Similar notations will be used throughout the chapter. 


1 . . 
Note that An (or yEx) evaluated at the discount factor v2 is 


1 2 Lyin 
2 _ — n2n 
Aun] = nbx = Lx 
WIN Dean 
= o" 
vl, 
_ „N Dyin 
= Dy 
= o! nex. (8) 


Thus, 


1 2 
VAL? = o" nex - nEy 


= (v" - nEx) nEx 
= "(1 - npx)nEx (9) 


EXAMPLE 2.1. An insurance on a life aged 25 pays a sum of $5000 on 
survival to age 60. Find the present value of the insurance based ona 6% 
annual rate of interest. Obtain the standard deviation of the insurance, as 
well. 


We can do this in two 


. . . 1 
Solution: First, we have to determine A 25:35]: 


different ways. We can either write 
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1 
A 5135) 7 35P25 


2 
= 935 00 
£95 
81880.73 
= 0.13011 35650.15 
= 0.13011 x 0.85604 
= 0.11138 


or 


1 Deo 2482.16 


25:35] D25 22286.35 
= 0.11138. 


Hence, the present value is $5000 x 0.11138 = $556.90. In order to obtain the 


S | 1 
standard deviation, we need to find V(A J5. 35) 


1 
V(A, 5.36) = 01 - 35925) 35E25 


= 0.13011(1 - 0.85604) 0.11138 
= 0.0020862. 


As a result, the standard deviation is $5000V 0.0020862 = $228.37. 


PROBLEMS 
2.1. Based ona 4% annual interest rate, evaluate 
a) 5E40 
b) D35 
1 
c) A2510] 
2.2. Based ona 6% annual rate of interest, find 
a) 10E25 
b) D50 
1 
c) A 45.90] 


2.3. An insurance issued to a life aged 40 pays $2000 at the age of 50 on 
survival. Find the present value and the standard deviation of the 
insurance, based ona 5% annual rate of interest. 
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2.4. A 20 year pure endowment insurance of $1500 is taken out by a 
person aged 45. Find the present value and the standard deviation 
of the insurance, using a 6% annual interest rate. 


3.3. LIFE INSURANCES 


In this section, we will study insurances whose benefits are payable on 
death. They are called life insurances. 

First, let us focus on life insurances that pay the death benefit at the end 
of the year of death. Consider the following general case. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays a benefit of $1 at the end of the year of death, if death 
occurs between the ages of x +m and x+m +n, where m isa fixed 
nonnegative and n is a fixed positive integer. 

This isan n year temporary (or term) insurance, deferred for m years. 


The present value of the insurance is denoted by m Ayn] or m|nAx. We 


will use the first notation in the book since it fits better the overall structure 
of the symbols. The 1 above x means that the benefit is payable if the life 
ends sooner than the insurance period. 

The present value of the cash flow can be expressed as h(Kx), where 


0 if k<m 
h(k) = vet] if m<k<m+n (1) 


0 if m+n<k. 


Thus, 


m+n-1 


1 
m\A,.,]= EAK) = E 04! p(Ky =k) 
k=m 


m+n-1 


= > +1 bl gy 
k=m 


m+n-1 
- 5 gal Seek 


k=m lx 
E m+n-1 „x+k+1 dist 


k=m vx Ly 


Let us define the commutation functions Cy and My by 
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Cy= yx+l dy (2) 
and 
Mx = 2 Cxtk- (3) 
k=0 


Note that since y becomes zero if x exceeds œ, Cy is also zero for 
these x's, so My isa finite sum. Moreover, Myx is also zero if x is greater 
than œ. The values of Cy and My ata 6% annual rate of interest are 
tabulated in Appendix 2. 

Using the commutation functions, we get 


| "O -1 Cx+k _ Mx+m - Mx+m+n (4) 
m A, nl, Dy Dy ' 


The variance of the insurance is 


1 2, 1 1 9 
Vín | Ayn) = mlAyn}- (nl Axin p“ (5) 
Note that 
Cx+k1 
k-1 | A. 1|= = 5 / 
Dx 
Cx+k-1 . 
O is the present value at the age of x of a death benefit of $1 


Dx 
payable at the end of year k, if death occurs in year k. 
If m =0 and n is infinity (or more precisely, n is so large that 
x +m + n > @), the insurance is called a whole life insurance and its present 
value is denoted by A x. So in this case, the death benefit is paid no matter 
when the insured dies. From (4) and (5), we get 


_Mx 
Ax 7 Dy (6) 
and 
_2 2 
V(Ax) = “Ay - Ay. (7) 


The values of Ay and 7A, ata 6% annual rate of interest are tabulated in 
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1 
Appendix 2. The present value | A,.,,] can also be expressed in terms of Ay. 


In fact, from (4) and (6) we get 


1 
m [Acn] = mEx Ax+m - m+nEx Ax+m+n: (8) 

Moreover, 

2,1 lxtm lxtmen 

m Ayn] = em f; 2Ax+m - y2(m+n) 2Ax4m+n 

x 
SO 
2 


1 
m Ayn] = 0" mEx “Ayam - OH minEx ?Ax+m+n: 


1 
If m=0 and n is not infinity, we use the notation A, n}: Thus, 


Ani = Ap (9) 
and 

VA xo) = Ac Axa)” (10) 
We can write 

2A. =2A,-0" jExZAx4n: 


If m>0 and n is infinity, we use the notation | Ax. We get 


M 
m| Ax = (11) 
and 
2 
Vim | Ax) =m | Ax T (m | Ax)2, (12) 


where we have 
2 m 2 
m | Ax = ©" mEx “Ax+m- 


Next, let us study the case when the death benefit varies with time. An 
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CHAPTER 3 
important type of varying insurances is defined in the following way. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays $k at the end of year k, if death occurs in that year, and 
k<n. The number n isa fixed positive integer. 

The present value of the insurance is denoted by (IA) 


x:n | 
The present value of the cash flow can be expressed as k(Ky), where 


kokt1 if k<n 
hh) = | 


0 if ken. 


(13) 
Note that this varying insurance can be expressed as the sum of a non- 


deferred n year term insurance, an n-1 year insurance deferred for 1 year, 
an n-2 year insurance deferred for 2 years, ..., and a 1 year insurance 
deferred for n-1 years. 


So, using (27) of Section 3.1, repeatedly, we obtain 


1 n-1 1 n-1 
(1A) n= x mlA4 n-m|~ x 


Myx+m - Mx+n 
m=0 * m=0 Dx 
We define the commutation function Ry by 


Re= > Mxsk (14) 
k=0 


The values of Ry ata 6% annual rate of interest are also tabulated in 
Appendix 2. Thus, we can write 


Lo Rx- Ryan - 1 Myx+n 
x:n |= Dy 


(IA) 


. (15) 
Unfortunately, g2(k) is not the same as g(k) evaluated at the discount 
factor v?. The reader may try to derive the variance of the insurance 
directly from the definition 

V(h(Kx)) = E(h?(Kx)) - (E(A(Kx))?. 


If n is infinity, from (15) we get 


(16) 
Thus, we can write 
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1 
(IA) yn] = (IA)x - nEx(IA)x+n- n nEx Ax+n: (17) 


EXAMPLE 3.1. A person aged 50 takes out a whole life insurance that 
pays an amount of $1500 at the end of the year of death. Using a 6% 
annual rate of interest, find the present value of the insurance. Also, find 
the standard deviation of the insurance. 

Solution: First, we determine A50. We can either do it by computing 


or directly looking up Asọ in the table 


249.0475 


50= 1000 = 0.2490475. 


Thus, the present value is $1500 x 0.2490475 = $373.57. Next, we find 
V(A50). 


V(A50) = 2A50 - Afp = 0.0947561 - (0.2490473)2 = 0.0327315. 


Therefore, the standard deviation is $1500 v0.0327315 = $271.38. 


EXAMPLE 3.2. A temporary insurance is taken out by a person aged 40. 
The insurance pays a benefit of $2000 at the end of the year of death if 
death occurs before the age of 60. Using a 6% annual rate of interest, find 
the present value of the insurance. Also, find the standard deviation of the 
insurance. 


1 
Solution: First, we need to find A4g.20} We have 


Hence, the present value is $2000 x 0.0601318 = $120.26. Next, we determine 
1 
1 9 1 1 9 
V(A 40:20) = “A440:201- (A40:207) 

and 

D 
20 26024 

D40 


1 2 
2A 40:20] = 7440 - 20E40 “Ago = ?A40 - V 60 
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2482.16 
9054.46 


= 0.0486332 - 0.31180 0.1774113 = 0.0334688, 


we obtain 
1 
V(A 40:20) = 0.0334688 - (0.0601318)* = 0.0298530. 


So, the standard deviation is $2000 v0.0298530 = $345.56. 


EXAMPLE 3.3. A varying whole life insurance is taken out at the age of 
55. The death benefit is $2000 at the end of the first year and increases by 
$100 each year. Find the present value of the insurance at a 6% annual rate 
of interest. 

Solution: The present value of the insurance can be expressed as 


100(IA)55 + (2000 - 100) A55. 


Now, we have 


and 


Thus, the present value is 100 x 5.2793065 + 1900 x 0.3051440 = $1107.70. 


Next, we examine life insurances that pay the death benefit at the 
moment of death. Again, we will consider a general setting first. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays a benefit of $1 at the moment of death, if death occurs 
between the ages of x +m and x+m +n, where m is a fixed nonnegative 
and n isa fixed positive integer. 

This is an n year temporary (or term insurance), deferred for m years. 


1 — 
The present value of the insurance is denoted by m| A xn] OF m ln A x. We 


will use the first notation in the book. The present value of the cash flow is 
g(Tx), where 
0 if t<m 
g(t) = vt if m<t<m+n (18) 


0 if m+nKt. 
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Hence, 


ml A ven l= EBT) = Í vt fdt 
m 


n-1 k+1 


= >% J ol tPx Ux+t dt 
k=m K 
n-1 k+l ett lygt 


= — dt 
È, k 0, Hx+t 


1 
n-1 J vr+k+z Ê x+k+z Hx+k+z dZ 


7 k=m v* hy 
We define the commutation function 


1 
Cx= I Ot Lx4t Myst dt, 


which can also be written as 


1 
C= 3 Dx+t hx+t dt. 


Furthermore, we introduce the commutation function M x 
Mx= ©, C x+k. 
k=0 
Thus, 


| Al _ mic x+k_M xtm-M x+m+n 
m Dy Dy l 


The variance of the insurance is 
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(19) 


(20) 


(21) 


(22) 
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-1 9 -1 -1 4 
Von A xn) = ml A xn (ml A xn)“ (23) 


Since mortality tables often do not contain C y and M y, we have to use 
an approximation. Considering the integral in (19), we see that the 
exponent of v varies between x and x +1. Hence, we can get a reasonable 


1 
rar x+É xa . 
approximation if we replace v by v throughout the integration 
interval: 
1 
— x+5 
Cy=v l I x+t Ux+t dt. 


From (15) of Section 2.2, we get 


1 
j lx4t px+t dt = dy. 


Thus, 


1 1 
Xt = 
2 2 
Cy=V d, = (1 +1) yxtl dy, 


so we get the approximations 


1 
Cy=(1+i* Cy, (24) 

1 

_ 2 
Mx ~=(1+i) My, (25) 

and 
-1 2 1 

m| A x:n | = (1 + 1) m Ayn} (26) 


or equivalently, 
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Therefore, we also get 


2,71 42,,1 
ml Axnet in| Agen] 
.2,,1 
= (1+ Ò m | Ayn} 
Thus, 
1 


-1 2,1 2 l 
V(m | A xn) = (1 + 1) m | Ayn] ~ ((1 + 1) m | Ayn) 
1 1 
= (14) Ax] Ax)? 


1 
=(1+ i) Vin | Ayn) (27) 


Formulas similar to (6) through (12) can also be obtained 


_ M x 
A y= Dy ’ (28) 
- 037 —5 
V(A x) = Ax-A xX’ (29) 
m| A xn |= mEx A x+m~ m+nEx A x+m+n (30) 
71 M x” M x+n 
A xn | = Dy / (31) 
-1 2 -1 —1 2 
V(A xn? =<A xin |7 (A xn 7 (32) 
n M x+m 
A,= RT, 33 
ml x Dy ( ) 


and 


Vin| Ax) =] Ax- (n Ax)?. (34) 
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Finally, we examine a varying life insurance payable at the moment of 
death. We have the following situation. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays $k at the moment of death, if death occurs in year k, and 
k<n. The number n is a fixed positive integer. 


— 1 
The present value of this insurance is denoted by (IA ),., The present 


value of the cash flow is 9(Tx), where 


kot if t<n 


=|, if t>n. (35) 


We can express the present value of this insurance as 


- 1 n-1 —1 
(IA )xn]= 2 ml A x:n-m | 


Let us define the commutation function R x by 


R=} M xk (36) 
i=0 
Then, we get 
-1 R x- R x+n -nM x+n 
(IA ) en] = Dy (37) 
_ R x 
IA) =R", 38 
(Ah = DÀ (38) 
and 
— 1 — — — 
(IA den] = (IA )x - nEx UA )xtn-1 nEx A x+m- (39) 


Using (24) and (25), we get the following approximations 
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1 
Ry=(1+i) Ry (40) 

1 

_ 4 3 1 
(IA deen] = (1 +1) (IA) y:n] (41) 
and 
1 

(IA )y = (1 +i) (IA). (42) 


EXAMPLE 3.4. A whole life insurance with a sum insured $3200 
payable at the moment of death is taken out by a person aged 30. Obtain 
the present value of the insurance, using a 6% annual interest rate. Also, 
find the standard deviation of the insurance. 

Solution: Using the approximation formulas, we get 


lo 


_ 2 
A 30 = (1.06) A30 = 1.0295630 x 0.1024835 
= 0.1055132. 


So, the present value is $3200 x 0.1055132 = $337.64. Furthermore, 


V(A 30) = 1.06 (A30 - 430) = 1.06(0.0253113 - (0.1024835)2) 
= 0.0156970. 


Hence, the standard deviation is $3200 v0.0156970 = $400.92. 


EXAMPLE 3.5. A person aged 40 takes out a life insurance that pays 
$1800 at the moment of death if death occurs after the age of 50. Find the 
present value of the insurance at an interest rate of 6% per annum. What is 
the standard deviation of the insurance? 

Solution: The approximation formulas give 


1 1 
— 2 2 Ms0 
A 49 = (1.06) 19| A40 = (1.06) => 
10| A 40 = (1.06) 10] Aao = (1.06) Dio 
1210.1957 
= 1.029563 Soe ae 
= 1.029563 x 0.1336574 
= 0.1376087. 


Therefore, the present value is $1800 x 0.1376087 = $247.70. We also have 
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- 2 
V(10| A 40) = 1.06 V(10 | 440) = 1.06 (Go | 440 - (10 | A40)?)- 


Now, 
2 _ „10 2 
10 | 440 = 2°" 10E 40 “A50 
D 
_ 1050 2 
=U A 
Day 450 
4859.30 
= 0.55839 9054.46 0.0947561 
= 0.0283959, 
SO 


V(10| A 40) = 1.06(0.0283959 - (0.1336574)2) = 0.0111635. 


Thus, the standard deviation is $1800 v0.0111635 = $190.18. 


EXAMPLE 3.6. A person aged 45 takes out a 15 year increasing 
temporary insurance. The death benefit payable at the moment of death is 
$1000 in the first year and increases by $200 each year. Find the present 
value of the insurance based ona 6% annual interest rate. 

Solution: The present value of the insurance is 


— 1 —1 


We have 
1 


- 1 2 1 
CA) 45:15]= (1-06) (IA)45:157 
1 


2 R45- R69 - 15Meo 


= 1.06 
D45 
30723.7061 - 13459.2908 - 15 x 916.2423 
= 1.0295630 6657 69 
= 0.5444630 


and 


| 


—1 2 1 
A 45:15] = (1.06) A45-15] 
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1 
7 2 M45 - Meo 
= (1.06) Da 


1339.5427 - 916.2423 


= 1.0295630 6657 69 


= 0.0654603. 


Therefore, the present value is 200 x 0.5444630 + 800 x 0.0654603 = $161.26. 


For the rest of the book, if we do not specify whether a death benefit is 


payable at the end of the year of death or at the moment of death, it will be 
understood that we mean the former. 


PROBLEMS 


3.1. 


3.2. 


3.3. 


3.4. 


Based ona 4% annual rate of interest, evaluate 


a) C40 
b) C 50 
c) A30:2] 
Based on a 6% annual rate of interest, find 
a) C35 
b) M45 
c) A50 
d) V (450) 
e) A 20:30] 

1 
f) V(A 20:307 
g) 10| 435 
h) Vaol A35) 
i) 51A40:20] 


A whole life insurance on a life aged 60 pays a death benefit of 
$7000 at the end of the year of death. Based ona 6% annual rate of 
interest, determine the present value of the insurance. Also obtain 
the standard deviation of the insurance. 


A deferred insurance issued to a life aged 45 pays $8000 at the end 
of the year of death if death occurs after the age of 50. Based on a 
6% annual rate of interest, find the present value and the standard 
deviation of the insurance. 
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3.5. 


3.6. 


3.7. 


3.8. 


3.9. 


3.10. 
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A 10 year temporary insurance on a life aged 55 is purchased for 
$320. Find the sum insured payable at the end of the year of death, 
if the annual interest rate is 6%. 


Based ona 6% annual rate of interest, obtain 


a) R40 
b) (IA)50 
c) (1A)25:20] 


The death benefit of a 15 year temporary insurance on a life aged 
35 is payable at the end of the year of death. The amount of the 
benefit is $3000 in the first year and increases by $200 each year. 
Find the present value of the insurance at a 6% annual rate of 
interest. 


Based on a 6% annual rate of interest, obtain the approximate 
values of the following expressions. 


a) C 50 
b) M 35 
c) A 45 


d) V(A 45) 

— 1 
e) A 30:20] 

—] 

f) = VIA 30:20) 
8) 351 A 20 
h) — V(35] A 20) 
, -1 
i) 10| 4 50:15) 
The death benefit of a whole life insurance on a life aged 40 is 
payable at the moment of death. Determine the sum insured if the 


purchase price is $560 anda 6% annual interest rate is used. 


Find the present value of a 10 year temporary insurance issued to a 
life aged 40 with a death benefit of $2000 payable at the moment 
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of death. Also, obtain the standard deviation of the insurance. Use 
a 6% annual interest rate. 


3.11. An insurance on a life aged 50 pays $7000 at the moment of death if 
death occurs after the age of 55. Based on a 6% annual rate of 
interest, find the present value and the standard deviation of the 
insurance. 


3.12. A death benefit of an insurance is $3000 payable at the moment of 
death if death occurs between the ages of 55 and 65. Find the 
present value of the insurance at the age of 40, based ona 6% 
annual rate of interest. 


3.13. Based ona 6% annual rate of interest, find 


a) R 60 
b) = (IA)40 
- 1 
c) (IA ) 30:15] 


3.14. The death benefit of an insurance issued to a life aged 40 is payable 
at the moment of death. The death benefit is $3500 in the first 
year and increases by $100 each year. Find the present value of the 
insurance ata 6% annual interest rate. 


3.4. ENDOWMENTS 


An endowment insurance is the combination of a temporary insurance 
with a pure endowment payable at the end of the term of the insurance. We 
will focus on the following general situation. 

The insurance is taken out at the age of x. A death benefit of $1 is 
payable if the insured dies between the ages of x+m and x+m+n, anda 
benefit of $1 is paid at the age of x+m+n on survival. The number m isa 
nonnegative integer and n is a positive integer. 

Depending on the timing of the payment of the death benefit, we can 
distinguish between two types of endowments. One of them pays the death 
benefit at the end of the year of death and the other one pays at the moment 
of death. In any case, we can use (25) and (27) of Section 3.1 with I]: n-year 
term insurance deferred for m years, I2: pure endowment insurance payable 
at the age of x+m +n, and Ip: endowment insurance. 

If the death benefit is payable at the end of the year of death, the 
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expected value of the endowment is denoted by m |A nT The present value 


of the cash flow can be expressed as h(Kx), where 


0 if k<m 
h(k) = vt] if m<k<m+n (1) 


vtn if m+nsk. 
Using (27) of Section 3.1, we obtain 
m\A.. = ml Agcy] Ay. 1 (2) 
xn | xin x:m+n 
Thus, from (5) of Section 3.2 and (4) of Section 3.3, we get 


Mx+m _ Mx+m+n Dx+m+n 


m An] - Dx Dy 
— Mx+m ~-Mx+m+n + Dx+m+n 
= È . (3) 
x 
Furthermore, 
Vimnl A )=mlA 7- (mla p2 (4) 
m xn? mi xn] W yny 


If m=0, we use the notation An] Then we have 


1 1 

4 cn n Ayn] + Avn] 4 (5) 

B My-Myin Dx+n 
xn| Dy Dy 
My - Myin + Dx+n 
and 

_ 2 _ 2 

VA anp 7 An] (Aa? (7) 


If n is infinity (or more precisely, n is so large that x +m +n > œ), the 
endowment insurance coincides with a whole life insurance since the insured 
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will definitely die before reaching the age of x+m +n. Thus, as n goes to 
infinity, we get 


nae Aen = An 


and 


am ml Aa] 


If the death benefit is payable at the moment of death, the expected 
value of the endowment is denoted by | An . Then, the present value of 


the cash flow is g(Ty), where 
0 if t<m 


g(t) =v! if m<t<me4n (8) 


ot if m+n<t. 


We have 
_ -1 1 
m| A xn | =m| A x:n|t Ax:ım+nY (9) 
SO 
| A M x+m-M x+m+n + Dx+m=+n 
m xn | Dy Dy 
M x+m ~ M x+m+n + Dx+m+n 
n Dx J (10) 


whose approximation can be obtained as 


1 


_ 2 1 
m| A x:n] =(1+i) ml Ayn] + Amen] 


N|o 


_ (1+i) (Mx+m- Mx+m+n) + Dx+m+n 


Dy (11) 
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It is important to remember that m| A en] cannot be approximated by 


1 


2 
(1 + 1) ml An] 
For the variance, we get the following expression 


Vm A) =m! A pyg (lA, (12) 


If m=0, we use the notation A ent Then, we have 


- -1 1 
(13) 


M x-M x+n +t Dyin (14) 


whose approximation is 


- Z1 1 
A n] =(1+1) Ayn] + Ayn) 
1 
«2 
(1 +1) (Mx Mx+n)+Dx+n 
= . (15) 
Dx 
For the variance we get 
A -24 _-(A .)2 
VA inp 7 A en] (A cin) (16) 


We also have 


am Aen “Aa 


and 
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Noo xn | 


EXAMPLE 4.1. A person aged 40 takes out an endowment insurance for 
20 years with a benefit of $5000. Find the present value and the standard 
deviation of the insurance 


a) if the death benefit is paid at the end of the year of death, 
b) if the death benefit is paid at the moment of death. 


Use an annual interest rate of 6%. 


Solution: a) First, we determine A and V(A40:20)). We have 


40:20] 


Mao - Meo + Deo 


A 40:20] ~ Dao 
_ 1460.7038 - 916.2423 + 2482.16 
7 9054.46 
= 0.3342686. 
Moreover, 
_ 2 _ 2 
VA 10:20) 7 44920) (449.20? 
Now, 


2A = Al n] + 2A go 
40:20] 40:20 | 40:20]: 
We can write 


1 
2A 40:20] = 7440 - 079 20E40 “Aso 


Deo 
= *Agg - 0” Di 460 


2482.16 
= 0.0486332 - 0.31180 9054 46 0.1774113 


= 0.0486332 - 0.0854758 x 0.1774113 
= 0.0334688, 


and 


2A : = v20 anEan = 0.0854758 
40:20 | 20240 = ~- i 
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Therefore, 


2A 0.0334688 + 0.0854758 = 0.1189446, 


40:20] 


V( 0.1189446 - (0.3342688)2 = 0.0072090. 


A 10:20) = 


Thus, the present value of the insurance is $5000 x 0.3342688 = $1671.34 and 
the standard deviation is 


$5000 V0.0072090 = $424.53. 
b) Using approximations, we get 


1 
2 
7 _ (1.06) (Mao - M60) + D60 


40:20] D40 
1.029563(1460.7038 - 916.2423) + 2482.16 
7 9054.46 
= 0.3360463. 
Furthermore, 
Ni _ 2A _ i 2 
V(A 40:20? =A 40:20 | (A 40:20? 
Now, 
-1 —1 1 
2 _ 2 2 
A 49-20] = “4 40:201+ “4 40:20] - 
We have 


1 1 
“A 40:20] = 1-06 2440120] 
= 1.06 x 0.0334688 
= 0.0354769 
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2A 0.0354769 + 0.0854758 = 0.1209527. 


40:20 | ~ 


Therefore, 


V(A = 0.1209527 - (0.3360463)2 = 0.0080256. 


40:20) 


So, the present value of the insurance is $5000 x 0.3360463 = $1680.23 and 
the standard deviation is 


$5000 v0.0080256 = $447.93. 


Note that, in line with what we said at the end of Section 3.3, the 
death benefit of an endowment is assumed to be payable at the end of the 
year of death, unless otherwise stated. 


PROBLEMS 
4.1. Based ona 6% annual rate of interest, obtain 
a) 43040] 
b) VA 30:10) 
c) 15| 40:20] 
4.2. The death benefit of a 20 year endowment insurance of $3000 is 


payable at the end of the year of death. Based ona 6% annual rate 
of interest, obtain the present value and the standard deviation of 
the insurance at the age of 30. 


4.3. Based on a 6% annual rate of interest, obtain 
a) A 35:25] 
b) VIA 35.25) 


c) 10 | A 25:30] 
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4.4. The death benefit of a 15 year endowment insurance of $4500 is 
payable at the moment of death. Based on a 6% annual rate of 
interest, find the present value and the standard deviation of the 
insurance at the age of 45. 


3.5. LIFE ANNUITIES 


A life annuity provides a regular payment while the insured is alive. 
As in financial mathematics, we can talk about annuities-due; that is, 
annuities payable in advance, and annuities-immediate; that is, annuities 
payable in arrears. Annuities can be paid yearly, pthly, or continuously. 
There are deferred annuities and varying annuities as well. Annuities can be 
payable for the whole future lifetime of a person, but the payments of an 
annuity can also be limited to a certain number of years. If we do not specify 
the term of the annuity it is always understood that it is an annuity for life. 
If the term of the annuity is limited, it is called a temporary or term 
annuity. 

Let us consider annuities-due in a general setting. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays $1 at the beginning of each year between the ages of x +m 
and x +m+n, if the insured is still alive. The number m is a fixed 
nonnegative integer and n is a fixed positive integer. This is called an n 
year temporary (or term) annuity-due deferred m years. 

There are two ways of looking at this life annuity. The first approach is 
to regard it as the combination of pure endowment insurances. The first one 
pays $1 at the age of x+m if the insured is alive. The second one pays $1 
at the age of x +m + 1, if the insured survives to that age, etc. The last one 
pays $1 at the age of x+m+n-1 on survival. 

So, denoting the present value of the cash flow by 9(T x), using (1) of 
Section 3.2, we can express g(t) as 


m+n-1 
g(1)= > g(t) (1) 
k=m 
where 
| if t>k 
t)= 2 
SKC) O otherwise. (2) 


We will denote the expected present value of this annuity-due by 


m | An] or m ]|näx. We will use the first notation in the book. Then, we have 
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m+n-1 1 
miixim= È A xk} (3) 
k=m 


and from (5) of Section 3.2, we obtain 


m+n-1 
Dx4k 


m | dm = ia 


We introduce a new commutation function Nx, defined by 
Nx = x Dx+k- (5) 
k=0 


The values of Ny ata 6% annual interest rate are tabulated in Appendix 2. 
Using this notation, we get 


_Nx+m-Nx+m+n 


mi Di (6) 


Since the present value of no payments is zero, we define m [a 017 0. 


Note that this agrees with (6). 

Although we have expressed the annuity as the sum of pure endowment 
insurances, we cannot use (29) of Section 3.1 to obtain the variance, since the 
function g;(t) g;(t) (i+ j) is not identically zero. 

However, using another approach, the variance can be obtained easily. 
As a byproduct, we will also find another formula for p |äx:n]. 

Note that (1) and (2) imply that g(t) equals zero if t<m. If 
m<t<m+n, we get 


1 -vylt]-m+1 ym -ylt]+1 

— 77m t] — 7m t|-m) — 7m e __ — 
g(t) =v +... + vl] = oM(1+...+ olim) = v 1.0 = 7 , 
and if t>m+n, we obtain 


gm - ymrn 


g(t) =u" +... + vintn-l = 7 


In summary, 
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0 if t<m 
gym - plt]+1 
e(t) = a a if m<t<zmt+n 
ym - ym+n 
a if m+n <t. 


Moreover, since [Ty] = Ky, we have g(Ty) = h(Kx), where 


0 if k<m 
m _ »k+1 
i(k) = — if m<k<mt+n 
m ` m+n 
—— if m+n<k. 


Note that h(k) can be expressed as 


1 
h(k) = 7 (v™ - hy (k) - h2(k)), 


where 
0 if k<m 
h1(k) = okt] if m<k<m+n 
vtn if m+n<k, 
and 
W if k<m 
ho(k) = 
2010 itm <k. 
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(7) 


(8) 


(9) 


(10) 


(11) 


Thus, hı(Kx) gives the present value of an n-year endowment insurance of 
$1 deferred m years (see (1) of Section 3.4) and h2(Kx) is the present value 
of a life insurance with a death benefit of $1 payable at the end of year m 
if the insured dies before that time. Let Io be the annuity defined by (8), Il 
the endowment defined by (10), and I? the life insurance defined by (11). 


Since I] is an endowment, we have 


E(h1(Kx)) = m |A nY 


and 
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V(h1(Kx)) = n [An] - (m IA 


On the other hand, we can find a relationship between /2 and a pure 
endowment. 


h2(k) = v” - h3(k), (12) 
where 
i if k<m 
h3(k) = 
3(k) v” if m<k. 


That means h3(Kx) gives the present value of a pure endowment of $1 
payable at the end of year n on survival. So, using (2) of Section 3.2, and (7) 
of Section 3.2, we get 


1 
E(h2(Kx)) = 0" - E(h2(Kx)) = v” - A ym 


and 
V(h2(Kx)) = Yor - h3(Kx)) = V(h3(Kx)) 
= Am] 7 (Api) 


Now, let us return to (9). Taking the expected values of both sides, we 
get 


1 
E(h(Kx)) = 7 (0°° - E(h1(Kx)) - E(h2(Kx))). 
Thus 
| leg ma! 
m LA =a (0° -m [An] - (v -Axm)) 
Therefore, 
1 
m jä AF Art m| AL): (13) 


If we want to find the variance of ’(Ky), we can ignore v™ since it is a 
constant term. So, 
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VAK) = 57 V(h1(Kx) + h2(Kx)). 


Furthermore, h1(k) h2(k) is identically zero so we can use (29) of Section 3.1 
to obtain the variance 


1 1 1 
Vm | d n} ~ d2 Gn |A n] -Cal An)” + 2A vem] 7 (Arm) 


1 
- (0M - Am) ml A y) (14) 


Formula (13) can be rewritten as 


1 
Axm|= 4 m| fon] ™ Any (15) 


which can also be obtained by general reasoning. Assume a person aged x 
makes the following transaction with the insurance company. He/she pays 
the company $1 at the age of x +m if he/she survives to that age. Then 
the company will pay the yearly interest d of the $1 in advance at the 
beginning of the following years. At the end of the year of death or at the 
age of x +m + n, whichever comes first, the company pays back the $1 
capital. Let us consider the present value of the cash flow at age x. Since 
the company pays the interest on $1 every year before the capital is 
repaid, the present value of the sum of $1 paid by the insured equals the 
sum of the present values of the interest payments and the capital 
repayment. Thus, taking the expected values of the present values at age x, 
we obtain (15). 

If m=0 and n is infinity (that is, x +m +n > œ), we use the notation 
fix. Since 


00 =1 


and 


l _ 0 
Ax:0] = 7 OPx = 1 


from (6), (13), and (14) we get 


=p (16) 


dx = a (1 - Ax), (17) 
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and 
., 1 » 2 
Vix) = CAx- Ay). (18) 


The values of äy ata 6% annual interest rate are tabulated in Appendix 2. 
Note that (17) implies 


that is 
Dy = dNy+ My. (19) 


Formula (19) is especially useful if we know the value of two of Dy, Nx, and 
Mx and we want to find the third one. The present values of other annuities 
can be expressed in terms of éy. In view of (6) and (16), we have 


ii -= 
m! xnì Dy Dy+m Dy  Dyx+m+n 


= mEx ax+m 7 m+nEx dx+m+n- (20) 


If m=0 and n isnot infinity, we use the notation äyx:n} Then we get 


2 Nx - Nx-tn 

din] = Dy ’ (21) 

a xn| d (1 - An) 

and 
Vä J=- ÊA 4-(4_ -3 (22) 
en? d2 x:n | xin y © 
If m>Q0 and n is infinity, the notation is m | dx. We have 
N 

m | Ay 7 aot 7, (23) 


Dy 


. 1 
m | 4x => (mEx - m | Ax), 


and 
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yt 2,2, | 12 ogm. a ! 
Vim | ax) = d2 (m | Ax - (m|Ax)* + Axm” (Azm?) - 2(0™ - Asm) m| Ax). 
(24) 
Next, we want to examine varying annuities. Let us consider the 
following increasing annuity. 
An insured is aged x at the time the insurance is taken out. The 


insurance pays $k at the beginning of year k, if the insured is still alive 
and k<n. The number n is a fixed positive integer. 


The present value of this increasing annuity-due is denoted by (Ia) nt 


This varying annuity can be expressed as the sum of level annuities. 


bi Jä T Nx+m 7 Nx4+n 
m TR. 


la = = 
( den] m=0 x:n-m | m=0 Dy 


Defining the commutation function Sy by 


Sx = x Nx+k, (25) 
k=0 


we can write 


. _ Sx- Sxin- 1 Nx+n 
Hä) 7 D, (26) 


The values of Sy at an annual interest rate of 6% are tabulated in 
Appendix 2. In n is infinity, from (26) we get 


Sx 
Ii), = =. 27 
da): = p (27) 
Thus, 
(1a) a] = (I0)x - nEx Ua) x4n- 1 nEx dix+n: (28) 


We have already seen six commutation functions: Dy, Cy, Nx, Mx, Rx, 
and Sy. It is easier to remember their meaning if we note that C and D, M 
and N, and R and S are consecutive letters in the alphabet and the 
definitions also follow this order: 
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Mx = x Cx+k Rx x My+k 
k=0 k=0 
and 


Nx = » Dx4k, Sx= x Nx+k: 
k=0 k=0 


EXAMPLE 5.1. What is the present value of a life annuity-due of $4000 
per annum at the age of 50? Use an annual interest rate of 6%. Also find the 
standard deviation of the annuity. 

Solution: First, we have to find és. From (16), we get 


We can also obtain é50 from (17) 
1 1 
d50 = 7 (1 - A50) = 0.056604 (1 - 0.2490475) = 13.26677. 


If we look at the column headed dy in Appendix 2, we get a59 = 13.26683. 
So the present value of the insurance is $4000 - 13.26683 = $53067.32. 
Next, we compute V(äs5ọ): 


. 1 2 
V(a50) = 72 (A50 - A50) 


1 
= 70.0566042 (0.0947561 - (0.2490475)2) 
= 312.10861 x 0.032731 

= 10.21577. 


Thus, the standard deviation of the annuity is 


$4000 y 10.21577 = $12784.85 . 


EXAMPLE 5.2. A life annuity purchased at the age of 50 pays $1600 
yearly in advance for a term of 20 years. Find the present value of the 
annuity at an annual interest rate of 6%. What is the standard deviation of 
the annuity? 


Solution: First, we compute 40:20]: 
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__N50- N70 64467.45 - 9597.05 


“50:201. Dso 4859.30 = 41.23183. 


So, the present value is $1600 x 11.29183 = $18066.93. We also have 


1 
Vä 50:20) = 42 CA 0:20] x (50:20) 


Now, 


_ M50 - M70 + D70 
50:20 |7 D50 
1210.1957 - 576.7113 + 1119.94 
~ 4859.30 
= 0.3608389 


A 


which can also be obtained from 


A 50:2017 17 4450-207 
= 1 - 0.056604 x 11.29183 
= 0.3608373. 
Now, 
2A ay ney ea 
50:20] “50:20 | 50:20 |° 
Since 
1 D 
2 - 2A2n-920=20 24 
A50:20] 50 D50 70 
1119.94 
= 0.0947561 - 0.31180 X 1859.30 x 0.3064172 
= 0.0727365 
and 
1 D70 1119.94 
2 _ 720 270 _ _ 
A 50:20] 6) Dso 0.31180 4859.30 0.0718616, 
we get 


2A 0.0727365 + 0.0718616 = 0.1445981. 


50:20] 
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Thus, 


V (a 50:90) = 312-10861(0.1445981 - (0.3608373)2) = 4.4926608. 


Therefore, the standard deviation of the annuity is $1600 v4.4926608 = 
$3391.34. 


EXAMPLE 5.3. An annuity is payable yearly in advance while the 
insured is alive. The first payment is $4000 and the payments increase by 
$500 each year. Find the present value of this annuity if it is issued to a life 
aged 60. Use a 6% annual interest rate. 

Solution: The present value of the annuity is 


500(1a)60 + (4000 - 500)ä60. 


Now, 
_ 560 _ 250959.22 | 
(1a) 60 Deo 482.16 ` 101.10517 
and 
N60 E 27664.55 _ 
60 Deo =5482.16 > 11.14535. 


So the present value of the annuity is 500 x 101.10517 + 3500 x 11.14535 = 
$89561.31. 


Next, we focus on annuities-immediate. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays $1 at the end of each year between the ages of x+m and 
x+m+n ifthe insured is still alive. The number m is a fixed nonnegative 
integer and n is a fixed positive integer. This is called an n year 
temporary (or term) annuity-immediate deferred m years. 

The notation for annuities-immediate can be obtained from those for 
annuities-due by dropping the two dots from above a. 

Note thatan n year annuity-immediate deferred m years is the same 
asan n year annuity-due deferred m +1 years. Therefore, 


m LA = m|n4x = m+1 aa] (29) 


and using (6), we get 
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_ Nx+m+1 - Nx+m+n+1 
m | dn) 7 Dy l (30) 
Using (8), we can express the present value of the cash flow by h(Kx), 
where 


0 if k<m+1 
gm+1 _ pk+1 
TT if +1<k + 1 
n(k) = d if m <m+n +t (31) 
gm+1 -_ gm+n+1 


F if m+n+1<k. 


From (14), we find the variance 


Vin | an? = V(m+1 IA.) 
1, 2 2,2, | 1 2 
~ d2 (m+1 |A n] - (m+1 |A n? + A ym+1] - (A x:m+1) 


1 
- 2(07 #1 Army) mi 1A.) (32) 


Note that a non-deferred n+1 year annuity-due of $1 per annum is also 
equivalent to a non-deferred n year annuity-immediate of $1 per annum 
combined with a payment of $1 at the beginning of the first year. Denoting 
the present value of the annuity-immediate by h(Ky) and the present value 
of the annuity-due by hı(Ky), we get 

hy(Kx) = 1 + h(Kx). (33) 


Taking expected value on both sides of (33), we get 


. _1+ 
A n+l] 1 4} 


thus 
(34) 


An] 7 Font | 1 


Moreover, taking the variance on both sides of (33), we obtain 


VG nat? ~ Vla.) (35) 
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and using (22), we get 


1 
Va im) ~ d2 CA nat] (Anat) (36) 


Let us derive formulas for some special choices of m and n. If m=0 and n is 
infinity, we get 


N 
Ay =D / (37) 
ay =a, - 1, 
and 
1 2 
Vay) = 57 PAx- Ay). (38) 


If m=0 and n is not infinity, we obtain 


_ Nx+1- Nx+n+1 


An] Dy ’ (39) 
and 
Varn) = 32 ÊA (A) (40) 
Yin d2 x:n+1 | xint1 7 
If m>0 and n is infinity, we get 
N 
m|ax = ma 7 (41) 
and 
1 2 1 1 
Vim | 4x) = d2 (m+1 | Ax - (m+1 | Ax)? +2A x:m+1 |7 (A yma)? 
1 
- 2041 - AD m+1 | Ax): (42) 


We can also define increasing annuities-immediate. 

An insured is aged x at the time the insurance is taken out. The 
insurance pays $k at the end of each year, if the insured is still alive and 
k<n. Thenumber n isa fixed positive integer. 

Note that this increasing annuity-immediate can be regarded as an 
increasing annuity-due deferred for one year. Thus using (20) of Section 3.1, 
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we get 
(a) n] = 1Fx CONA 
_ Dy+1 Sx+1- Xx+n+1 -n Nx+n+1 
Dy Dx+1 
sO 
_Sx+1-Sx+n+1-N Nx+n+1 
(1a) = Dy . (43) 
If n is infinity, we get 
Sx+1 
(Ia)x =, (44) 
SO 
(Ia). = (Ia)x - nEx (la)x+n - n nEx Ax+n- (45) 


EXAMPLE 5.4. A life annuity-immediate of $3000 per annum is 
purchased at the age of 60. Using a 6% annual interest rate find the present 
value of the annuity. What is the standard deviation of the annuity? 

Solution: First, we have to determine the value of ago. We can either 
write 


or 
460 = 469 - 1 = 11.14535 - 1 = 10.14535. 


So, the present value of the annuity is $3000 x 10.14535 = $30436.06. Next, 
we want to find the standard deviation. We have 


1 2 1 
_- 2a, - __t_ _ _ 2) _ 
V(a60) = 72 (“Ago - 460) (0.056604)2 (0.1774113 - (0.369131)7) = 12.84439. 


Therefore, the standard deviation of the annuity is 


$3000 V 12.84439 = $10751.72. 
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EXAMPLE 5.5. A person aged 40 buys an annuity-immediate of $2500 
per annum, whose payments start at the end of year 10 and goon for 20 
years, while the insured is alive. Find the present value of the annuity at a 
6% annual rate of interest. 

Solution: First, we compute 10]|440: 


Hence, the present value of the annuity is $2500 x 6.58329 = $16458.23. 


Next, we turn our attention to life annuities payable pthly. Let us focus 
on the following situation first. 
An insured is aged x when the insurance is taken out. The insurance 


1 1 
pays $ p at the beginning of each p long period, between the ages of x +m 


and x+m+ n, while the insured is alive. The number m is a nonnegative 
integer and n and p are positive integers. 
The present value of this annuity-due payable pthly is denoted by 


m a OF m| wi? ) We will use the first notation in the book. We can write 


k 
FR! np-1 Mai 
m xn | p k=0 na kx 
k 
X+m+ y 
U g 
1 np-1 x+m+e 
i ll 
P k=0 v* Lx 
1 p-1 Primi 
_i — P 46 
a (46) 
P k=0 x 


The problem with this formula is that in most cases, we do not know the 
values of y and Dx for noninteger x's. We could use an interpolation for 
Xx but we will apply an approximation based on the Woolhouse formula. 
The approximation gives 


iP = dp PF (uxt. (47) 


We will not prove the approximation here. The interested reader can 
find the proof in A. Neill: Life Contingencies, 1989. 
The third term on the right-hand side of (47) is usually small compared 
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to the first two. Therefore, it is usually dropped, and the approximation 


is used. From (48), we can get an approximation for m | iP 


(p) ( . 
m hen] =m ay? -m+n a? 
= mEx a - m+nEx aP) en 
. - 1 . 
= mEx sem - I - m+nEx (termar - 


.. -1 
=m lan] sora (mEx - m+nEx)- 


So, if m=0 and n is not infinity, we get 


mläP = m| dy - 


(48) 
We have 
p-1 
2p 
(49) 
(50) 
(51) 


We can also define increasing life annuities payable pthly. An insured 


k 
is aged x when the insurance is taken out. The insurance pays + at the 


1 
beginning of each p long period between the ages of x+k-1 and x+k on 


survival for every positive integer k<n, where n 
integer. 


is a fixed positive 


The present value of this increasing annuity-due payable pthly is 


denoted by (OMA . Using (49), we get 
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-1 n-1 
= (a) a] - 2p Amex -n nEx 
ope PL. 
_ da). 2p G n] n nEx), (52) 
and if n is infinity, we have 
, N -1 
UDP = (li) ay (53) 


EXAMPLE 5.6. Find the present value at the age of 50 of a life annuity- 
due of $300 per month. Use a 6% annual rate of interest. 
Solution: The monthly installments of $300 give a total payment of 


$300 x 12 = $3600 per annum. Thus, the present value of the annuity is $3600 


i Oe. We have 


12). 12-1 
“50 ~ #5079749 


= 13.26683 - 0.45833 
= 12.80850. 


Therefore, the present value is $3600 x 12.8085 = $46110.60. 


EXAMPLE 5.7. A life annuity pays $3200 quarterly in advance until the 
age of 70. What is the present value of the annuity at the age of 55? Usea 
6% annual rate of interest. 

Solution: The total payment in one year is $3200 x 4 = $12800. 


Furthermore, 


(4) . 4-1 
455.70 |= 455:701- > x 4 (1 ~ 15È55) 


Neg No Sfi pz) 


D55 8|° D55 
43031.29 - 9597.05 1119.94 
= 350537 0879 È - ed 


= 9.53801 - 0.25519 = 9.28282. 
Thus, the present value of the annuity is $12800 x 9.28282 = $118820.10. 


If the installments of the level annuity are paid in arrears, we get the 
following situation. An insured is aged x when the insurance is taken out. 
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1 1 
The insurance pays $ y at the end of each p long period, between the ages 


of x+m and x+m +n, while the insured is alive. The number m isa 
nonnegative integer and n and p are positive integers. 
The present value of this annuity-immediate payable pthly is denoted 


(p) 


by m a. or m|nAx - We will use the first notation in the book. We have 


=> Y —— =, (54) 


Note that 
1 
a) = n + aP), (55) 


thus from (47) and (55), we get the approximation 


p p) 1_, pri p?-1 
ay = Ay p ^x 2p 12p (Ux + ô) 
2 


- 1 - 1 
= ay E Tap? (Hx + ô). (56) 


= Ay 


In practice, we use the approximation 


(p) „Pol (57) 


Following the steps of (49), from (57), we get the approximations 


) p-1 
m| aP- =m 4a] + 2p (mEx - m+nEx), (58) 
(p) -1 
ar = Bon) +77 (1- nEx), (59) 


and 
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-1 
m | a?) =m | Ax HE mex. (60) 


The increasing annuity-immediate payable pthly can be defined as 
follows. An insured is aged x when the insurance is taken out. The insurance 


k 
pays $5 at the end of each 5 long period between the ages of x+k-1 and 


x +k, on survival for every positive integer k<n, where n is a fixed 
positive integer. 
The present value of this increasing annuity-immediate payable pthly 


is denoted by (1a) By following the steps of (52), from (60) we get the 


approximation 
(p) p-1 
(14) x. ~ (Ia) a] + 2p (CR -n nEx), (61) 
and 
-1 
(Ia)? = (Ia)y +7 fix. (62) 


EXAMPLE 5.8. A person aged 50 buys a life annuity that pays $500 at 
the end of each month after the age of 60 is reached. Find the present value 
of the annuity ata 6% annual rate of interest. 

Solution: This annuity pays $500 x 12 = $6000 per annum. Moreover, we 
have 


(12) _ 1 
101459° ~ 101450 +545 10E50. 


Now, 
N61 _ 25182.39 — 
101450 = Deg = 4859.30 ~ 918231 
and 
_ Deo _ 2482.16 | 
10È50 = Dry = 4959.30 7 091081, 
thus, 


(12) 11 
10/450 = 5.18231 + 24 0.51081 = 5.41643. 
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So, the present value of the annuity is $6000 x 5.41643 = $32498.58. 


EXAMPLE 5.9. A life annuity makes quarterly payments in arrears. In 
the first year, the quarterly payments are of amount $500 which increase 
by $100 each year. Find the present value of this varying annuity, if it is 
issued to a life aged 55. Use a 6% annual rate of interest. 

Solution: The present value of the annuity is expressed by 


4 - 100(Ia) $2 + 4 (500 - 100) aS = 400(Ia) $2 + 1600 ase. 


We have 


(4) 4-1. 
(la) 55 = (1a)55+ 5 7g 455 


390250.22 3 
= 3505 37 + 8 12.27581 


= 115.93268 


and 
(4) 4-1. 3 
a55 [=a55 +54 = 455-1 te 


= 12.27581 - 1 + 0.375 
= 11.65081. 


So, the present value is 400 x 115.93268 + 1600 x 11.65081 = $65014.37. 


Next, we study continuous life annuities. 

An insured is aged x when the insurance is taken out. The insurance 
provides a continuous payment stream at a rate of $1 per annum, between 
the ages of x +m and x+m +n, while the insured is alive. The number m 
is a nonnegative integer and n is a positive integer. 


The present value of this continuous annuity is denoted by m | an or 


m | na x- We will use the first notation in the book. Using (11) of Section 
3.1, we get 


m+n 


— t 
xnl o J O Px at 


m| a 
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_ men Dis n 
m Dx 
m+n 
J Dx+t dt 
m 
m+n-1 T 
» Dx+t dt 
k=m K 
= — p . (63) 
Defining the commutation functions 
_ 1 
Dy= J Dx» dt, (64) 
and 
Nx= Y Desk=] Dyst dt, (65) 
k=0 0 
we obtain 
_ N x+m - N x+m+n 
m| a xnl Dy l (66) 


Some mortality tables contain the values of Dy and N x. However, if 


they are not available, we can approximate Dy by applying the trapezoid 
rule to the integral in (64): 


- D+ D 
Dy= Mm, (67) 


Based on this, we get the following approximation for N x: 


Ş Dx+k + Dx+k+1 


N y= 
k=0 2 
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D rove) 
= + >, Dxsk 
k=0 
D 
= Ny > (68) 
Thus, 
D D 
_ Nx+m - a - Nx+m+n - Ta 
m| a xin] Dy 
. 1 
=m A n 10) (mEx - m+nEx). (69) 


Note that the continuous annuity can be considered as the limit of an annuity 
(due or immediate) payable pthly as p goes to infinity. 

Although we used different methods to obtain approximations for 
m a and ml A x+n) the limit of (49) gives (69) as p goes to infinity. 

In order to find the variance of the continuous annuity, we have to 
express the present value of the cash flow in the form of g(Tx). It follows 
from the definition of the continuous annuity that g(t) equals zero if t < m. 
If m<t<m+n, we get 


_ ym - yt 
g(t) = m | A t-m = 8 


and if t>m+n, we obtain 


_ ym - gm+n 
g(t) = ml An 5 
In summary, 
0 if t<m 
ym -yt l 
g(t) = a if m<t<mt+n (70) 

ym - gm+n 

5 if m+n&<t. 


So, we can express g(t) as 


1 
S(t) = 5 (0™ - 81) - Sol4)), (71) 
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where 
0 if t<m 
g(t) = vt if m<t<m+n (72) 
omtin if m+n&<t, 
and 


o" if t<m 


So(t) = | (73) 


0 if mkt. 


Note that g,(Tx) = h2(Kx), where h2(Kx) is defined in (11). Furthermore, 


g1(Tx) is the present value of an n-year endowment insurance deferred m 
years (see (8) of Section 3.4). Note that the only difference between the 
endowment whose present value is g1(7x) and the endowment whose present 
value is l1(K,), defined in (10), is that while the death benefit of the 
former is payable at the moment of death, the death benefit of the latter is 
paid at the end of the year of death. So, following the steps that led to 
formulas (13) and (14), we obtain 


_ 1 1 — 
ma xn] 6 (Arm: m| A en! (74) 


and 


— 1 — = 1 
Vm | a cn? ~ ô Gal A xinì (m| A vn) + 7A xm] 
1 1 — 
- (Arm) - 2(v™ - Aym) m| A xn} (75) 


Rewriting (74), we obtain 


1 _ _ 
Asm) = ôm | a xn] + m | A xn T (76) 


It is left to the reader to prove (76) by general reasoning. 
We can derive simpler formulas for special choices of m and n. If m=0 
and n is infinity, we obtain 
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and 
— 1 — -9 
Via x)= CAx-A x). 
If m=0 and n is not infinity, we get 


a _N x- N x+n 
x:n | Dy É 


xin | ~ fon] 2 (1- nEx), 


_ 1 — 
A x:n | ~ ô 1-4 con’ 


and 


_ 1 — — 
Va xn? 8 (A xnl (A en” 


If m>Q0 and n is infinity, we have 


m | ax=m|fx-5 mex, 


_ 1 — 
m | ax=s5 (mEx-m| Ax), 
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and 


_ 1 — "n 1 1 1 — 
Vimla D= Gal Ax- nl A 2+ 2A i A gam 2 20" -A sang) ml A x): 


We can also examine varying continuous life annuities. Let us consider 
the following situation. 

An insured is aged x when the insurance is taken out. The insurance 
provides a continuous payment stream at a rate of $k per annum in the year 
k for every positive integer k <n, while the insured is still alive. The 
number n is a positive integer. 

The present value of this increasing continuous life annuity is denoted by 


(Ia dent Using (66), we get 


k=0 
we obtain 
S x-S yan-nN x+n 
(T) D. (77) 
and 
_ Sx 
Ia )y =>. 78 
(1@)x =" (78) 
Using the approximation (68), we get 
- oo D N 
Sx= > ase ses "E (79) 
=0 
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(a) nl = Dy 
= (Ia), 9-5, 4-0 nEn (80) 
and 
(IT )x = (li)x-5 ae. (81) 


Note that (80) and (81) can also be obtained if we let p approach infinity in 
(52) and (53), respectively. 


EXAMPLE 5.10. What is the present value at age 50 of a continuous life 
annuity payable at a rate of $3600 per annum? Usea 6% annual interest 
rate. Also, find the standard deviation of the annuity. 


Solution: First, we obtain a 50: 


— 1 
a 50 = äs50- nia 13.26683 - 0.5 = 12.76683. 


So, the present value is $3600 x 12.76683 = $45960.59. In order to find the 


standard deviation, we have to find V(a 59) first. 


V(@ 50) = 35 2A 50 -A 30) 


1 2 
= 1.06(“Aso - A50) 


1 
= (0,0582609)? 1.06(0.0947561 - (0.2490475)2) 
= 10.21871. 


Thus, the standard deviation is $3600 x v10.21817 = $11508.02. Note that 
Example 5.6 described a similar situation with the difference that the 
payments were made monthly instead of continuously. Still, the present 
values in the two examples: $45960.59 and $46110.6 are close to each other. 
They differ from each other by less than 0.5%. That shows the continuous 
annuity gives a good approximation even in the case of monthly payments. 


EXAMPLE 5.11. At life annuity pays $6000 per annum continuously 
between the ages of 60 and 80. Determine the present value of the annuity 
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at the age of 50, using a 6% annual rate of interest. 


Solution: We have to find 10|a first. 


50:20] 


— . 1 
10| 455.99] = 10 | 459.99] 2 (10E50 - 30E50). 


Now, 


. _ Neo- Ngo 
10 | f50:20] Daso 
27664.55 - 2184.81 
4859.30 


= 5.24350 


and 


Deo - Dgo 
Esq - anEsg = 
10E50 - 30E50 Dso 
2482.16 - 369.99 
E 4859.30 
= 0.43467, 


— 1 
10| 4 50:2017 5.24350 - 7 0.43467 


= 5.02617. 
Therefore, the present value of the annuity is 
$6000 x 5.02617 = $30157.00. 


Finally, in this chapter we introduce some special annuities. 

The first annuity we are going to study makes guaranteed payments for a 
certain period of time, which thereafter become contingent on survival. 
Annuities of this type, called guaranteed annuities can be defined as 
follows. 

An insured takes out an insurance for n years at the age of x. The 
insurance provides an annuity-certain of $1 per annum in the first m years, 
and for the rest of the term; that is, for n-m years, a life annuity of $1 per 
annum is paid. The numbers n and m are positive integers (m < n). 

Note that for any value of Ty, the present value of the cash flow (say 
g(Tx)) can be expressed as the present value of the m year annuity-certain 
(say c) plus the present value of an n-m year life annuity deferred m years 
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(say gj(Tx)). So 
g(Tx)=c+g;(Tx), (82) 


where c is a constant, not depending on Ty. Therefore, the present value of 
the insurance is 


EPV = E(g(Tx)) = c + Elg (Tx)) (83) 
and the variance is 
VPV = Vig(Tx)) = V(g1(Tx)). (84) 


Depending on the type of the annuity, we get the folowing formulas. 
In the case of an annuity-due, we have 


EPV =a qumli, 


-n-m | 


and 


VPV = V(m| Ë nem 


so the variance can be calculated using (14). 


If n is infinity, we use the notation dt) for the present value. Thus, 


and 
VPV = Vä- P = V(m | ax). 
In the case of an annuity-immediate, we get 
EPV = An] + m | 4 nm | 


and 
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VPV=V(ml4,. 


Thus the variance can be obtained form (32). 
Moreover, if n is infinity, then we have 


and 
VPV = Via Tm P = V(m | ax). 


If the installments of the annuity-due are payable pthly, we get 


(p) (p) 
EPV = fit + m läka m] 


and if n is infinity, we have 


P_ D p 


EPV =ä m] = Ëm] t ml 4 


If the installments of the annuity-immediate are payable pthly, we 
obtain 


(p) 


EPV =a" P), nla n-m] 
and if n is infinity, we get 


Pi) 
EPV =4 yn] =a} + mla. 


If the annuity is paid continuously, we have 


xn-m | 


and 


VPV = V(m | a xvinml: 
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Hence, the variance can be computed using (75). Moreover, if n is infinity, 
we get 


EPV=a com Mt A x 
and 
VPV = Va Fa) = Vim (4 x). 


EXAMPLE 5.12. A 20 year annuity-due of $2500 per annum makes 
guaranteed payments in the first 5 years. Find the present value of the 
annuity at the age of 50 using a 6% annual rate of interest. 


Solution: We need to find a1 +5 | avast Now, 


a4 =1+ a, 1+3.4651 = 4.4651 


and 


__N55- N70 _ 43031.29 - 9597.05 


5 | “50:15]~ D509 ` 4859.30 = 6.88046, 


Thus, the present value is 2500(4.4651 + 6.88046) = $28363.90. 


The next special annuity starts making payments after the insured dies. 
Since it is usually a member of the family who receives the payments of the 
annuity, the insurance is called a family income benefit (FIB). 

In order to define a family income benefit, first we have to consider an n 
year annuity-certain of $1 per annum deferred m years issued to a life aged 
x. The corresponding family income benefit consists of those payments of 
this annuity that are due after the death of the insured. The number m isa 
nonnegative integer and n, also referred to as the income term, is a positive 
integer. 

Note that if we consider another insurance on a life aged x, an n year 
life annuity of $1 per annum deferred m years, the two insurances 
"complement" each other; that is, the combined payments give an n year 
annuity-certain of $1 per annum deferred m years. So for any value of Ty, 
the present value of the cash flow of the family income benefit (say g(Tx)) 
plus the present value of the n year life annuity deferred m years (say 
21(Tx)) equals the present value of an n year annuity-certain deferred m 
years (say c). 
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Thus, 


g(Tx) = ¢ - 91(Tx), (85) 


where c is a constant that does not depend on Ty. So the present value of 
the FIB is 


EPV = E(g(Tx)) = ¢ - E(g1(Tx)) (86) 
and the variance of the FIB is 
VPV = V(g(Tx)) = V(81(Tx)). (87) 
Now, we give some formulas for family income benefits depending on the 


type of the payments of the annuity. 
If we consider an annuity-immediate, we have 


EPV= mlay mlan] 
and 
VPV = V(mla 


so the variance can be obtained from (32). 
If we take m =0, we get 


EPV = 4, - dn] 
and 
VPV = Va... 7° 


If the installments of the annuity-immediate are payable pthly, we 
obtain 


(p) (p) 
EPV = m|4q] -m | ayn] 
and if m=0, we have 


EPV = ap] = An]: 
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If the annuity is paid continuously, we get 


EPV = m|a omla n] 


and 


VPV = Vin | a en)! 


so the variance can be calculated from (75). 
Furthermore, if m = 0, we have 


EPV =a 7f nl 


and 


VPV = V(a en? 


Note that we usually do not base a family income benefit on an annuity- 
due since this would not provide a payment in the time interval in which 
the insured dies. So if we do not say it otherwise, by a family income benefit 
we will mean a FIB based on an annuity-immediate. 


EXAMPLE 5.13. A person aged 40 buys a family income benefit for an 
income term of 20 years. Find the present value of the insurance at a 6% 
annual rate of interest if 

a) the benefit is $500 per month. 

b) the benefit is paid continuously at a rate of $6000 per annum. 

Solution: a) This insurance provides an annual benefit of 


12 12 
$500 x 12 = $6000. The present value is $6000 (aor - a0007: We have 


(12) i 
499] = (12) 4g] = 1.027211 x 11.4699 = 11.78201 


and 


(12) 2-1 
4 40:2017 949.00] * 2 x 12 (1 ~ 2040) 


Life Insurances and Annuities 185 


_ N41 -N61 A peo) 


Dag 24| ` D40 


9054.46 +34 | ~~ 9054.46 


= 11.03539 + 0.33269 
= 11.36808. 


_ 125101.93 - 25182.39 11 n) 


Thus, the present value is $6000(11.78201 - 11.36808) = $2483.58. 
b) In the continuous case, the present value can be obtained as 


$6000(a ). Here, we get 


2017 f 40:20 


— 1 
a 20175 Ang] = 1.029709 x 11.4699 = 11.81066 


and 
— o, 1 1 E 
a 40:2017 Ë40:2017 2 § - 20È40) 


_N40- Neo 1), _ Deo 
Dao 2\ D40 


9054.46 2\~ 9054.46 


= 11.76126 - 0.36293 
= 11.39833. 


_ 134156.39 - 27664.55 1 ni 


Hence, the present value is $6000(11.81066 - 11.39833) = $2473.98. We can 
see that the difference between the present value of the benefit payable 
monthly and that of the benefit payable continuously less than 0.5%, 
which is relatively small. So, the computations based on a continuous 
payment come very close to the results of the monthly payments. 

In order to introduce the third special annuity, let us consider an 
annuity-immediate. If the annuity is payable yearly and the insured dies a 
couple of days before the end of the year, the payment for that year will not 
be paid. It could be argued that this is not fair since the year's payment 
would have been made, had the insured survived a little longer. So, it seems 
reasonable to provide an additional payment on death proportional to the 
time elapsed since the last annuity payment. 

Therefore, we define the following insurance, called a complete annuity- 
due. 
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An insured is aged x at the time the insurance is taken out. The 
1 1 
insurance pays $ p at the end of each — long period, between the ages of 


x+m and x+m +n, while the insured is still alive. Moreover, if death 
occurs between the ages of x +m and x+m +n, and r is the time elapsed 
since the last annuity payment, an amount of $r is paid at the moment of 
death. 


The present value of the complete annuity-due is denoted by jy Le or 
m | nit ) We will use the first notation in the book. Let us divide the present 
value of the complete annuity-due into two parts. One is the present value 


of an annuity-due payable pthly; that is, m ja P) The other part is the 


present value of the benefit payable on death. The latter can be expressed 
as follows: 


m+n 


EPV} = J r(t) vt fa(t)dt 


m+n 


= J r(t) of px pst dt, (88) 


where 
1 
r(it)=t-—{t-p}. 
(t) p | p] 


1 
So, r(t) is a function whose range is the interval between 0 and —. We will 


1 
replace r(t) by the midpoint of this interval, 2p in (88) to get the following 


approximation 


1 m+n 
EPVi = 55 | of ipx ase at 


Hence, we obtain 


o(P) (pP) 1 1 
m | Ay. |=m | Ayn | + 2p m Ayn] ° (89) 
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With special choices of m and n, we get 


o 1, 
AP) = aP) +35 Ax, (90) 
o(p) p) 1.1 
Len fxn] t 3p xn} (21) 
and 
o 1 - 
mE = mlaP + m|Ax - (92) 
P 
If p=1, we get 
1 — 
ay = ax +5 Ax, (93) 
È 174 94 
den) A.) 2 xin |’ (94) 
and 
o 1 7 
m| 4 =m lax +5 m | Ax. (95) 


EXAMPLE 5.14. A complete annuity-due of $3000 per quarter is issued to 
a life aged 60. Find the present value of the annuity based on a 6% annual 
interest rate. 

Solution: The annual payment of the annuity is $3000 x 4 = $12000. So 
the present value can be expressed as 


(4), 17 
$12000 a + Dx4 ico) 
Now 


(4) 4-1 
460 ~ 46045 x4 


=iigg-1+3 


= 11.14535 - 1 + 0.375 
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= 10.52035 


and 


1 


” 2 

Ago = 1.06 Ago 
= 1.029563 x 0.3691310 
= 0.38004. 


Therefore, the present value of the complete annuity is 


1 
$12000 1052035 +3 0.8004] = $126814.26. 


8 

PROBLEMS 
5.1. Prove the following identities: 

a) mia, Geman Sem] 

D) mA gE mE A en 
5.2. Based on a 6% annual interest rate, evaluate 

a) N35 

b) G25 

c) V(a25) 

d) f 45:15] 

e) VË 545) 

f) 25 | 430 

8) 5145501 


5.3. A life annuity-due of $2000 per annum is issued to a life aged 30. 
Find the present value of the annuity, based on a 6% annual rate of 
interest. Also find the standard deviation of the annuity. 


5.4. A temporary life annuity of $2500 per annum is payable yearly in 
advance between the ages of 35 and 50. Find the present value of 
the annuity at the age 35, based ona 6% annual rate of interest. 
Also find the standard deviation of the annuity. 
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5.5. A life annuity-due of $1500 per annum is payable after the age of 
60. Find the present value of the annuity at the age of 40, based on 
a 6% annual rate of interest. 


5.6. A temporary life annuity of $3000 per annum payable yearly in 
advance, between the ages of 55 and 70, is purchased for a life aged 
50. Find the present value of the annuity, based on a 6% annual rate 
of interest. 


5.7. Based ona 6% annual rate of interest, find 
a) S40 
b) (14)35 
c) (14) 10:157 


5.8. A 20 year life annuity-due issued to a life aged 50 pays $1500 in 
the first year and increases by $100 each year. Find the present 
value of the annuity based on a 6% annual rate of interest. 


5.9. Prove the following identities: 
a) mlan” men xm} 
b) m 4a = mEx : Ax+m - m+nEx + Ax+m+n, 
c) m 4a] = mEx: dimnt 
d) m | An] =m |dx:n+1 - mEx. 


5.10. If we look at (17), we might think a similar identity holds for 
annuities-immediate. Show that this is not true; that is, 


1 
Ax # i (1 - Ax). 


5.11. Based ona 6% annual rate of interest, find 


a) 435 

b) V (a35) 

c) 4 25:10] 

d) V (455.10) 


e) 20| 440 
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5.12. 


5.13. 


5.14. 


5.15. 


5.16. 


5.17. 


5.18. 


5.19. 


CHAPTER 3 


f) 101 445.99) 


A life annuity-immediate of $1500 per annum is issued to a life 
aged 45. Find the present value and the standard deviation of the 
annuity based ona 6% annual interest rate. 


A temporary life annuity of $2000 per annum is payable yearly in 
arrears between the ages of 40 and 55. Find the present value of the 
annuity at the age of 35 ata 6% annual rate of interest. 

Based ona 6% annual rate of interest, obtain 

a) (Ia)20, 

b) 0960157 


A 25 year life annuity purchased for a life aged 40 makes a 
payment of $2000 at the end of the first year and increases by $150 
each year. Find the present value of the annuity, based on a 6% 
annual interest rate. 


Prove the following identities: 


(p) (p) (p) 


a) m | ayn |= dx-m+n | E Aven V 
Ap) ., ľ 

b) m | Üy] = mEx' iP) a - m+nÈx ` AD nan 
Ap) Ap) 

c) m [dn] -= mEx Ax+m:n | 


Based ona 6% annual interest rate, obtain 


a) aso? 
(4) 
b) 4 40:20] 
(2) 
c) 10 | 495) 


(4) 
d) 10| 435.15) 


Find the present value of a life annuity of $4000 per annum payable 
quarterly in advance issued to a life aged 35. Use a 6% annual rate 
of interest. 


A 10 year life annuity pays $800 monthly in advance. Determine 
the present value of the annuity at the age of 55 based ona 6% 
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5.20. 


5.21. 


5.22. 


5.23. 


5.24. 


5.25. 


5.26. 


annual interest rate. 

Based ona 6% annual rate of interest, determine 
.\(2) 

a) (1a) 45 


(12) 
b) (Tä) 55:10} 


A life annuity payable monthly in advance is purchased for a life 
aged 20. The annual payment is $3000 in the first year and 
increases by $600 each year. Find the present value of the annuity, 
based ona 6% annual rate of interest. 


Prove the following identities: 


(p) (p) (p) 


a) m | ayn] = ymin] ~ Axim] 
(p) 

b) m | Ayn] = mEx ` aP) - m+nEx ° aP en 
(p) (p) 

c) m | Ayn |= mEx Aen} 
(p) (p) 

d) m | aL = m| [Ma - mEx + m+nEx. 


Based ona 6% annual rate of interest, evaluate 


a) 450 
(4) 
b) A 30:25] 
12 
c) 1o lass” 
(12) 
d) 25 | 449-10] 


Find the present value of a life annuity paying $300 monthly in 
arrears purchased for a life aged 40. Use a 6% annual rate of 
interest. 


A life annuity of $12000 per annum payable quarterly in arrears 
between the ages of 50 and 65, is issued to a life aged 45. Obtain 
the present value of the annuity ata 6% annual rate of interest. 


Based ona 6% annual rate of interest, obtain 


a) (Ia) ci) 
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5.27. 


5.28. 


5.29. 


5.30. 


5.31. 


5.32. 


5.33. 
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(2) 
b) (14) 40:10] 


A 20 year life annuity makes quarterly payments in arrears. In the 
first year, the quarterly payment is $600 and it increases by $50 
each year. Find the present value of the annuity at the age of 40, 
using a 6% annual interest rate. 


Prove the following identities: 


a -=a -a 
a) m| x:n | a x:imtn| xım 
b) mla xn] = mex A x+m - m+nEx 4 x+m+n 
C a = mEx- a | 
) o mia TR mex omni 


Prove (76) by general reasoning. 


Based on a 6% annual rate of interest, evaluate 


a) N40 

b) = 420 

c) V (a 20) 

d) a 30:25] 

e) V (a 30257 
f) 10/440 

8) 15025901 


A continuous life annuity of $3600 per annum is issued to a life aged 
40. Find the present value of the annuity based on a 6% annual rate 
of interest. Also find the standard deviation of the annuity. 


A 30 year life annuity payable continuously at a rate of $4000 per 
annum is purchased for a life aged 20. Determine the present value 


of the annuity ata 6% annual rate of interest. 


A continuous life annuity of $2000 per annum issued to a life aged 50 
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5.34. 


5.35. 


5.36. 


5.37. 


5.38. 


5.39. 


5.40. 


5.41. 


5.42. 


is deferred 10 years. Determine the present value of the annuity, 
based ona 6% annual interest rate. 


Based ona 6% annual rate of interest, obtain 


a) S 65 
b) (Ia )30 
c) Q a 55107 


A varying continuous life annuity is issued to a life aged 40. The 
rate of payment is $3500 per annum in the first year and increases 
by $400 each year. Find the present value of the annuity ata 6% 
annual rate of interest. 


The rate of payment for a 15 year continuous life annuity is $1200 
per annum in the first year and increases by $200 each year. 
Determine the present value of the annuity at the age of 35, based 
ona 6% annual interest rate. 


A 25 year annuity-immediate of $1000 per annum with guaranteed 
payments in the first 10 years is issued to a life aged 45. Find the 
present value of the annuity based on a 6% annual interest rate. 


The payments of a 20 year annuity-due of $800 per month are 
guaranteed in the first 10 years. Find the present value of the 
annuity at the age of 40, based ona 6% annual rate of interest. 


A 25 year family income benefit, payable monthly, is purchased by 
a person aged 30 for $3000. Determine the amount of the monthly 
payments based ona 6% annual rate of interest. 


A 15 year family income benefit is payable continuously at a rate of 
$8000 per annum. Find the present value of the insurance at the age 
of 45 based ona 6% annual interest rate. 


A 10 year complete annuity-due of $1500 per month is issued to a 
life aged 50. Determine the present value of the annuity using a 6% 
annual rate of interest. 


Find the present value of a 15 year complete annuity-due of $400 
per quarter purchased for a life aged 30, based ona 6% annual rate 
of interest. 


CHAPTER 4 
PREMIUMS 


The premium charged by an insurance company for an insurance policy 
serves two purposes. Firstly, it has to provide the funds needed to meet the 
benefit paying liabilities and secondly it has to cover the expenses of 
running the business. If we ignore the expenses and derive a premium based 
on the benefits only, we call it the net or risk premium. If the expenses are 
also included in the computation, we get the gross or office premium. It is 
important to point out that the net premium is uniquely determined by the 
mortality and the interest, factors that are beyond the control of an 
insurance company. On the other hand, expenses can be changed more easily: 
staff can be laid off, office space reduced, expenses reallocated to other 
insurance products, etc. 

We will study two ways of paying the premium. The first possibility is 
to pay a single premium at the time the insurance is taken out. The second 
method involves the policyholder paying premiums regularly during a 
given time period. In the second case, it has to be taken into account that the 
premium payments will stop if the policy holder dies. 


4.1. NET PREMIUMS 
In order to find the net (or risk) premium, we use the following equation: 


Expected present value of the net premiums 
= Expected present value of the benefits. (1) 


The present values are usually determined at the time the insurance is 
issued. If we have a single premium, denoted by P, from (1), we obtain 


P = Expected present value of the benefits. (2) 


That means, all the present values for the respective insurances discussed in 
Chapter 3 can also be interpreted as the net single premiums of the 
insurances. These insurances can also be combined, as the following example 
shows. 


EXAMPLE 1.1. The following insurance is issued to a life aged 40. If the 
insured dies within 25 years, a death benefit of $6000 is payable at the 
end of the year of death. Otherwise, a sum of $2000 is payable yearly in 
advance from the age of 65. 

Find the net single premium for the insurance at a 6% annual rate of 
interest. 
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Find the net single premium for the insurance at a 6% annual rate of 
interest. 
Solution: The premium equals the present value of the insurance, so 


1 


Now, 


and 


Therefore, the premium is 
P = 6000 x 0.0784286 + 2000 x 1.865434 = $4201.44. 


Next, we examine the other method of paying the premiums; that is, 
when the premium is paid in installments during a given time period. If the 
insured dies, the premium payments are terminated. 

We want to focus on level premiums assuming the installments form an 
annuity. If P is the annual premium, we can express it in terms of the 
present value of the benefits and the present value of an annuity of $1 per 
annum corresponding to the premium payments as 


P x (Expected present value of a premium annuity of $1 per annum) 
= Expected present value of the benefits, 


and therefore 


Expected present value of the benefits 


Ps Expected present value of a premium annuity of $1 per annum ` 


If we do not specify the premium annuity more closely, it will be 
understood that it is an annuity-due. If the premium paying period coincides 
with the term of the insurance, we use some special notations. We will study 
this situation first. 

In the case of a pure endowment of $1, we denote the annual premium by 


1 1 
Py] OF P(A,.) and hence, 
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1 
ox “xn | 


P,. = P(A,. a= = en) 


The annual premium for an n year term insurance with a death benefit 


of $1 payable at the end of the year of death, is denoted by Pl.) Or 
P(Ax.x). Thus 


1 
Ax: in] 


Pin = P(Axn) =; 
x:n] 


and if n is infinity, we obtain 


The symbol for an n-year endowment insurance of $1 whose death 
benefit is payable at the end of the year of death is Px.n] or P(Ax:n}). We 
have 


Pyon\= PA) = 9 Stl = ng 


If the premium of P per annum is payable pthly, we add the superscript (p) 
to P: p” For example, 


P (p) 1 A xn] 
P l =P (A x:n) lp) ” 
A x:n] 


pP) = p” (Ax:n) =- fxn 


x: 


If the premium paying period (say m years) is shorter than the term of 
the insurance (say n years), we add the prefix m to P: mP. For example, 


AL 
x:n] 
Pri = mP(Ax:n) =; lix-m)’ 


and 
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(p) A 
mPP = mP (Ay) =~G 
x:m | 


If a death benefit is payable at the moment of death, but the premium is 
still paid in the form of an annuity-due, we always use the longer notation 


with writing "—" above A: P(A ). For example, 


— Ay 
P(A y= 
(A d= 
and 
(p) — A x:n] 
P (A xn) = (p) 
A x:n] 


If the premium is paid continuously, the longer notation is used with 


writing "—" above P: P (A). For example, 
1 
Ay. 
1 x:n] 
m P (Ayn) = — / 
x:ml 


and 


In general, we can define a symbol for the premium as follows. Let EPV 
denote the expected present value of the benefits of an insurance (e.g. Ax, 


A xn} n|ix). Moreover, assume the premiums are paid in the form of an m- 


year life annuity. If the premiums are payable annually in advance, the 
annual premium is denoted by P(EPV) and it can be obtained as 


EPV 


Ax:m) 


mP(EPV) = 
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If the premiums are payable pthly in advance, the annual premium is 


denoted by PP (EPV) and can be computed from 
(p) EPV 


A Xm] 


If the premium is payable continuously, the rate of payment per annum is 
denoted by m P (EPV) and can be determined from 


—_ EPV 
m P (EPV) = = 


A xm! 


Note that in the case of annuities it does not make sense to define a 
payment period coinciding with the term of the insurance. For example, if 
the life annuity pays $1 in advance for n years and the annual premiums 
are also paid in the same interval, we get 


P dyin] = äx:n] 
and therefore, 
P= $1. 


That means the premium payments and the benefit payments are of equal 
amount and take place at the same time, so the whole insurance is 
meaningless. 

However, we can consider a situation, where the premium of a deferred 
annuity is paid in installments before the benefit payment period starts. For 
example, if an n year annuity-due of $1 per annum is deferred for £ years, 


then the annual premium payable in advance for m years (m < £) is denoted 
by mP(2|4x:n}), and we have 


0 | äx:n] 
Axim) 


mP( 4 |äx:n) = 
If m= £, we get 


Aix:m+n]~ 4x:m] _ 4x:m+n] 1 
_ 4, 


mP(m | lix-n}) = fix) lix-m) 


and if n is infinity, we obtain 


Premiums 199 


dx 
ax:m] 


mP(m | dx) = 


Of course, the premium payments can have other structures, too. For 
example, the installments can change during the premium payment period. 
However, using (1) we can always find what the necessary net premium is. 


EXAMPLE 1.2. A person aged 35 takes outa 20 year pure endowment 
insurance of $30,000. Find the net annual premium ata 6% annual rate of 
interest. 


Solution: The annual premium is 3000 P3550) where 


1 
pl A 35:20) 
___D55 
N35 - N55 
_ 3909.37 
~ 188663.76 - 43031.29 
= 0.0240700. 


So the premium is 30000 x 0.0240700 = $722.10 per annum. 


EXAMPLE 1.3. The payments of a life annuity of $800 per month start 
at the age of 65. How much is the monthly premium if it is payable between 
the ages of 30 and 65? Usea 6% annual rate of interest. 

Solution: The monthly premium is 


800 x 12 35P(12) (35 | aq”) 
12 


= 800 35P(12) (35 | aft. 


Now, 


(12), 351 aso” 
35P(12) (35/430) =—Gqay — 


4 30:35] 

(12) (12) 
o ~ 430:35] 

= (12) 
A 30:35] 

(12) 

430 1 
(12) 
4 30:35] 


We can write 
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(12) . 12-1 
430 4307212 
11 
= 15.85612 -57 
= 15.39779 
and 
(12 . 12-1 
ä$0:351 = 430:351- z x 17 (| - 35E30) 
_N30-Nes 11|, Des 
D30 24 D30 
_ 262305.71 - 16890.50 11 1706.64 
16542.86 24| 16542.86 
= 14.42406. 
Thus, 


15.39779 
(12)(q5 | att) = Pe 
35P° ‘7851430 ) = 74.42406 1 
= 0.06751, 

and hence the monthly premium is 800 x 0.06751 = $54.01. 

EXAMPLE 1.4. A whole life insurance of $5000 is issued to a person aged 
60. The annual premium is reduced by one third after the age of 65. Find 
the annual premiums based on a 6% annual rate of interest. 


Solution: Denoting the premium payable in the first year by P, the 
expected present value of the premiums is 


a 2 ľ. ľ. 2 
P ä60:51+ 3 P 5|ä60 = P(ä60:51+ 3 5 | 460), 
and the expected present value of the benefits is 


5000 A60. 


Equating the two present values, we get 
ľ 2 
P(ä60:51+ 3 51460) = 5000 Ago 


and hence, 
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A60 


P=5000 l 
ä60:5] + 3) 5 | 460 


Now, 
Ago = 0.3691310, 
d60:5) = oe _ a - 4.34059, 
and 


5 | 460 = Deo = 482.16 ` 6.80476 
Thus, the annual premium is 
0.3691310 
5000 = $207.91 


4.34059 + 6) 6.80476 


2 
in the first five years, and 6) 207.91 = $138.61 afterwards. 


All the insurances discussed so far contained benefits whose payment 
depended on death or survival of the insured. However, it is possible that 
the payment of the benefit is guaranteed and only the premium payments 
are contingent on survival. Next we study this type of insurance. It is called 
a "term certain" insurance. So consider the following arrangement. 

A person aged x makes regular payments for n years while he/she is 
alive. In return, the insurance makes a payment of $1 at the end of year n, 
whether the insured is alive or not. 

For example, assume the premium is paid in the form of an annuity-due. 
Denoting the annual premium by P, we get 


P äx:n] = 0" 
i.e. 


y” 


Ax:n] 


Note that if $1 is only payable on survival; that is, we have a pure 
endowment, the annual premium, say P*, is 
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n 
+ nEx U 


=, = > = P. 
Ax:n] nPa Ax:nl nPx 


Therefore, P > P*, which is reasonable since a price has to be paid for the 
guarantee the benefit is paid even if the insured dies before the end of year 
n. 

If the premium is paid continuously, we get 


EXAMPLE 1.5. An insurance provides a guaranteed benefit of $12,000, 20 
years after it is taken out by a person aged 40. Find the annual premium 
based ona 6% annual rate of interest. 

Solution: Denoting the annual premium by P, we have 

P ä40:201 = 12000 p20, 
Now 


v20 = 0.31180 


and 


Thus the annual premium is 


0.31180 
11.7613 


P = 12000 = $318.13. 
Note that the annual premium of the corresponding pure endowment is 


P* = 12000 x 20440 


ä40:20] 
D 1 
= 12000 x 22 x — 
D40 440:207 
2482.1 1 
= 12000 x 82.16 


9054.46 11.7613 
= $279.70 


which is less than $318.13. 
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It is also possible that the benefit of an insurance depends explicitly on 
the premium as the following example shows. 


EXAMPLE 1.6. A person aged 40 takes out an insurance with a survival 
benefit of $15000 payable at the age of 60. The premium is paid annually 
and if death occurs before the age of 60, all the premiums received by the 
insurance company are returned without interest at the end of the year of 
death. Find the annual premium at a 6% annual rate of interest. 

Solution: Let P be the annual premium. Then, the present value of the 
premiums is P é40:20] If death occurs in the first year, P is returned at the 
end of the first year. If death occurs in the second year, 2P is returned at the 
end of the second year, etc. If death occurs in year 20, an amount of 20P is 
returned at the end of year 20. Finally, if the insured survives 20 years, 
he/she receives $15000. So the present value of the benefit is 


P(IA) 49.201 + 15000 A,p.jgy Thus, 


. 1 1 
P ä40:201 = P(IA)40:207 + 15000 A 40:207 


and 


1 
A 
40:2 
P = 15000 0:20 | 


1 . 
ä40:20 | - (TA) 40:20] 


Now, 


and 


Rao - Reo - 20 Meo 


1 
(IA)40:20) = Dag 


__37787.4414 - 13459.2908 - 20 x 916.2423 
7 9054.46 
= 0.66302. 


Hence, the annual premium is 
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0.2741367 
P = 15000 1176126 - 0.66302 > $370.51. 


Note that without the premium return option, the annual premium would be 


1 
A40:20] 


P = 15000 - 
4400:20] 


= $349.63. 


Therefore, the extra premium required for the premium return option is 
relatively small: $20.88. An insured is probably ready to pay this amount if 
it is guaranteed that the money paid to the insurance company will not be 
lost in the case of an early death. 


The premium calculations discussed so far are all based on expected 
values. Since the insurance companies usually have a large number of 
policies, the expected value describes the average actual experience quite 
accurately. 


However, it is also interesting to study the behavior of a small number of 
policies. 

Assume the premium of an insurance depends on the parameter P. For 
example, P is a single premium or an installment of a level annual premium. 
Consider a person who takes out the insurance at the age of x and dies at the 
age of x +t. Then the cash flow corresponding to this particular policy 
consists of premium and benefit payments. Looking at the cash flow from the 
point of view of the insurance company, the premium payments are positive 
amounts and the benefit payments are negative quantities. Let us denote the 
present value of the cash flow at the time the insurance starts by g(t,P). 
Then, g(t,P) gives the present value of the profit of the company resulting 
from the policy. Obviously, the goal of the insurance company is to make 
profit, so it wants to achieve 


g(t,P) > 0. 


Since the time of death cannot be foreseen at the commencement of the 
insurance, we have to use the random variable g(Tx,P). 

In order to determine P, we may require that the policy be profitable to 
the insurance company with a high probability: 


P(e(Ty,P) 20)) 21-a, (3) 


where @ is a small positive number. 

For example, consider a whole life insurance of $1 payable at the end of 
the year of death on a life aged x. Assume we want to find a single premium 
so that the policy is profitable with probability 1 - a: 
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Denoting the single premium by P, we can write 
g(t,P) = P - oltl41, 


So, we have to find P satisfying 


T,]+1 
P(P - vt al >0)21- 0; 
that is, 
K,+1 
P(P-v >0)21-a. (4) 


This can be rewritten as 
P(log P 2 (Kx + 1)log v) 21- qa. 


Since v <1, we have log v <0, thus we get 


Now, 


Therefore, 
P(Ky2n)21-a 


is satisfied if 


x 


Let us select the largest integer n from the mortality table for which 


Lyin 2x(1 - 0). (5) 
Then, we must have 
log P < 
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i.e. 
log P 2 (1 + n)log v 
which implies 
P > y"+l, 
Hence the smallest premium that can be charged is 
P=yntl 
where n is the largest integer satisfying (5). 


EXAMPLE 1.7. Find the single premium for a whole life insurance with 
sum insured $2000 payable at the end of the year of death for a life aged 50 
so that the policy is profitable to the company with 95% probability. Use 
a 6% annual rate of interest. 

Solution: Using (5), we have to find the largest n for which 


L50+ = 250 0.95 = 89509.00 x 0.95 = 85033.55. 


Since 256 = 85634.33 and £57 = 84799.07, we get n= 6. Now, 
yt! = y” = 0.66506. 


Hence, the premium is P = 0.66506 x 2000 = $1330.12. Note that if we 
determine the premium from the expected present value equation (2), we get 


P* = 2000 Asọ = 2000 x 0.2490475 = $498.095, 


which is much smaller than $1330.12. 

It is generally true that a premium calculation based on expected values 
gives a much smaller premium than the method described above. Since 
people are always looking for lower prices, the practical use of the latter 
method is rather limited. 


Let us see next that if we have N policies, each sold to a person aged x, 
how we can determine P, so that the present value of the total profit is 
greater than zero with a high probability. Let us denote the future lifetime 
of the N insured by (Tx)1,(Tx)2,-...(Tx)N. We will assume that the random 
variables (Tx); are not only identically distributed but also independent. 
The present value of the total profit is also a random variable. We will 
denote it by X(P) 
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N 
X(P)= X g((Ts)iP). (6) 
i= 
We want to choose P so that 
P(X(P)>0)>1-a. (7) 


Since X(P) is the sum of independent, identically distributed random 
variables, we can use the central limit theorem to approximate P(X(P) > 0), 
if N is large enough, say N = 50. Rewriting (7) as 


POE) E(X(P))_0- a a 
\V(X(P)) = V(X(P)) 


we have 


E(X(P)) 
P| Z 2 - -=> |21-0, 8 
l N am) É (8) 


where Z has the standard normal distribution. Hence, (8) is equivalent to 


E(X(P)) 


2 Z1-0; 
\V(x(P)) e 


where 2Z1-q is the 100(1 - a) percentage point of the standard normal 
distribution. In our examples, we will use «= 0.05. Then, Z1-q = 20.95 = 
1.645. Therefore, P is the solution of the equation 


E(X(P)) = z1-æ VV(X(P)). (9) 


Formula (9) can be simplified if P is a single premium and the present 
value of the benefits of the insurance can be expressed as g1(Ty). Then, we 


get 


g(Tx,P) =P -g1(Tx), 


E(X(P)) = N(P - E(61(Tx))) (10) 
and 


V(X(P)) = NV(g1(7x)). (11) 


Therefore, (9) implies 
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N(P - E(g1(Tx)) = 21-0 VNV(g1(Tx)) 


and thus, 


P = E(gi(Tx) ar VVG») . (12) 


Note that as N gets larger, the second term on the right hand side of (12) 
goes to zero, so the premium approaches the present value of the benefits. 


EXAMPLE 1.8. Find the net single premium for the whole life insurance, 
given in Example 3.1 of Section 3.3, so that the insurance company makes a 
profit with 95% probability, if the insurance is sold to a group of 

a) 50 people 

b) 100 people 

c) 1000 people 

d) 10,000 people 

Solution: In Example 3.1, we found 


E(g1(Tx)) = 373.57 


and 
VV(g1(Tx)) = 271.38. 
Using (12), we get 
P= 373.57 +— 271.38 

So, we obtain 

a) P = $436.70 

b) P=$418.21 

c) P = $387.69 

d) P = $378.03 


It can be seen that the premiums tend to $343.57 as the number of policies 
increases. 


If the premium is paid in the form of an annuity, the formula for P is 
usually not very handy. If the present value of the premiums is P g2(Tx) 
and the present value of the benefits is g1(Tx), then 


g(Tx,P) = P g2(Tx) - 81(Tx). 


Hence, we have 
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E(X(P)) = NE(P g2(Tx) - 81(Tx)) (13) 
which can be calculated easily. However, we have 
V(X(P)) = N V(P g2(7x) - 81(Tx)), (14) 


which is often rather complicated to determine. However, in certain cases, 
V(X(P)) can be calculated easily. For example, consider an n-year 
endowment insurance of $1. 

If the death benefit is paid at the end of the year of death and the 
premium payments form an n-year annuity-due, then g1(Tx) = h1(Kx), 
where 


okt] if ken 
ny(k) = n if n<k 


(see (1) of Section 3.4), and g2(Tx) = h2(Kx), where 


1-yktl . 
FEE if k<n 
ho(k) = 
UK) = |, an tne 
quo ifn< 


(see (8) of Section 3.5). Thus, 


1 
h2(k) = gallo h1(K)), 


and 
g(Tx,P)= H h2(Kx) - hı (Kx) 
=7 (1 - h1 (Kx)) - h1 (Kx) 
-ppa naa. 
Hence, 


po) 
V(g(Tx,P)) = È + | V(h1(Kx)). 


Now l1(Kx) is the present value of the cash flow of an n-year endowment 
insurance. Thus, 
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V(h1(Kx)) = 2Ax:n 7 (Ax:n)? 


(see (7) of Section 3.4). Therefore, 


P 2 
V(g(Tx,P)) = È + 7 CAxin - (Ax:n)*) 


and so 


P 2 
V(X(P)) = N È + | CAxn) 7 (Ax:n)?). 


On the other hand, 
E(g(Tx,P)) = P dx:n}- Ax:n] 
and hence, 
E(X(P)) = N(P äx:n]- Ax:n)). 


Now from (9), we get 
PY aes 
N(P äx:n]- Ax:n)) = 21-0 VN d +1 Ax:n]- (Ax:n)) - 


Rearranging the terms, we get 


Z1- 
P| äx:n]- 1-a V 2A x:n] -(Ax:n)* |=Axm +k V“Axin]- (Axim), 
dvN 


N 


from which we obtain 


21-a 
Axinte \ 2Axin}- (Ax:n)) 


. Z1-a 
Ax:n]|7 INN \ 2A x:n] - (Ax:n]) 


P = 


Ax:n] +g VV(Ax:n)) 
font yy Ge (15) 


n. Z1- 7 
Ax:n]" TN VV(dx:n)) 
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If n is infinity, the insurance becomes a whole life insurance and we get 


21-a 2 
Ax + Tw 2A, - Ax 
P= 
Z1-a 2 2 
iy - Ay-A 
d VN * * 


(16) 


If the death benefit of the endowment is paid at the moment of death 
and the premium is paid continuously at a rate of P per annum, then 
following the lines of the above derivation and using (8) of Section 3.4 and 
(70) of Section 3.5, we get 


E(X(P))= N(P_a xnl- A xn), 


2 — 
V(X(P))= N (; + 1) (2 A xni- (A xnD*), 


and 


A amt Ta V2 A xnl- (A xn)? 
— z NZA uni- CA xn? 
a xnì: = A xnl- (Ax: 

x:n] NN x:n] x:n]) 

Ant 9 VA VUA d 


= (17) 
a a xnl- "ra V(a ca 


If n is infinity, then we get 


ST 


* SIN 
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= $$, (18) 


EXAMPLE 1.9. Determine the net annual premium for the endowment 
insurance given in part (a) of Example 4.1 of Section 3.4, so that the insurance 
company makes a profit with 95% probability on a group of 

a) 50 people 

b) 100 people 

c) 1000 people 

d) 10,000 people. 

Solution: Since the annual rate of interest is 6%, the discount rate is 
d = 0.056604. From Example 4.1 of Section 3.4, we know that 


A40:20] = 0.33427 
and 
V(A40:207) = 0.0072090. 


We also need to find é40:20] Since A40:20] is already given, we can obtain 
it from 


. 1 
440:201= 7 (1 - A40:20)) 


=0.056604 (1 - 0.33427) 


= 11.76118, 


or we can compute it directly as 


. _ Nao - Neo 
440:201 = D40 


_ 134156.39 - 27664.55 


9054.46 
= 11.76126. 
Using (15), we get 
.64 
0.33427 + 7 y 0.0072090 
P = 5000 


1.64 
11.76126 - 10 — [00072090 
0.056604 VN 
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1671.35 + 08.39 
_ VN 
11.76126 - 2.46730 

VN 

Therefore, we obtain the following results 
a) P=$155.11 
b) P=$151.22 
c) P=$144.95 
d) P = $143.00. 


We can see that as the number of policies gets larger, the premiums 


Ago: 
approach 5000-2224 _ $142.11. 
440:20] 


PROBLEMS 


1.1. A whole life insurance is issued to a life aged 50. The death benefit 
payable at the end of the year of death is $5000, if death occurs in 
the first 10 years and $2000 afterwards. Obtain the single 
premium at the age of 50, based ona 6% annual rate of interest. 


1.2. The annual payment ofa 15 year annuity immediate is $800 in the 
first 5 years and $1400 for the rest of the term. Find the single 
premium of the annuity at the age of 30 using a 6% annual rate of 
interest. 


1.3. An insurance issued to a life aged 40 pays a death benefit of $5000 
at the moment of death, if death occurs within 20 years and $7000 
on survival to age 60. Determine the single premium based ona 6% 
annual interest rate. 


1.4. Based ona 6% annual rate of interest, obtain 
1 

a) P40:25) 
1 

b) P30:101 

c) P50:157 

d) "60, 1 

e) P 25:10) 
(4 

f) P35:5) 

g) 10P20 


h) 20P25:301 
i) P( A 50:20) 
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1.5. 


1.6. 


1.7. 


1.8. 


1.9. 


1.10. 


1.11. 


CHAPTER 4 
. —1 
j) Pan A 40:10) 
k) P (A20) 
l1) P (A 50:201) 


m) 10P(10 | 430) 
n) P(4)((TA) 40:10. 


A whole life insurance is issued to a life aged 40, with a death 
benefit of $3000, payable at the moment of death. Based ona 6% 
annual rate of interest, determine the annual premium if it is paid 
a) yearly in advance 

b) continuously for the whole term of the insurance. 


A 30 year endowment insurance of $5000, whose death benefit is 
payable at the end of the year of death, is issued to a life aged 20. 
Determine the monthly premium based on a 6% annual rate of 
interest. 


A 15 year term insurance with a $3000 death benefit payable at 
the end of the year of death is issued to a life aged 50. The premium 
is payable continuously for a term of 5 years. Find the annual rate 
of the premium payment based on a 6% annual interest rate. 


A continuous life annuity of $2000 per annum deferred 15 years is 
purchased for a life aged 50 by monthly installments payable for 5 
years. Determine the monthly premium using a 6% annual interest 
rate. 


The monthly premium for a 20 year term insurance of $9000 is 
increased by 20% after the first 10 years. Find the monthly 
premium, if the insurance is issued to a life aged 50. Use a 6% 
annual rate of interest. 


A term certain insurance of $5000 is taken out at the age of 50 fora 
term of 10 years. Based on a 6% annual rate of interest, find the 
annual premium if it is payable 

a) over the full term of the insurance 

b) for the first 5 years. 


A 15 year pure endowment insurance of $5000 is issued to a life 
aged 30. If the insured dies before the age of 45, the sum of the 
annual premiums received by the insurance company are returned 
without interest at the end of the year of death. Determine the 
annual premium based ona 6% annual interest rate. 
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1.12. 


1.13. 


1.14. 


1.15. 


1.16. 


A life annuity of $6000 per annum, payable monthly in advance 

with a deferment period of 10 years, is purchased for a life aged 50 

by asingle premium. Based ona 6% annual rate of interest, 

a) obtain the single premium 

b) obtain the single premium under the condition it is returned 
without interest at the end of the year of death, if death 
occurs before the age of 60. 


A whole life insurance on a life aged 40 pays a death benefit of 
$4000 at the end of the year of death. Based ona 6% annual rate of 
interest find the single premium so that the policy is profitable to 
the company with 95% probability. 


Determine the net single premium for the temporary insurance, given 
in Problem 3.10 of Section 3.3, so that the insurance company makes a 
profit with 95% probability on a group of 

a) 60 people 

b) 150 people 

c) 2000 people 

d) 8000 people 


Find the net annual premium for the pure endowment insurance, 
given in Problem 3.3 of Section 3.3, so that the insurance company 
makes a profit with 95% probability on a group of 

a) 70 people 

b) 300 people 

c) 5000 people 

d) 10,000 people 


Assume the premium for the endowment insurance, given in Problem 
4.4 of Section 3.4, is payable continuously. Determine the constant 
premium payment rate per annum so that the insurance company 
makes a profit with 95% probability on a group of 

a) 50 people 

b) 120 people 

c) 1000 people 

d) 9000 people 


4.2. GROSS PREMIUMS 


When an insurance company determines the premium for an insurance, it 


has to take into account expenses as well. By expense, we mean the costs 
incurred by the insurance company to run the business; for example, salaries 
paid to the staff, commissions paid to the agents, rent paid for the offices, 
postage paid for mailing a check to the policyholder, etc. 
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Expenses can be categorized in two ways. One possibility is to focus on 
when the expenses are incurred. Expenses incurred at the time the insurance 
policy is issued are called initial expenses. The commissions paid to the 
agents are typical examples of them. Other expenses, incurred regularly 
while the policy is in force, are called renewal expenses. For example, 
administration costs are part of the renewal expenses. Since the terminology 
is ambiguous, it is always important to check whether a renewal expense is 
incurred at the start of the policy or not. There are other expenses as well; 
for example, claims expenses which are incurred when a benefit payment is 
made. 

On the other hand, we can examine the factors determining the amount 
of the expenses. There are expenses related to the premium, to the benefit, 
or to neither of them. For example, commissions can be determined based on 
the premium or the benefit. On the other hand, the rent for an office does 
not depend on either of these two factors. In many cases, the expenses are 
given as a percentage of the premium or the benefit. 

As we have already mentioned at the beginning of this chapter, if the 
expenses are included in the premium, we are talking about a gross (or 
official) premium. 

The basic equation from which the gross premium can be obtained is 


Expected present value of the gross premiums 
= Expected present value of the benefits 
+ Expected present value of the expenses. (1) 


If we compare this equation with (1) of Section 4.1, we can also write 


Expected present value of the gross premiums 
= Expected present value of the net premiums 
+ Expected present value of the expenses. (2) 


In the previous section, we denoted the net premium by P. The symbol 
generally used for the gross premium is P". Their difference, P" - P is called 
the expense loading. 


EXAMPLE 2.1. A 10 year endowment insurance of $6000 is sold toa 
person aged 50. There are initial expenses of $200, renewal expenses of 
0.2% of the sum insured, incurred at the beginning of each year including the 
first, and claims expenses of $10. Find the gross single premium at a 6% 
annual rate of interest. What is the expense loading of the premium? 

Solution: Let P” be the gross single premium. Then, we have 


P" = 6000 A50:10]+ 200 + 0.002 x 6000 é50:10] + 10 A50:101 
= 6010 A50:107 + 0.002 x 6000 50:10] + 200. 


Now, 
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A _ M50 - Meo + Deo 
50:101= ey 
_ 1210.1957 - 916.2423 + 2482.16 
7 4859.30 
= 0.571299 


and 


. _ N50 - Neo 
450:101= Do 
_ 64467.45 - 27664.55 
4859.30 
= 7.573704. 


Thus, the gross single premium is 


P" = 6010 x 0.571299 + 12 x 7.573704 + 200 
= $3724.39. 


In order to find the expense loading, we have to determine the net premium 
P first: 


P = 6000 A50:107= 6000 x 0.571299 = $3427.79. 
Therefore, the expense loading is $3724.39 - $3427.79 = $296.60. 


EXAMPLE 2.2. Consider a monthly annuity of $800 per month, payable 
monthly in advance from the age of 65, issued to a life aged 40. The 
premium is payable monthly in advance between the ages of 40 and 65. The 
initial expense is 30% of the monthly benefit, and there are renewal 
expenses of 4% of each premium excluding the first. Find the gross monthly 
premium using a 6% annual rate of interest. Also, find the expense loading 
of the monthly premium. 

Solution: Let P” denote the gross monthly premium. Then, we have 


12P" dors = 12 x 800 25/45 + 0.3 x 800 + 12 x 0.04 P" #0735) - 0.04 P". 


Note that 0.04P" had to be subtracted from 12 x 0.04 P" io os since there 


is no renewal expense related to the first premium. We can express P" from 
the equation as 


9600 25 | àE + 240 
= (12) 
12 x 0.96 a 40:25] + 0.04 
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Now, 
(12 ; 12-1 
ads = 440:25]- 2 x 12 (1 7 25E40) 
_Nao-No5 ly, Des 
~ Dag 24\ Dao 
_ 134156.39 - 16890.50 11 1706.64 
9054.46 _24|° 9054.46 
= 12.57923, 
and 
(12 — 12-1 
25 | 640 = 25 | ao - z x 19 25E40 
N65 11 D65 
“Dag 24 Dag 


16890.50 11 1706.64 
~ 9054.46 24 9054.46 
= 1.77904. 


Thus, the gross monthly premium is 


9600 x 1.77904 + 240 


P’= 11.52 x 12.57923 + 0.04 


= $119.48. 
The net monthly premium is 


(12 
_12x 800 25140 _ 800 X1.77904 11314 
19 qa) ~  12.57923 Pe 
40:25] 


Thus, the expense loading of the monthly premium is 119.48 - 113.14 = $6.34. 


The following theorem gives the relationship between net and gross 
premiums assuming a special expense structure. This expense structure can be 
applied in many situations. 


THEOREM 2.1. Consider an insurance whose premiums are payable for n 
years in the form of a yearly annuity-due (n is a positive integer or 
infinity). Renewal expenses proportional to the premium (say k times the 
annual premium, 0<k <1) and other renewal expenses of constant amount c 
are incurred at the beginning of each year, while the premium is being paid. 
In addition to that, there is an initial expense of I. Let P be the net annual 
premium and P” the gross annual premium. Then, we have 
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n 1 I , ooo, 
Paty [Prong ) if n is finite (3) 
1 - Ax:n] 


and 


n I , SE 
P = G +C+ 3 , if n is infinity. (4) 
1 Ù x 
Proof: From (2), we have 


P" x.y) = Piixin+k-P'ixim+ c äxn]+ L 


" I 
(1-k)P =P+c+7; 
Ax:n] 


and dividing both sides by (1 - k), we obtain (3). Taking the limit on the 
right hand side of (3) as n goes to infinity, we get (4). Hi 


In practical applications, c and I are often expressed in percentages of 
the benefits. 

Let us interpret formula (3). Every time a gross annual premium P" is 
paid, one part of it, KP" +c covers the renewal expenses. So we are left with 


re tt tt I 
P -(kP +c)=(1-k)P -c=P +> | 
Ax:n] 


The term P is the required net annual premium. What remains is dvn)! 
X:n 
which can be interpreted as the annual installment of a series of payments 
making up for the initial expense of I. Indeed, the present value of these 


I 
payments is - : dx:n}= I. In summary, each annual premium payment fully 
x:n 


covers the net premium and the renewal expenses of the respective year and 
contains a part from which the initial expense is to be recovered over the 
time. 


EXAMPLE 2.3. A whole life insurance of $9000, whose premium is 
payable yearly in advance, is taken out at the age of 40. Expenses to be 
allowed for are the following: initial expenses of $100, renewal expenses of 
5% of the annual premium, and 0.2% of the sum insured. The renewal 
expenses are incurred every year. Find the gross annual premium based on a 
6% annual rate of interest. 
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Solution: Let us denote the gross annual premium by P". Then, we have 


P" fgg = 9000 Aao + 0.05 P" digo + 0.002 x 9000 diag + 100, 
from which 


p" 9000 A40 + 18 dap + 100 
7 0.95 ä40 


Now, 

A40 = 0.1613242 
and 

fig4g = 14.81661. 
Therefore, the gross annual premium is 


p _ 9000x0.1613242 + 18 x 14.81661 + 100 
7 0.95 x 14.81661 


= $129.20. 


EXAMPLE 2.4. The premium fora 15 year term insurance of $5000 is 
payable yearly in advance. There are initial expenses of 3% of the sum 
insured, renewal expenses of 4% of the annual premium, and 0.25% of the 
sum insured. The renewal expenses are incurred every year. The insurance is 
sold to a person aged 50. Based ona 6% annual rate of interest, find 

a) the net annual premium 

b) the gross annual premium. 

Solution: a) Denoting the net annual premium by P, we get 


. 1 
P 50:15] = 5000 A 59.151, 


and hence 
1 
Arn. 
p = 5000 SEDI 
50:15] 
Now, 
= M50- M65_ 1210.1957 - 750.5749 _ 
A50:151° "peg = 185930 = 00945858 


and 
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N50- Né5 64467.45 - 16890.50 


ä50:15] = Dro = 4859.30 = 9.7909. 


So, the net annual premium is 


0.0945858 
P = 5000 97909 = $48.30. 


b) Let P” denote the gross annual premium. Then, we can use (3) with 


P = 48.30 


k = 0.04 


c = 0.0025 x 5000 = 12.5 


I= 0.03 x 5000 = 150. 


Thus, the gross annual premium is 


n 1 150 
P = 1-0.04 (482: +12.5 + so) = $79.29. 


PROBLEMS 


2.1. 


2.2. 


2.3. 


A 20 year term insurance of $5000 ona life aged 40 is purchased by 
a single premium. There are initial expenses of $100, renewal 
expenses of 0.1% of the sum insured, incurred at the beginning of 
each year including the first, and claims expenses of $30. Based on a 
6% annual interest rate, determine 


a) the net single premium 
b) the gross single premium 
c) the expense loading of the gross premium. 


The premiums fora 15 year endowment insurance of $4000 issued to 
a life aged 35 are payable quarterly in advance. There is an initial 
expense of 2% of the sum insured. At each premium payment time, 
including the first, there are renewal expenses of 0.3% of the sum 
insured and 5% of the monthly premium. Based ona 6% annual 
interest rate, find the gross monthly premium and the expense 
loading of it. 


The premiums for a life annuity-immediate of $2000 per quarter, 
deferred 10 years on a life aged 50, are payable yearly in advance 
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2.4. 


2.5. 
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for a term of 5 years. Expenses to be allowed for are initial expenses 
of $100 and renewal expenses of 3% of each premium including the 
first. Find the gross annual premium and the expense loading of.it. 
Use a 6% annual rate of interest. 


A 20 year pure endowment insurance of $5000 is issued to a life 
aged 30. Find the gross annual premium if there are initial expenses 
of 0.2% of the sum insured and renewal expenses of $10, plus 7% of 
the annual premium. The renewal expenses are incurred every year. 
Use a 6% annual rate of interest. 


The premiums for a 25 year endowment insurance of $6000 on a life 
aged 40 are payable yearly in advance. Expenses to be allowed for 
are initial expenses of $200, renewal expenses of 0.3% of the sum 
insured, and 5% of the annual premium. The renewal expenses are 
incurred every year. Based on a 6% annual interest rate, find 

a) the net annual premium 

b) the gross annual premium. 


CHAPTER 5 
RESERVES 


When an insurance company issues a policy, it determines the premium 
so that it can cover the expected benefit payments. As time passes by, the 
company receives premiums and pays out benefits. If we examine a policy 
some time after it is issued, we may find that the policy has already 
terminated because its term has expired or the insured has died. Therefore, 
it is of no interest to the company any more. On the other hand, if the policy 
is still in effect, we want to make sure all the future liabilities of the 
company can be met. If the future premiums will not suffice, a certain fund 
built up from the premiums already received has to be set aside, which 
makes up for the deficiency of future premiums. This amount is called the 
reserve of the policy. Having adequate reserves is essential for the solvency 
of any insurance company. 

When reserves are computed based on the premiums and benefits only, 
they are called net premium reserves. If expenses are also taken into 
account, we are talking about modified reserves. 


5.1. Net PREMIUM RESERVES 


Consider the cash flow (CF) of an insurance (including both benefit and 
premium payments) issued at time tọ toa life aged x. Let the benefit 
payments have positive signs and the premium payments have negative 
signs. Without loss of generality, we can assume that tg = 0. 

The net premium of the insurance is obtained from (1) of Section 4.1, so 
we have 


EPVo(CF) = 0. (1) 


Assume we have selected a time t (where t is a positive integer) such 
that (benefit or premium) payments after t cannot be made unless the 
insured survives to t. Let us denote the cash flow before t by CF, and after 
t by CF2. If a premium payment is made at exactly t, it is assigned to CF9. 
A survival benefit payable at t is also assigned to CF». On the other hand, 
a death benefit payable at t is assigned to CF1. We say the reserve is 
computed just after the death benefits due at that time are paid out, but just 
before the survival benefits are paid and the premiums are received. Later 
on, we will see why we use this convention. The prospective reserve at time 
t (we also say at duration t) is the expected value of CF? at t; that is, 
EPV(CF9). We can write 
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Prospective reserve at t 
= Expected present value of future benefits at t 
- Expected present value of future premiums at t, (2) 


where by future benefits and premiums, we mean the payments belonging to 
CF92. 
Let us recall (38) of Section 3.1, which says that 


EPV(CF2) = ACV(-CF1). (3) 


Note that when we compute the accumulated value ACV(-CF1), the 
premium payments have positive signs and the benefit payments have 
negative signs. The expression ACV;(-CF 1) is called the retrospective 
reserve. So, we can write 


Retrospective reserve at t 
= Accumulated value of past premiums at t 
- Accumulated value of past benefits at t, (4) 


where by past benefits and premiums we mean the payments belonging to 
CF1. In order to compute accumulated values, we will use (37) of Section 3.1: 


EPVo(-CF 1) 
ACV4#(-CF1) = E, (5) 
tox 
Note that (3) can be rewritten as 
Prospective reserve at t = Retrospective reserve at t. (6) 


We have already pointed out in Section 3.1 that the accumulated value 
is not just simply the balance of an account of premium and benefit payments. 
What we can say is that if there is a large number of people buying the same 
insurance, the accumulated value is the share of one surviving insured from 
the total fund of money on hand. This is why the reserve is also called the 
policy value. 

Therefore, roughly speaking, we can say that the retrospective reserve 
is the money the company has accumulated by time t, whereas the 
prospective reserve is the money needed to meet future liabilities. Hence it 
is no surprise they are equal if the premiums are determined correctly at the 
start of the insurance. 

The reserve at duration t is denoted by V. The letter V comes from the 
expression policy value. The prefix t can be dropped if its value is clear 
from the context. If we want to emphasize that the reserve is obtained in a 


. . rosp . 
prospective way, we write V” and for the retrospective reserve, we use 


retro 
the notation ¿V  . So, (6) can be written in the shorter form 
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rosp retro 
Ver ave, (7) 


Since a life insurance is never sold to a dead person, the death benefit 
payment at duration t =0 is always zero. Therefore, 


retro 
oV = 0, 


which can also be written as 


oV =0. 


EXAMPLE 1.1. A 15 year endowment of $4000 is purchased at the age 
of 40 by a single premium. Find the expressions for the prospective and 
retrospective reserves at the end of each policy year. Calculate the reserves 
numerically at the end of year 5 and year 15. Use a 6% annual rate of 
interest. 

Solution: The premium for the insurance is 


P = 4000 A40:151 


- 4000-40 M55 + D55 
D40 


_ 4009- 1460:7038 - 1069.6405 + 3505.37 
7 9054.46 
= $1721.33. 


The prospective reserve at the end of year t is 


rosp 
VP = 4000 A40+4:15-1 


- M55 + D 
- 4000 %40 +t- M55 + D55 
D40+t 


and using (5) we find 


1 
retro P - 4000 A40:1] 
g tE40 


1 
=—— | P - 4000 
tE40 í 


Note that on the right hand side of the last equation, we have written the 


t 
Mao - M40+t 
5a | 


1 
term Ago.;] and not A4o::]. The reason is that in the first 14 years no 


survival benefit is paid and the reserve at the end of year 15 is computed 
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just before the survival benefit is payable. We can rewrite the retrospective 
reserve as follows. 


wer = 4000 | M40-M55 + D55 _ Mao - M4o+t | Dao 
D40 D40 D40+t 


M40+t - M55 + D55 


= 4000 
D40+t 


Thus the prospective and retrospective reserves are equal and the reserve at 
the end of year five is 


M45 - M55 + D55 


5V = 4000 
D45 
_ 4009-839-5427 - 1069.6405 + 3505.37 
g 6657.69 
= $2268.22. 


The reserve at the end of year 15 is 


Mss - M55 + D 
15V = 4000 pos = $4000, 


which is reasonable since $4000 should be available for the insured who is 
alive at the end of year 15. 

Let us assume an n year annuity of $1 per annum is issued to a life aged 
x. A single premium is paid at the beginning of the insurance. What is the 
reserve at duration t? 

If the annuity is payable in advance, the expressions for the reserves are 
as follows: 


rosp 
v” = Ax+t:n-t] 


and 


were _ P- äx:t] 
tEx 


where P is the single premium: 
P = lix-n | . 


If the annuity is payable in arrears, we have to take into account that 
although the payment at time t is the benefit of year t, being a survival 
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benefit, it is a component in the prospective and not in the retrospective 
reserve. Thus, 


rosp . 
v” = 1 + Ax+t:n-t] = Öx+t:n-t+1] 


and 


retro _ P - Ax:t-1] 
tEx ‘ 


where P is the single premium: 
P = ay:n]. 
If the annuity is payable continuously, we have 


yP OSP 7 


= A x+4+t:n-t], 


and 


where P is the single premium: 


P= a xn]. 


EXAMPLE 1.2. A 20 year annuity-immediate of $1500 per annum is 
issued to a life aged 50. The premium is payable at the commencement of 
the insurance. Calculate both the prospective and the retrospective reserves 
at the end of year 8. 

Solution: The prospective reserve is 


prosp . 
gV = 1500 450+8:20-8411 


= 1500 d58:131 
= 1500-98 N71 
D58 
33186.93 - 8477.11 
= 1500 2857.67 
= $12970.26. 


The retrospective reserve is 


228 CHAPTER 5 


8É50 
-N71 N51 -N 
- 1500 L50{N51- N71 N51- N58 
D58 D50 D50 
-N 
= 1500—58 -A71 
D58 


= $12970.26 


coinciding with the prospective reserve. 

When we defined what we meant by prospective and retrospective 
reserve at time t, we said that t must satisfy the condition that no 
payments can be made after t, unless the insured has survived to that time. 
However, we have already seen insurances where this condition is not even 
satisfied for integer t's. The family income benefit, the term certain 
insurance and the life annuity, with guaranteed payments for a certain time, 
all belong to this category. What can we do about them? Let us examine the 
benefit payments after death a little closer. When the insured dies, the 
randomness is removed from the future cash flow, since the exact value of 
the future lifetime random variable Tx, unknown at the beginning of the 
insurance, reveals itself. So from this time on, the insurance is transformed 
into a financial transaction whose future cash flow is determined 
completely. Therefore, the insurance company can find its exact present 
value at the time of death or at any time after that, for example, at the end 
of the year of death. If the insurance company sets aside this amount, it can 
be sure that all the future liabilities related to the policy can be met. So, 
from the company's point of view, the future cash flow can be replaced by a 
single death payment whose amount is the present value of this cash flow. 
Then, this cash flow does not have to be taken into consideration any more 
when the reserve of the insurance is computed. We say the company has 
capitalized the future benefits payable for policies which have become 
claims. 

Next, we examine some special cases where this problem emerges. 

First, consider an n year annuity-immediate of $1 per annum with 
guaranteed payments in the first m years. The benefits of this insurance can 
be reinterpreted in the following way. It contains a survival benefit of $1 
payable at time t=k (k=1,2,....n). Moreover, if the insured dies in year k, 
where k<m, a series of m-k+1 annual payments of $1 each are started 
at time t=k. The present value of this annuity-certain, at time t=k, is 
im-k+1) Therefore, this insurance is equivalent to an n year insurance with 
a $1 survival benefit, payable at the end of each year, and a death benefit 
Of ém-k+17], payable at time t=k, if death occurs in year k (1 <k< m). 

We already know that the single premium for the insurance is 
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P = ay) + m|4x:n-m)- 


In order to find the reserves, we have to distinguish between two cases: t <m 
or t> m. The prospective reserve is 


yrrosP l + Am-t|+ m-t | @x+t:n-m1= 4m-t+11+ m-t|4x+tn-my if t <m 


1 + Aysten-t] = dx+t:n-t+17 if t>m. 


The retrospective reserve is 


t c 
k-1 . 
P -| ax:t-1] + x 5 Am-k+1] 
k=1 x 
if t<m 
retro tEx 
; _ 
m c 
k-1 .. 
P -| ax:t-11+ È 5 Am-k+11 
k=1 x 
if t>m. 


tEx 


Next, let us focus on an n year family income benefit of $1 per annum. If 
the insured dies in year k (1<k<n), a series of n-k+1 annual payments of 
$1 each are started at time t = k. The present value of this annuity-certain 
at t=k is din-k+1} Thus, the insurance is equivalent to an n year insurance, 
with a death benefit of é,-k+17 payable at time t = k if death occurs in 
year k (1 <k<n). 

If the family income benefit is purchased by a single premium P, we 
have 


P = apn] - 4x:n):- 


The prospective reserve is 


rosp 
v” = 1 +apn-t1- (1 + ax+t:n-t)) = An-t1- Ax+t:n-t] 


and the retrospective reserve is 


i g tEx 


If the premium is paid annually in the form of an annuity-due, the 
annual premium P is 
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and 


t 
. Cx+k-1 . 
Pix: X 5 fin-k+1] 
k=1 x 


Finally, let us examine an n year term certain insurance of $1 whose 
premium is payable annually. If the insured dies in year k (1 <k <n), the 
present value of the benefit at t=k is v"-K. So, the insurance is equivalent 
to an n year insurance with a survival benefit of $1 payable at the end of 
year n, and a death benefit of yn-k payable at time t=k, if death occurs 
in year k (1<k<n). Denoting the annual premium payable yearly in 
advance by P, we get 


o" 
dxin) 
SO 
rosp f _ 
wv = gt . p Ax+t:n-t], 
and 


t 
Cx+k- 
Pàùx:n- X sel t yn-k 
k=1 x 


t — 
tEx 


As we can see, the method we have just presented usually gives a rather 
complicated formula for the retrospective reserve. We can often simplify it 
in the following way. Instead of capitalizing the future benefits at the time 
of death or at the end of the year of death, we can allow the benefit 
payments to go on until time t and then capitalize the outstanding benefits. 

Let us consider the n year annuity-immediate of $1 per annum with 
guaranteed payments in the first m years. 
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If t<m then the present value at tg = 0 of the benefit payments before 
t is az-1}. Note that the payment at time t does not belong here since it is a 
survival benefit. If the insured dies before t, there are still m-t+1 
annuity payments outstanding at time t whose present value at t is äm-t+17 
Considering this as a single death benefit payable at t, its expected present 
value at time to =0 is 


tgx VÉ fim-t417 = (VÉ - vÉ px) äm-t+17 
= (vt - Ex) Gm-t+1: 


Therefore, the retrospective reserve is 


- t i 
vere Po (at-11 + (0 - tEx) dm-t41) eg cy 
tEx 
If t> m, then the present value at tg =0 of the benefit payments before 
t is Ay]+m|4x:t-m-1} If the insured dies before t, there are no benefits 
payable after t. Thus, 


wore _ P - (Am)}+m\Ax:t-m-1)) if t>m. 
tEx 
If we consider the n year family income benefit of $1 per annum, the 
present value at time tọ = 0 of the benefit payments before t is 
4:-1]-4x:t-1]. If the insured dies before t, the present value of the 
outstanding payments after t is än-t+1} Regarding this as a one time death 
benefit payable at t, its expected present value at time to =0 is 


t4 x vt An-t+1) = (vt - tEx) dn-t+1) 


Thus, if a single premium is paid, the retrospective reserve can be 
expressed as 


retro _ P - (041) - @y:t-1) + (0° - tEx) dn-t+1) 
eV 7 tEx i 


where P denotes the single premium. 
If the premium is paid annually in the form of an annuity-due, then 


retro _ P dy:p)- (at-1]- Ax:t-1]+ (0! - Ex) än-t+1)) 
tV = +E ’ 
X 


where P is the annual premium. 

In the case of the n year term certain insurance of $1, whose premium is 
paid annually, there are not any benefit payments before t, if t<n. On the 
other hand, if the insured dies before t, the present value of the outstanding 
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payments after t is v”*. Regarding this as a death benefit payable at t, 
its expected present value at time tg =0 is 


tqx VÉ ont = (vt - Ey) Nt = u” - Ey vt 
Thus the retrospective reserve at duration t is 


wer _ P äx:t]- (0" - Ex vit) 
tEx 


where P is the annual premium. 

If the (premium and benefit) annuities are paid continuously at a 
constant rate, we get the following expressions for the reserves. 

In the case of an n year continuous annuity payable at a rate of $1 per 
annum, with guaranteed payments in the first m years, the prospective 
reserve is 


rospo — — 
v” = A mtitmt| A x+tin-m, if t<m 


and 


rosp i 
VA = A x+tint], if t>m. 
Moreover, the retrospective reserve is 


retro P-(a n+ (0 -4Ex) a m+) l 
i = if ti 
tEx 


and 


retro P-(a m+m| 4 xt-m) , 
t =———~ ~, if t> m, 
tEx 


where P is the single premium: 


P= a mit+ml 9 x:n-ml 


If we consider an n year family income benefit payable continuously at a 
rate of $1 per annum, purchased by a single premium, the prospective 
reserve is 


prosp — — 
tV = A n-t|) A x+t:n-t] 
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and the retrospective reserve is 
retro P-(a p-a xt) +(0'-tEx) a np) 
t = , 
tEx 


where P is the single premium 


P= a n- a xn} 


If the premium is paid continuously throughout the duration of the insurance 
then the prospective reserve is 


rosp — 
VA = A n-tl- A x+tn PA x+t:n-t] 
and the retrospective reserve is 


retro P a xn- (4 po- a xt (0b -4Ex) a nes) 
i g tEx ‘ 


where P is the annual premium: 


A n} 4 xn) 


A x:n] 


Considering an n year term certain insurance of $1, whose premium is 
payable continuously at a constant rate, we find that the prospective reserve 
iS 


rosp _ — 
VA = vt P a x+tn-t) 
and the retrospective reserve is 


retro P a xl- (0 -Ex yn-t) 
t =, 
tEx 


where P is the annual premium: 
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EXAMPLE 1.3. The first 5 payments of a 15 year annuity-immediate of 
$800 per annum are guaranteed. The annuity is purchased by a single 
premium at the age of 35. Find the expressions for the prospective and 
retrospective reserves at the end of each policy year. Based ona 6% annual 
rate of interest, evaluate them numerically at the end of years 3 and 10. 

Solution: The single premium P can be obtained as 


P = 800 (a57 + 5 | 435:10) 
N41 - N51 
D35 | 
125101.93 - cn 
12256.76 


= 800] a5] + 


= 800 ‘42124 + 
= $7644.71. 


The prospective reserve is 


rosp . 
ve = 800 (46-1 + 5-¢ | 435+#:10) 


N41 - N51 


if t<5 
D35+t 


= 800] 1 + A5_¢] + 


and 


N3544- N 
VP = 800 (3541161) = soo| sos | if t>5. 
35+t 


Furthermore, the retrospective reserve is 


7 tE35 


D35- D35+t | . 
P - 800] a +] vt - ii if t<5 
= Dasa; í t-11] í D35 6-11 


t 


and 


retro P - 800 (a57 + 5 | a35:t-67) 
V OO A 
tE35 


D35 N41 - N35+t , 
P - 800 | a5] + , if t>5. 
sal í >| D35 


At the end of year 3, the prospective reserve is 


t 
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yP'oP N41 - N51 
= 800| 1 + a2) + + 
I ag LI 


125101.93 - a 


= $7390.95, 


and the retrospective reserve is 


retro 


D35 D38} .. 
==] p -800| an1 + | v3 - —®|ù 
zA È í D35 3] 


12256.76 10224.96 
=1022496 [E - 800 (1990 + (0.83962 - eni 28334] 


= $7390.97. 


The $0.02 difference between the prospective and retrospective reserves is 
due to round-off errors. 
At the end of year 10, the prospective reserve is 


prosp 

V = 800 
10 D45 
-80 93953.92 - 59608.16 
7 6657.69 


= $4127.05, 


and the retrospective reserve is 


retro D35 N41 -N45 
V = —2 | P - 800 | any + > 
10 05 ( 5) 


12256.76 
— 6657.69 


= $4127.06. 


125101.93 - 93953.92 
12256.76 


[E - 800 (iaia + 


EXAMPLE 1.4. A family income benefit of $5000 per annum is issued to a 
life aged 30 for a term of 20 years. A single premium is paid at the time of 
the purchase. Find the expressions for the prospective and retrospective 
reserves at the end of each policy year. Evaluate them numerically at the 
end of year 8, based ona 6% annual interest rate. 

Solution: The single premium is 


P = 5000 (420) - 430:201) 
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N31-N 
= 000020 - Nar sa) 


245762.85 - a 


= 5000 (11469 - 16542.86 


= $1085.14. 


The prospective reserve at the end of year t is 


rosp 
v” = 5000(a20-+] — 4304#:20-t1) 
N314t -N51 


= 5000 co — Daou; 


The retrospective reserve at duration t is 


rere _ P - 5000 (a¢-1}- a30:t-1] + (0° - Ex) 421-41) 
tE30 


D30 | N31 - N30+t D30+t | 
= —2 | P - 5000| a11- E 4 | gt - 1 + an0. 
D3044 í t-11] D30 D30 ( 20-t1) 


The prospective reserve at the end of year 8 is 


yP P N39 - N51 
= 5000 | a121- ~R T 
8 í 121 D3g 


143779.13 - ni 


= 5000 (83828 - 10224.96 


= $759.44, 


and the retrospective reserve is 


retro Dag N31 - N3g D38 | 
V = = | 1085.14 - 5000 | a71- ————>°+|08- 2 (1 +a 
8 D38 í 7] D30 D30 ( 127) 


16542.86 245762.85 - 154004.08 
=10994.96 1085.14 - 5000 (55824 - 16542.86 
10224.96 
+ (062741 - ad 23838) 
= $759.53. 


EXAMPLE 1.5. The premium for a 10 year term certain insurance of 
$9000 issued to a life aged 50 is payable continuously. Find the expressions 
for the prospective and retrospective reserves at the end of each policy year. 
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Using a 6% annual rate of interest, evaluate them numerically at the end of 
year 8. 
Solution: The annual premium is 


10 


P=9000 —— . 
A 50:10] 


Now, 
vl0 = 0.55839 


and 


_ - 1 
a 50:101~ 450:101- > (1 - 10E50) 
_Ns0-Neo 1), _ D60 
Dso 2 D50 
64467.45 - 27664.55 1 í Se 


4859.30 “2|° 4859.30 
= 7.32911 . 


Thus, 


0.55839 
7.32911 


P = 9000 = $685.69. 


The prospective reserve at duration t is 
ros — 
VP = 9000 0104. P a 504410-F 
and the retrospective reserve is 


retro P a 50:1- 9000 (v10 - Ey v10-t) 
È 7 tEx 


At the end of year 8, the prospective reserve is 
ros sn 
gv = 900002 - P a 58:21 


where 


v2 = 0.89000 
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and 
— . 1 
a 58:21 ~ 458:21- 5 (1 - 2E58) 
_N58-Neo 1|, Peo 
D58 2 D58 
_ 33186.93 - 27664.55 1(_ 2482.16 
2857.67 -2| 2857.67 
= 1.86677. 
Therefore, 


yP OSP 
8 = 9000 x 0.89000 - 685.59 x 1.86677 = $6730.16. 
The retrospective reserve at the end of year 8 is 
retro P a 50:81- 9000 (v10 - gE50 v?) 
gV = ~. 
8E50 

Here, we have 

v? = 0.89000, 


vl0 = 0.55839, 
gEs50 = = === = 0.5880826, 


and 


— . 1 
a 50:81 ~ 450:81- 5 (1 - gE50) 


_ N50 - N58 al _ pes 
Ds50 2 D50 
64467.45 - 33186.93 1/. 2857.67 
~ 4859.30 4 - S] 
= 6.23129. 


Therefore, 


y! f"o _ 685.59 x 6.23129 - 9000 (0.55839 - 0.5880826 x 0.89000) 
8 7 0.5880826 
= $6728.88. 
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Recall that in Section 4.1, we introduced some special notations for 
annual premiums. There are corresponding symbols for the reserves, as well. 
They can be obtained by replacing P by ;V in the respective expression. If 
there was already a prefix attached to P, it is raised above t. For example, 
taking an n-year endowment, its annual premium is denoted by Py-y] or 
P(Ax:n}), so the reserve at time t is Vx:n] or :V(Ax.:n])).- As another 
example, consider an n year term insurance whose premium is payable for m 


years only. Then the symbol for the annual premium is mPy:n1 OF mP(Ax:n) 


thus the reserve at time t is denoted by "Veen or "V (Ayn): Using the 


formulas for the annual premiums given in Section 4.1 it is easy to find 
expressions for the reserves. Let us see some examples. In all of the 
examples, we assume that f is an integer. We will use the prospective 
method to determine the reserves. The reader is encouraged to derive the 
formulas for the retrospective reserves. 

In the case of a pure endowment, we have 


1 1 
Van] =t¥ Ayn) 
1 1. 
= Ay stn-t] E Pin] Ax+t:n-t] 
1 1 dx+tint] 
=Ay stent] xn ünl ` 
For an n-year term insurance we get 
1 1 
Van] = tV(Ay.n) 
1 1 
= Axstn-t] E Pn] Ax+t:n-t] 
1 1 Öx+t:n-t] 
= Aystn-t] -Ayın än] | 
and if n is infinity, we get 
tVx = ¢V(Ax) 


= Ayx+t- Px Gxt 


Aix +t 
= Ax4t- Ax ii 
x 


; 
=1-d ürt- (1 -d äx) 2H 
x 


i 
-1 tt 
Ax 


If we consider an n-year endowment insurance, with the death benefit 
payable at the end of the year of death, we obtain 
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Van} = tV (Ax:n)) 
= Axstn-t)~ Pxin) ax+tn-t] 


Äx+t:n-t 
= Axsttn-t}- Áx:n] n 
x:n ] 
. . lix+t-n- 
= 1-ddxstn-t)-(1-d den) TI 
| xin | 
=] _fx+t:n-t] , 
Ax:n] 


If the premium is paid continuously, we can also obtain some nice 
expressions. For example, in the case of an n year endowment insurance 
whose death benefit is payable at the moment of death, we have 


tV (A xn) = A xttn-tl- P(A xn) 4 x+t:n-t] 


— — A x+t:n-t] 
= A xttn-t]- A xn) = 


A x:n] 
— — A x+t:n-t] 
=(1-ôa x+t:n-t) -(1-da xn) — 
A xn] 
A x+t:n-t] 
A xn] i 
and if n is infinity, we get 
— — A x+t 
tV ( A x) =] --— 
A x 


Using the results of Section 4.1, we can derive some more general 
formulas for the reserves. Let EPV be the present value of the benefits of an 
insurance at the start of the insurance. Moreover, assume that the premium 
is paid in the form of an m-year annuity. Let us select a duration t, which 
falls into the term of the insurance. Let EPV] denote the expected present 
value, at the start of the insurance, of the benefits that are payable before 
t, and EPV2 denote the expected present value at ¢ of the benefits that are 
payable after t. The following formulas assume that payments after t 
cannot be made unless the insured survives to t. Otherwise, the formulas 
have to be adjusted using the techniques described earlier in this section. 
Then, we obtain the following results. 

If the premiums are payable annually in advance, then 


EPV 
dxim) 


mP(EPV) = 
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Thus, 


ros 
myr P EPV) 
EPV? - mP(EPWdxstm-11= EPV? - EPV Att: po if t<m 
= dx; m 
EPV, if t>m. 


Moreover, 
retro 
mv cev 
L dx; Axt) . 
T = (äx:]mP(PEV) - EPV1) = EPV 7 - -EPVq |, if t<m 
xim 


1 
sE, EPV - EPV1), if t> m. 
x 


If the premiums are payable pthly in advance, then 


p) EPV 
(EPV) = py 
Ax: Mm] 
So, 
m yPprosp (EPV) 
jP : 
(p) (p) x+tim-t| . 
_ EPV2 -mP (EPV) Gy. tent] = EPV>- EPV- > if t<m 
x:m | 
EPV»), if t>m. 
Furthermore, 
t 
my (Pore P EPV) 
aP? 
I 0 1 x:t | 
E, (ixitlm PÒ (EPV)- EPV1) = fr FeV) EP „if t<m 
7 xm 


1 
iE, EPV - EPV1), if t> m. 
x 


242 CHAPTER 5 


If the premiums are payable continuously, then 


_EPV 
m P (EPV) = 
A x: mi 
Hence, 
— pros 
my PIPE Pv) 
A x+t:m-t] 
EPV2-m P (EPV) a A x+t:m-t)= EPV2 - EPV -—=—_,, if t<m 
= a xm | 
EPV9, if t>m. 
Moreover, 
rr retro 
"V — (EPV) 
A x:t] 


1 — — 1 
— (a x4) P (EPV) - EPV1) == | EPV =—— - EPV} |, if t<m 
Ex tEx 


A x:mì 


— (EPV - EPV), if t> m. 
Ex 


Note that in all these cases, for any fixed t, the reserve "V is a 
decreasing function in m. We will only prove this when the premium is paid 
yearly in advance, but the proof works in exactly the same way for the other 
two cases as well. 

So, let us pick m and m' such that m < m'. We have to prove that 


If t<m, we get 


and 


' retro 
m y 


i (EPV) = (ev pet Sx _ppy | 
x:m"] 
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Now, m<m' implies 
Äx:m] £ dx:m), 
thus 


1 1 


n 27 . 
Ax:ml 4&x:m'] 


Therefore, 


m _ retro 


m' retro 
iV  (EPV)2" V (EPV). 


If m<t<m', we have 


retro 1 
"V (EPV) = VE, EPV - EPV1) 
x 


and 


' retro 
"Vv 


Since t<m', we get 


dx: S Axim), 


hence 
p> et 
Ax:m"] 
Thus, 


and 


(EPV) = | epy ŽL. ppv; |. 
tEx Ax:m'] 
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m' retro 1 
V (EPV) = =~ (EPV - EPV}). 
tEx 
Therefore, 
' retro retro 
"V  (EPV)=",V (EPV), 
and 
' retro retro 
"V  (EPV)2",V (EPV) 


is satisfied again. 

In other words, we can say that if we shorten the premium payment 
period, the reserve at any duration will increase or remain unchanged. 

So far, we have studied insurances where the prospective method was 
easier to use than the retrospective. However, there are situations where 
the retrospective method is simpler. For example, consider an n year 
annuity-due deferred for 2 years, whose premium is payable for m years 


(m < 2). If we want to find the reserve at the end of any of the first m 
years; that is, t<m, then we have 


m , ,Prosp n .. .. `. 
y” (0 |4x:n) = l-t | äx+t:n1-mP(4 | dx) äx+t:m-t] 


. . Ay+t:m-t 
= l-t | äx+t:n]- l | dx-n] xt net 
Ax:m | 
and 
m _ retro n. 1 n n Dx n äx:t] 
V ayy) = #7 mP dvn) dy = 0 dx) 7 , 
t (9 | äx:n7) Ex mP(4 | äx:nI) dix: Dyt 2 läx:n] Äx:m] 


so the retrospective reserve has a simpler form. This is not surprising since 
no benefit payments can take place before t, so in the retrospective reserve 
we only have to take into account the premium payments. If we want to 
determine the reserve after the premium payment period, but before the 
annuity payment period; that is ata t for which m<t< £, we can use both 
methods quite easily. They give 


m _ prosp n n 
iw (4 ax:n) = 2-t| äx+t:n] 


and 
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m. retro 


. 1 , 
V (4 |äx:n]) = ;Ex mP(L|dx:n) äx:m] 
Dy 
“Dy; 4 | dx: nl. 


If we are interested in the reserve after the annuity payments have 
started; that is, t > £, the prospective method is easier to apply, since 


there are not any premium payments in the future to be concerned about. We 
have 


rosp . . 
my” (2 | dxn)) = dx+t:n-1] 
and 


m. retro 


eV (2 | äx:n]) = Ex (mP( 2 | dx:n)) Axim}? 2 | dix:t- 21) 
Dx 
= Da , (2 drm 4 | äx:t- 07. 


EXAMPLE 1.6. A 20 year term insurance of $2000 is issued to a life aged 
45. The level premium is payable annually. What is the reserve at the end 
of year 12? Usea 6% annual rate of interest. 


1 
Solution: The reserve is 2000 12V45:2017 where 


1 1 1 ä57:8] 
12 V45:20]= A57:8} E A45:20) Ù 45:20]. 


Now, 
1 _ M57- Mes _ 1009.8515 - 750.5749 — 
A57 817 Ds 396166. à 0.0846850, 
1 _ M45- Me5_ 1339.5427 - 750.5749 — 
A45:201= Das = 665769 = 00884643, 
_ N57 - N65 36248.59 - 16890.50 | 
457:8] = Ds7 =~ 306166 ? 6.32274, 
and 
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As a result, 


1 6.32274 
12V45:20) = 0-0846850 - 0.0884643 #77" = 0.0363626. 


So, the reserve at the end of year 12 is 2000 x 0.0363626 = $72.73. 


EXAMPLE 1.7. A whole life insurance of $7000 is purchased for a life 
aged 50 by level annual premiums. Based on a 6% annual interest rate, 
calculate the reserve at the age of 63. 

Solution: The reserve is 7000 13V59, where 


j 

13V50=1 Feo: 
Now, 

isq = 13.26683 
and 

i63 = 10.40837, 
SO 


10.40837 


13V50=1- 1326683 ~” 0.2154592. 


Therefore, the reserve at the age of 63 is 7000 x 0.2154592 = $1508.21. 


EXAMPLE 1.8. A 20 year endowment of $2000, with a death benefit 
payable at the moment of death, is issued to a life aged 35. The level 
premium is payable monthly for a term of 15 years. Find the reserves at the 
end of year 5 and year 17. Use a 6% annual rate of interest. 


Solution: The annual premium is 2000 15P(12) (A 35:20), where 


— A 35:20] 
15P02) ( A 35:209 =- 12) ` 
í 35:157 


Now, 


1 
2 
(1.06) (M35 - M55) + D55 


A 35:20] = D35 
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__1.029563(1577.6833 - 1069.6405) + 3505.37 
p 12256.76 
= 0.3286702 


and 


(12) - 12-1 
d 35:15] = Ë35:151- 5 x 12 (1 - 15E35) 


_N35-N50 11), D50 
D35 24 D35 
_ 188663.76 - 64467.45 11 í 4859.30 ) 


12256.76 -24| 12256.76 
= 9.85626, 


— 0.3286702 
15P(12) ( A 35:20) = GF 85626 


=0.0333463. 


Therefore, the monthly premium is 2000 x 0.0333463 = $66.69. 
At the end of year 5, the prospective reserve is 


2000 ( A 40:151- 15P\°"? ( A 35:20) 440:10)- 


Now, 
1 
2 
A _ (1.06) (Mao - M55) + D55 
40:15] = Dao 
__1.029563(1460.7038 - 1069.6405) + 3505.37 
7 9054.46 
= 0.4316099 
and 


(12) . 12-1 
di 40:10] = #40:101- 5 x 19 (1 - 10F 40) 


_ N40 - N50 al pan) 


Dao 24| Dao 
_ 134156.39 - 64467.45 11 I 4859.30 
~ 9054.46 “241° 9054.46 
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= 7.48428. 
Thus, the reserve at the end of year 5 is 


2000(0.4316099 - 0.0333463 x 7.48428) = $364.07. 


The reserve at the end of year 17 is 2000 A 5291 The premiums do not 


play a role in this prospective reserve calculation since their payment stops 
in year 15. Now, 


1 
2 
— _ (1.06) (M52 - M55) + D55 
A 52:35 77 Da O 
_ 1.029563(1155.4478 - 1069.6405) + 3505.37 
= 4271.55 
= 0.8413138. 


Thus the reserve at the end of year 17 is 
2000 x 0.8413138 = $1682.63. 


EXAMPLE 1.9. A 15 year annuity-due of $3000 per annum deferred 10 
years is purchased for a life aged 55. The level annual premium is payable 
in the 10 years preceding the annuity payment period. Find the reserves at 
the end of year 5 and year 20 based ona 6% annual rate of interest. 

Solution: The annual premium is 3000 10 | 455.15}. Now, 


N _ N65 - Ngo _ 16890.50 - 2184.81 | 
10 | 455:151 = Ds © 350537 > 4.19519, 
and hence the annual premium is 3000 x 4.19519 = $12585.57. 

At the end of year 5, the retrospective reserve is just the accumulation 
of the premium payments: 


retro 1 


5V = —— 12585.57 455-51 


5E55 

D55 N55 - N60 
= DD 12585.57 —>2——>* 

Deo D55 

Nes - N 
= 12585,57-— 92060 
D60 

43031.29 - 27664.55 
= 12585.57 2482 16 


= 77915.68. 
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Therefore, the reserve at the end of year 5 is $77915.68. At the end of year 
20, using the prospective reserve is more convenient since the premium 
payments do not have to be taken into account. 


prosp _ . _ N75 - Ngo _ 4926.02 - 2184.81 
20V = 3000 475.5] = 30007 Da = 3000 esz 56 
= 12048.22. 


Thus, the reserve at the end of year 20 is $12048.22. 


In the examples discussed so far, the reserves always turned out to be 
positive. However, in the case of certain insurances, we may get negative 
reserves as well. Next, we give some examples of negative reserves, point 
out the dangers involved in them, and show how to get rid of them. 

First, consider a simple example. Assume the premium fora 1 year term 
insurance of $1000 is payable at the end of the year. Then, the premium P 
can be determined from the equation 


1 1 
P Ax] = 1000 Ax] 


1 

A. 
Thus, P = 1000 mal. 
Ax:1] 

Everything seems to work well with the premium. However, this is a 
potentially dangerous situation for the insurance company. The 
policyholder who survives to the end of the year will not receive any 
benefits, so he/she may decide to lapse the policy and not pay the premium. 
On the other hand, if the insured has died, the insurance company has to 
pay the death benefit. Therefore, the company may end up paying all the 
death benefits but not receiving any premiums. This problem can also be 
approached by examining the reserves. The (prospective) reserve at the end 
of the year will be -P for any surviving policyholder. That means the 
expected present value of the future benefits is less than the expected 
present value of the future premiums. In other words, the insured can expect 
to receive less than he/she will pay. Therefore, lapsing the policy is in 
his/her own interest. On the other hand, the retrospective approach shows 
that the accumulation of the premium payments is less than the 
accumulation of the benefit payments. That means, on the average, the 
insurance company received less than it paid. So, it needs to receive further 
premiums in order to make up for this past deficiency. Thus, if the insured 
lapses the policy, the company will suffer a financial loss. 

At the first glance, it may sound strange that although the company has 
not paid out any money to the withdrawing policyholders, their 
withdrawal means a financial loss to the company. However, we have to 
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keep in mind that pricing an insurance is based on the assumption that the 
actual death experience of the group of policyholders will follow a certain 
mortality table. If some policyholders withdraw, this leaves the company 
with a modified group of people whose mortality experience is worse than 
what can be expected from the mortality table. In other words, they form a 
biased sample instead of a representative sample of the population. 

Remember that when we started discussing the reserves, we said that if 
we determine the reserve at a time t, when benefit and premium payments 
are possible, we calculate the reserve after the death benefits have been 
paid, but before the survival benefits and the premiums are paid. Now, we 
can see why we defined the reserve in this way. If a policyholder dies, the 
death benefit must be paid, so it has to be included among the payments of 
the past, which have already taken place by time t. On the other hand, if 
a policy is lapsed, the premium will not be paid and the company does not 
have to pay the survival benefit, either. Therefore, these payments cannot 
be treated as certain, so they have to be assigned to the future cash flow. 

Note that if the insured withdraws the policy when the reserve is 
positive, the insurance company does not suffer a loss. In fact, the company 
may even return a certain part of the reserve to the policyholder. 

Now, we give some very broad conditions under which the reserves 
cannot be negative. 

If a single premium is paid at the commencement of the policy, the 
(prospective) reserve is nonnegative at any duration t> 0, since then the 
future cash flow only contains benefit payments and no premium payments 
and the present value of a nonnegative cash flow is nonnegative. 

Next, assume the premiums for the insurance are payable over a certain 
time period. Assume that there exists a number m (not necessarily an 
integer), such that the premiums are payable before time t=m and the 
benefits are payable after t = m. Note that this condition allows a survival 
benefit payment, but no death benefit or premium payment at time t=m. 
Then, the retrospective reserve is positive at any duration between 0 and 
m, since the past cash flow only contains premiums and the prospective 
reserve is positive at any duration greater than m because the future cash 


1 k 
flow consists of benefits only. This is why Van] and ,V(L£|Gxn) (ks L) 


are always nonnegative. 

It is important to always keep in mind that, in our discussions, we study 
the reserve at time t, where t is a nonnegative integer with the property 
that payments after t cannot be made unless the insured has survived to 
time t. Otherwise, the previous statement would not be true. For example, 
consider the following insurance. The insurance is issued to a life aged x. If 
death occurs in the first year, a death benefit is payable at the end of the 
second year. The premium is payable at the end of the first year. We can 
see immediately that although the premium payments take place before 
t = 1.5 and the benefit payments after t = 1.5, the insurance is 
disadvantageous to the insurance company. Indeed, the policyholders who 
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survive to the end of the first year, will cancel their policies, since they 
will not receive any benefit payments but they are supposed to pay a 
premium. So, the company may have to pay all the death benefits without 
receiving any premiums. As a result, we are faced with a case of negative 
reserve. This can be seen easily if we use the technique introduced earlier for 
insurances whose payments can extend beyond the end of the year of death. 
What we have to do is to replace the death benefit payment at the end of 
the second year by its discounted value payable at the end of the first year. 
Then, the death benefit payment will precede the premium payment, so the 
negativity of the reserve at the end of the year 1 becomes obvious. 

If the payments of the premiums and of the benefits are not separated by 
a fixed point in time, the insurance requires a more thorough investigation. 

First, let us consider a whole life insurance with a constant death benefit 
and annual premium payments. Note that the probability of dying within 
one year increases as the insured grows older except for very young ages. For 
example, according to the mortality table in Appendix 2, qx is monotone 
increasing in x for x 2 10. Therefore, as the insured grows older, he/she is 
more likely to die and less likely to be alive. This implies that the 
insurance company pays out more and more in death benefits each year and 
receives less and less in premiums. Therefore, the company must have a 
positive reserve at any time from which the widening gap between future 
benefits and future premiums can be closed. We can also feel that the ratio 
of the reserve to the expected present value of future payments is increasing 
with time. Let us see how we can prove these statements in a 
mathematically correct way. We will consider a general situation that 
includes the whole life insurance as a special case. 


THEOREM 1.1. Consider an insurance issued to a life aged x at time 
zero. Assume that for any integer k, it is true that (premium and benefit) 
payments after time t=k cannot be made, unless the insured survives to 
t=k. Let n bea positive integer or infinity, such that the probability of a 
premium payment at or after t=n is zero. For any nonnegative integer k<n 
- 1, let us denote the expected present value at t =k of the cash flow of 
premiums between times t=k and t=k+1 by Px, and the expected present 
value at t=k of the cash flow of benefits, between times t=k and t=k +1, 
by Uk. Moreover, if n is a finite number, Uy, will denote the expected 
present value at t=n of the cash flow of benefits after t=n. We will give 
Px and Uk positive signs. Assume 


Po 2 P1 2 P? 2... 2 Py-1 >0 (8) 
and 
Ug < U1 < U? <... < Up-1. (9) 


Then, the function 
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V 
= (10) 
n-t-1 
x kEx+t Pt+k 
k=0 


defined for t = 0,1,....n - 1, is increasing in t. 


Proof: Using the definition of the prospective reserve, we get 
n-t 


n-t-1 
tV = » kEx+t Ut+k T » kEx+t Pt+k, for t= 0,1,...,n -1 
k=0 k=0 
Thus, 


(11) 


n-t n-t-1 
È kEx+t Utak- È kEx+t Pt4k 
k=0 k=0 

r(t) = 


n-t-1 


x kEx+t Pt+k 
k 
n-t 


x kEx+t Ut+k 
k=0 


= - 1. (12) 
n-t-1 
x kEx+ Pt+k 
k=0 


We have to prove 


r(t)<r(t +1), for t=0,1,...n-2 
In view of (12), inequality (13) is equivalent to 


(13) 
n-t n-t-1 
> kEx+t Ut4k jEx+t+1 Ut+14; 
k=0 jæ 
< (14) 

n-t-1 n-t-2 
D kEx+t Ptrk 2 jEx+t+1 Pt+l+j 
k=0 J= 

Since, 


kEx+t = k-1Ex+t+1 1Ex+t if k21, 
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(14) can be rewritten as 


n-t-1 n-t-1 

Ur+ Ext X jEx+t+1 Ut+1+j x jEx+t+1 Ut+14; 
j=0 < j= 
n-t-2  n-t-2 

Pi+ Ext > jEx+t+1 Pt+1+j x jEx+t+1 Pt+1+j 
J= JO 


Multiplying both sides by the denominators and cancelling the identical 
terms on both sides, we get 


n-t-2 n-t-1 
» jEx+t+1 UtPt+1+j S x jEx+t+1 Pt Ut+1+j, 
j= JO 


which is equivalent to 


n-t-2 
0< 2. jEx+t+1 (Pi Ut414; -Ut Pt+14)) + n-t-1Ex+t+1 PiUn. (15) 
J 


Now, if j<n-t-2, then t+1+j<n-1. Thus from (8) and (9), we get 


Py > Pty si 

and 

Ut+14; > Up. 
Thus, 

Pt Ut+1+j - Ut P+1+j20 for Osjsn-t-2. 

Furthermore, 

U, 20, Pi>0 
and 


jEx+t+120 for Osjsn-t-2. 


Thus, (15) is true which proves (13). I 
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COROLLARY 1.1. Under the conditions of Theorem 1.1, V > 0, 
t = 0,1,2,3,....n. 

Proof: Since the probability of a death benefit payment at time t =0 is 
zero, we have 


oV = ovretro —(. 
Thus, we also have 
r(O) = 0. 


So, using (10) of Theorem 1.1, we get 


V 
0<r(t)= È 
n-t-1 


x kEx+t Pt+k 
k=0 


Therefore, 
O<;,V, t=1,2,...n-1. 


Furthermore, since there are no premium payments after time t=n, we 
have 


rosp 
nV = av = Un > 0. | 


Let us see some applications of the theorem to special types of life 
insurances. 

It is reasonable to assume that the probabilities y9y are increasing in x 
after a certain age (say xg) for any h > 0. For example, in the table of 
Appendix 2, we can see that qy is increasing if x 2 10. Although the table 
only contains the values of pgx for integer x and h=1, we can assume that 
the monotonic property is satisfied for any h and x. Note that if yg, is 
increasing in x for any h>0 then ppx= 1 -pgx is decreasing in x. We will 
assume that the policies are issued to people above the age of xo. 

If the premiums are payable as a level annuity-due of P per annum 
during the term of the insurance then we have 


Po = P1 =Po=...=P. 


If the installments of the premium form an annuity-due of P per annum 
payable pthly then we get 
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P p 
Pease Dv Prk- 


Now, Park is decreasing in k for any fixed 2, so we get Px > P41. 


p 
If the premium is paid continuously at a rate of P per annum, then 


1 
Pk=P J ot pusk dt, 


and since the term +px+k is decreasing in k for any fixed t, we get Pk = Pk+1. 
Hence, in all three cases (8) of Theorem 1.1 is satisfied. 

Consider a life insurance with a fixed death benefit of $1. If the death 
benefit is payable at the end of the year of death, we have 


Uk =V 4x+k- 


Now, gr+k is increasing in k, so Uk < Uk+1. 
If the death benefit is payable at the moment of death, we get 


1 
Uk = 3 vÉ tPx+k Hx+k+t dt. 


Let us integrate by parts choosing 
v(t) = vt 
and 


w(t) = -t Px+k- 


Then, 


d 

< — . yt 
Ji C) =logv-v 
and from (40) of Section 2.2, we get 


d 
dt W(t) = tPx+k Bx+k+t- 


Thus, 
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1 
1 
Uk = -vt tPx+k| 1-9 + log v J vt tPx+k dt 


1 
=1-Upyik + logo | yt tPx+k dt 


1 
=1-(oprsk+log( +i) J ot past dt). 


Now, py+k is decreasing in k and ;py+k is decreasing in k for any fixed t. 
Therefore, U, is increasing in k: UK<Uk+1. So, (9) of Theorem 1.1 is 
satisfied for both types of death benefit payments. 

Applying Corollary 1.1, it follows from the above considerations that 
the reserve is never negative for temporary and whole life and endowment 
insurances with constant benefits if the premium payments form a level 


annuity-due or a continuous payment stream with a constant rate of payment. 


1 (p) Dal Wy) 7° 
For example, Vy, iV,.n} tV (Ax), tV (Arn) tV CA x), WVA pnd, 


tVx:n, and +V (A x:n}) are nonnegative. 


If the death benefits increase with time then (9) of Theorem 1.1 is even 
more satisfied, so the reserve is nonnegative again. For example, +V(IAx) 


1 
and :V(IA,.,,) are nonnegative. 


An n year term certain insurance requires a similar consideration. We 
have shown that for the purpose of reserve calculation, the payment of $1 
at the end of year n has to be replaced by a death benefits of vik at the 
end of year k, if death occurs in the year k (k = 1,2,...,n). There is also a 
survival benefit of $1 at the end of year n. Since v1 <y"-2 ...<u<1, the 
death benefits form an increasing sequence. This is combined with a survival 
benefit of $1, payable at the end of year n. Therefore, whether the 
premiums form a level annuity-due or a continuous annuity payable at a 
constant rate, the reserves are nonnegative. 

Before we stated Theorem 1.1, we showed why we did not expect any 
negative reserves to emerge in the case of a whole life insurance with a 
constant death benefit. We have also seen that if the death benefits 
increase with time, the reserves cannot be negative either. However, if the 
death benefits decrease with time, the level annual premium may not be 
sufficient to cover the higher benefit payments in the early years, so 
negative reserves may emerge. 

Let us see some examples. 

Consider an n year term insurance issued to a life aged x that pays an 
amount of n -k +1 at the end of year of death, if death occurs in year k 
(1<k<n). That is, the death benefit is n at the end of year 1, n-1 at the 
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end of year 2,..., and 1 at the end of year n. This insurance can be expressed 
as an n+1 year term insurance, with a constant death benefit of n + 1 minus 
an n+1 year varying insurance with a death benefit of 1 in year 1 rising 
to n+1 inyear n+1. Thus,if P denotes the annual premium payable 
yearly in advance throughout the duration of the insurance, we get 


_ 1 1 
P dy:n = (n + 1) Arxin+1] E TA), .141} 


hence 


1 1 
p- (n + 1) Axn+1] I UA) 141] 


Ax:n] 


The reserve at duration # is 


var? _ (n-4+1)A2 IA), Pä 
tY =t =(n-t+1) x+t:n-t+1 |7 ( )x+tn-t+1] E Ax+tnt] 
1 1 
=(n-t+ YAY t:n-t+1] E A) 4 t:n-t+1] 


1 1 Ay+t: -t] 
-((n + Ay 41] E UA) yn) xnl ` 


We worked out this problem with x= 30, n=25 and 6% annual interest 
rate. The result is shown in Table 1. The letter m stands for the length of 
the premium payment period, P for the annual premium corresponding to 
this payment period, and V(t) for the reserve ;V at duration t. 

We can see that if m =n = 25, the reserve is negative for every t 
between 1 and 24. How can we get rid of the negative reserves? 

The usual solution is to shorten the premium payment period. We have 
already seen earlier in this section that the shortening of the payment 
period increases the reserve at any duration. So, we can hope that if the 
payment term is short enough, the negative reserves will disappear. 
Actually, in the extreme case of a single premium payable at the start of the 
insurance, the reserve is always nonnegative. 

If mP denotes the annual premium whose payment is limited to m 
years, we have 


1 1 
mP dy.m) = (n + Ayn 41] E (A) 1411 , 


and therefore 


1 1 
_ (n + Ay na ~ Cena] 


m ee 
Ax:m] 
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TABLE 1 


Elimination of negative reserves through shortening of the premium period 
(decreasing n-year term insurance) 


SS 
| 


a 


m = 25 


P = 0.0357231 


Vit) 
0.0000000 
-0.0003549 
-0.0011266 
-0.0023523 
-0.0040716 
-0.0063208 
-0.0091230 
-0.0124955 
-0.0164391 
-0.0209430 
-0.0259727 
-0.0314705 
-0.0373477 
-0.0434843 
-0.0497106 
-0.0558101 
-0.0615040 
-0.0664417 
-0.0701863 
-0.0722005 
-0.0718282 
-0.0682754 
-0.0605828 
-0.0476007 
-0.0279530 
0.0000000 
m= 21 


P = 0.0386446 


Vid) 
0.0000000 
0.0027467 
0.0052680 
0.0075395 
0.0095349 
0.0112323 
0.0126238 
0.0137089 
0.0145049 
0.0150419 
0.0153755 
0.0155862 
0.0157876 
0.0161267 
0.0168028 
0.0180648 
0.0202268 
0.0236785 
0.0288999 
0.0364757 
0.0471150 
0.0616704 
0.0399388 
0.0215681 
0.0077701 
0.0000000 


m=24 
P = 0.0363441 
Vit) 


0.0000000 
0.0003044 

0.0002326 
-0.0002498 
-0.0011794 
-0.0025898 
-0.0045006 
-0.0069256 
-0.0098617 
-0.0132942 
-0.0171839 
-0.0214683 
-0.0260534 
-0.0308136 
-0.0355728 
-0.0401075 
-0.0441316 
-0.0472860 
-0.0491249 
-0.0491007 
-0.0465460 
-0.0406546 
-0.0304530 
-0.0147759 

0.0077701 

0.0000000 


m = 20 
P = 0.0395937 
V(t) 


0.0000000 
0.0037543 
0.0073456 
0.0107534 
0.0139557 
0.0169352 
0.0196893 
0.0222227 
0.0245586 
0.0267333 
0.0288095 
0.0308749 
0.0330512 
0.0354943 
0.0384130 
0.0420667 
0.0467811 
0.0529585 
0.0610929 
0.0717845 
0.0857595 
0.0616704 
0.0399388 
0.0215681 
0.0077701 
0.0000000 


m = 23 
P = 0.0370316 
Vit) 


0.0000000 
0.0010343 
0.0017376 
0.0020783 
0.0020228 
0.0015413 
0.0006174 
-0.0007585 
-0.0025792 
-0.0048253 
-0.0074527 
-0.0103937 
-0.0135482 
-0.0167844 
-0.0199191 
-0.0227213 
-0.0248965 
-0.0260766 
-0.0258053 
-0.0235242 
-0.0185532 
-0.0100724 
0.0029072 
0.0215681 
0.0077701 
0.0000000 


m= 19 
P = 0.04065181 
Vit) 


0.0000000 
0.0048843 
0.0096754 
0.0143573 
0.0189129 
0.0233303 
0.0276122 
0.0317697 
0.0358324 
0.0398436 
0.0438737 
0.0480190 
0.0524099 
0.0572123 
0.0626457 
0.0689814 
0.0765579 
0.0857918 
0.0971927 
0.1113783 
0.0857595 
0.0616704 
0.0399388 
0.0215681 
0.0077701 
0.0000000 


m = 22 
P = 0.0377948 
Vit) 


0.0000000 
0.0018446 
0.0034081 
0.0046625 
0.0055775 
0.0061269 
0.0062987 
0.0060873 
0.0055048 
0.0045756 
0.0033493 
0.0018997 
0.0003332 
-0.0012112 
-0.0025427 
-0.0034217 
-0.0035446 
-0.0025330 

0.0000806 

0.0048671 

0.0125203 

0.0238755 

0.0399388 

0.0215681 

0.0077701 
0.0000000 
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Now, if t< m, we obtain 


1 1 
Va (n-t+ DA ttn-t+1] E UA) 4 t:n-t41] - mPäx+t:m-t 
Äx+t:m-t] 


1 1 : : 
=(n-t+ DA 4t:n-t+1] i TA) 4 tn-t41] -((n + DA x:141] I CA) x:1+1) Öx:m] 


andif t>m, we get 


1 1 
tV = (n -t+ DA ys ptr] ~ CA xttn-t+1] 


We can see from Table 1, that if we decrease the premium payment 
period by one year, that is, m = 24, some negative reserves disappear, but 
some others are still there. We have to go down toa 21 year premium 
payment term in order to remove all the negative reserves. Of course, any 
premium payment term shorter than 21 will also do. 

Remember that when we determined the reserve for an n year family 
income benefit of $1 per annum, we showed that from the point of view of 
the reserves, this insurance is equivalent toan n year term insurance with a 
death benefit of än-k+1] payable at the end of year k, if death occurs in 
year k (1<k<n). Note that as k increases, äņ-k+1] decreases. So, we are 
again dealing with an insurance whose death benefit is decreasing with 
time. Therefore, it is possible that negative reserves emerge here, too. The 
annual premium P for this insurance is 


_In)-Ix:n] 
Äx:n] 


and the reserve at duration t can be expressed as 


tV = An-t)- Ax+tin1 7 P äx+t:n-t] - 


Using x = 20, n = 15, anda 6% annual interest rate, we obtain the 
reserves given in Table 2. If the premium payment period is of length 15 
(m = 15), all the reserves between times t= 1 and t= 14 are negative. 

In order to avoid negative reserves, we will again shorten the premium 
payment period. 

If mP denotes the annual premium payable for m years only, we have 


P= An]-ax:n] 


m ee 
Ax:ml 


If t<m, we get 


tV = An-17 Ax+tin1 7 P Äx+t:n-t] 
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and if t> m, we obtain 


tV = ant) Ax+t:n-t] - 


Table 2 shows that the premium payment term has to be limited to 10 
years or less in order to get rid of the negative reserves. 

If the premium and benefit payments are always made at the beginning 
or at the end of the years during the term of the insurance, there is a simple 
recursive relationship between the reserves of successive years. Let us 
consider the following model. 

An insurance is taken out at time tg =0 at the age of x. The term of the 
insurance is N years, where N is a positive integer or infinity. If the 
insured survives to time t (where ¢ is an integer such that 0<t<N),a 
survival benefit of B; and a premium of P+ become payable at time t. If the 
insured dies between times t-1 and t (where t is an integer such that 
1 <t<WN), a death benefit of S; is paid at time t. 

The amounts B;, Pi, and S; can be zero. This way, the model describes a 
wide range of insurances: pure endowments, annuities, temporary and whole 
life insurances, or endowment insurances with single or annual premium 
payments. Of course, if the insurance contains death benefit payments, they 
have to take place at the end of the year of death in order to fit the model. 
For example, an n year annuity-immediate of $1 per annum, with a single 
premium, can be described by N = n, 


- , if t=0 
Pj = x:n] 


0, if 1<t<N, 
i if t=0 
tli, if 0<t<N, 
and 


S;=0, if 1<t<N. 


A whole life insurance of $1 with annual premium payments can be 
modeled by 


N: infinity, 
A 
Pp=—*, if O<t 
ax 


Bt =0, if O<t 


Reserves 


x = 20 
n=15 


SO DO NOUS WN FR Ot 


0.0000000 
-0.0021663 
-0.0043233 
-0.0064408 
-0.0084846 
-0.0104061 
-0.0121473 
-0.0136357 
-0.0147805 
-0.0154716 
-0.0155722 
-0.0149163 
-0.0133030 
-0.0104865 
-0.0061711 
0.0000000 
m=11 


P = 0.0097842 


0.0000000 
-0.0002325 
-0.0003375 
-0.0002773 
-0.0000099 
0.0005218 
0.0013845 
0.0026606 
0.0044509 
0.0068765 
0.0100859 
0.0142577 
0.0092182 
0.0049728 
0.0017906 
0.0000000 


m=15 
P = 0.0079617 


TABLE 2 


Elimination of negative reserves through shortening of the premium payment period 


(n-year family income benefit) 


0.0000000 
-0.0017916 
-0.0035511 
-0.0052468 
-0.0068428 
-0.0082890 
-0.0095257 
-0.0104785 
-0.0110547 
-0.0111420 
-0.0106014 
-0.0092643 
-0.0069274 
-0.0033420 
0.0017906 
0.0000000 
m=10 


0.0000000 
0.0005049 
0.0011824 
0.0020730 
0.0032217 
0.0046889 
0.0065446 
0.0088749 
0.0117844 
0.0153985 
0.0198701 
0.0142577 
0.0092182 
0.0049728 
0.0017906 
0.0000000 


P = 0.0104791 


0.0000000 
-0.0013556 
-0.0026525 
-0.0038571 
-0.0049320 
-0.0058251 
-0.0064748 
-0.0068042 
-0.0067186 
-0.0061032 
-0.0048163 
-0.0026866 

0.0004925 

0.0049728 
0.0017906 
0.0000000 
m=9 


0.0000000 
0.0014117 
0.0030514 
0.0049631 
0.0071956 
0.0098130 
0.0128897 
0.0165163 
0.0208021 
0.0258776 
0.0198701 
0.0142577 
0.0092182 
0.0049728 
0.0017906 
0.0000000 


P = 0.0113337 


0.0000000 
-0.0008429 
-0.0015957 
-0.0022229 
-0.0026850 
-0.0029277 
-0.0028869 
-0.0024834 
-0.0016195 
-0.0001778 
0.0019868 
0.0050488 
0.0092182 
0.0049728 
0.0017906 
0.0000000 
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and 
S=1, if 1<t. 


If we consider an n year endowment insurance of $1, with annual 
premiums, we get the model 


N=n, 
Ay: 
“xml if O<t<N-1 
P= Ax:n] 
0, if t=N, 


p if 0<t<N-1 
t 1 if t=N, 


and 
St=1, if 1<t<N. 


Let us now return to the general model. The reserve at time to =0 is 
zero: pV =0. If 0<t<N-1, the relationship between V and ;+jV can be 
obtained as follows. Considering ;V from a prospective point of view, it is 
the expected present value of the cash flow after time t. Let us split this 
cash flow into two parts. The present value at time t of the cash flow 
between t and t+1 is 


Cxtt 
Bt- Pt + 0 Qx+ St+1 = Bt- Pt +5, St+1- 
x+t 


On the other hand, the present value at time t + 1 of the cash flow after 


time t+1 equals ;+1V. So, using (20) of Section 3.1, we find that the present 
value of this cash flow at time t is 


1Ex+t t+1V =V px+t t+1V. 
Therefore, we get 
tV = Bt- P+ 0 gx+t St+1 +0 Prat t+1V- (16) 


Thus, 


(tV - Be + Pt) -v Guat St+1 


V = 
+l OPx+t 
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So, introducing the functions 


1 
Ux = 7 Da 
and 
ky =, 
x Px 


we can write 
t+1V = (V - Be + Pi) Ux4t- St+1 kx+t for t=0,1,..,N-1. (17) 


The functions uy and ky are called the Fackler valuation functions. They 
can easily be expressed in terms of the commutation functions: 


(18) 
and 
ky ita cr O da a (19) 


Thus, (17) can be rewritten as 


(tV - By + Pt) Dy4t- St+1 Cyst f 
or 


1V = 
di Dx+t+1 


t= 0,1,....N -1. (20) 


If we want to know the reserves in successive years, it is usually more 
convenient to use the recursive relationship (17) than to compute the reserve 
directly at every duration. For example, starting out with oV =0, using (17) 
we obtain the values of 1V,2V,..., in turn. If N is a finite number, we have 


NV= NV = BN- PN. Thus, if we compute all V for t= 0,...,N from the 
recursive relationship, we should obtain a value for NV equaling By - PN 
(of course, allowing for round-off errors). If this is not the case, something 
has gone wrong with the computations. 

Since applying a recursive relationship has the disadvantage that the 
round off errors get accumulated, it is advisable to use more decimals in the 
computations than usual. However, if we use a computer, recursive formulas 
are very easy to program and the calculations can be done with high 
accuracy. 
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EXAMPLE 1.10. A 10 year term insurance of $5000 issued to a life aged 
45 is purchased by annual premiums. Find the reserve at the end of year 4, 
and based on this, derive the reserve at the end of year 5, using a recursive 
formula. Use a 6% annual rate of interest. 

Solution: The annual premium is 


ÅAR. 

P = 5000 >10 

445:10] 

M45 - M55 

N45 - N55 
_ 5000 1339.5427 - 1069.6405 
~ 93953.92 - 43031.29 
= $26.5012. 


= 5000 


Thus, the reserve at the end of year 4 is 


4V = 5000 Aqg-.61- 26.5012 449-6) 
_5000(M49 - M55) - 26.5012 (Nag - N55) 


D49 
_ 5000 (1236.8813 - 1069.6405) - 26.5012(69646.60 - 43031.29) 
E 5179.14 
= $25.2680. 
Furthermore, we have 
B4=0, 
Py = P = 26.5012 
and 
S5 = 5000. 


Thus, using (20), the reserve at the end of year 5 is 


_ (4V - B4 + P4) Dag - 5000 C49 


D50 
(25.2680 + 26.5012)5179.14 - 5000 x 26.6857 


4859.30 


5V 


= $27.7183. 


EXAMPLE 1.11. The premium for a 20 year endowment of $3000 issued 
to a life aged 50, is payable annually. Using the recursive formula, find the 
reserves at duration # = 0,1,2,...,20, based ona 6% annual interest rate. 

Solution: The annual premium for the insurance is 
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Aco. 
P = 3000 —22:201 
450:20] 
Ms0 - M70 + D70 
= 3000 TL 
N50 - N70 
= 3000 1210.1957 - 576.7113 + 1119.94 
7 64467.45 - 9597.05 
= $95.8673. 


So, we have 
N= 10, 


95.8673, if 0<t< 19 
Py -| 
0, if t = 20, 


N if O<t<19 
t= |3000, if t= 20, 


and 
S+ = 3000, if 1<t< 20. 
Furthermore, 
D50+t 
u = u = 
x+t 50+t D51 +t 
and 


ke a kenge C50+t 
x+t = 50+ = Dea ay’ 


for t = 0,1,...,19. 


The results of the computations are given in Table 3. 

The notations V(t), B(t), P(t), and S(t) stand for +V, B,, P and Sy, 
respectively. 

As a quick check of the computations, we can compare the value of 20V 
standing in the table with 20B - P20. They are equal, their common value is 
$3000. 

We can see that the application of formula (17) is simpler than using 
the formula 
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TABLE 3 
Calculation of reserves using the recursive relationship 
(n-year endowment insurance) 


x= 50 
n=20 


P = 95.8673 


VO BOL POL ueri SOT keto 


1 
2 
3 
4 
5 
6 
7 
8 
9 


0. 5000 
84.3588 
172.8837 
265.8120 
363.4066 
465.9591 
573.7958 
687.2851 
806.8436 
932.9470 
1066.1415 
1207.0576 
1356.4280 
1515.1085 
1684.1046 
1864.6037 
2058.0159 
2266.0240 
2490.6473 
2734.3214 


3000.0000 | 300 


O Oo © 


5 SO Òo 5 o oo oo opPo Pb 


95. ar 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 
95.8673 

0.0000 


1.0663 vi 
1.0668514 
1.0674427 
1.0680913 
1.0688030 
1.0695841 
1.0704409 
1.0713813 
1.0724134 
1.0735461 
1.0747896 
1.0761546 
1.0776534 
1.0792991 
1.0811065 
1.0830918 
1.0852729 
1.0876692 
1.0903031 
1.0931982 


rosp . 
v” = A50+t:20-1]  P_d50+t:20-11 


0. aD 
0.0064636 
0.0070214 
0.0076333 
0.0083047 
0.0090416 
0.0098499 
0.0107371 
0.0117108 
0.0127793 
0.0139525 
0.0152402 
0.0166541 
0.0182067 
0.0199118 
0.0217847 
0.0238424 
0.0261030 
0.0285878 
0.0313191 


__M50+t - M70 + D70 - P(N50+# - N70) 
D50+ 
Or 


yor? _ cal p ) 
i 

t = 50:t] 7 50+t] 

__M50 - M50+ - P(N50 - N50+4) 


D50+t 
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over and over again. The recursive method can also be used if the death 
benefit payments extend beyond the end of the year of death. In this case, 
the death benefit payments have to be replaced by their capitalized values 
payable at the end of the year of death. 
Thus, an n year annuity-immediate of $1 per annum, with guaranteed 
payments in the first m years, can be described by 
N=n, 


(en lone if t=0 
‘lo, if 1<t<n, 


0, if t=0 
B =| 
1, if 1<t<n, 


and 


toy if 1<t<m 
t= 


0, if m+1<t<n. 
An n year family income benefit of $1 per annum can be modeled by 
N=n, 
By =0, if O<t<n, 
and 
St= dn-4+1) if 1<t<n. 


The expression for the premium depends on the premium paying method. If 
a single premium is paid then, 


ia 7 Ax:n) if t= 0 
0, if 1<St<n 


and if the premium is paid annually for m years, we get 


An)-Ax:nl 
P= Öx:m] 


0, if m<t<n. 


, if O<t<m-i1 


premium payments we get the model 
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N=n, 


0, if O<t<n-1 
B= | 
1, if t=n, 


and 
Sy= ott, if 1<t<n. 


Furthermore, if the premium is paid annually for m years, we get 


qnt 

- , if 0<t<m-1 
Py = Ax:m] 

0, if m<t<n 


EXAMPLE 1.12. A 20 year annuity-immediate of $1000 per annum, 
with guaranteed payments in the first 5 years, is purchased for a life aged 
40 by a single premium. Using the recursive formula, find the reserves at 
duration t = 0,1,2,...,20, based ona 6% annual rate of interest. 

Solution: The single premium for the insurance is 


P = 1000 (45) + 5|440:15) 

N46 - N61 

D40 

87296.23 - 25182.39 
9054.46 j 


= 1000| a5] + 


= 1000 [aans + 
= $11072.39. 
Thus, we have 
N=20 


11072.39, if t=0 
P| 
0, if 1<#<20, 
p if t=0 
‘1000, if 1<#<20 


J 


and 


i iggy if 1<t<5 
‘Io, if 6<t<20. 
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Furthermore, 


D 
Ux+t = UAO0H =D , for t=0,]1,...,19 


and 


= 0,1,...,19. 


C40+t 
kx+t = k40+t = D414 / 


The results of the computation are given in Table 4. 


TABLE 4 
Calculation of reserves using the recursive relationship 
(n-year annuity-immediate with guaranteed payments in the first m years) 


P = 11072.3897 


-y omo, to em s0 wrn 


WO CON DOF WN e 


0.0000 


11757.0136 
11425.5503 
11077.4789 
10712.3166 
10329.6400 


9929.1010 
9505.8567 
9058.4400 
8585.2472 
8084.5167 
7554.3089 
6992.4736 
6396.6223 
5764.0853 
5091.8687 
4376.5976 
3614.4481 
2801.0707 
1931.4924 
1000.0000 


0 | 11072.389 


7 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


1.0629563 
1.0631701 
1.0634048 
1.0636619 
1.0639440 
1.0642534 
1.0645928 
1.0649650 
1.0653733 
1.0658211 
1.0663125 
1.0668514 
1.0674427 
1.0680913 
1.0688030 
1.0695841 
1.0704409 
1.0713813 
1.0724134 
1.0735461 


4465.1056 
3673.0119 
2833.3927 
1943.3962 
1000.0000 


5 SÒ O 5 O SO O Ò5 9 SO 5 5 OS oO O 


0. O 
0.0029906 
0.0032121 
0.0034546 
0.0037207 
0.0040126 
0.0043328 
0.0046840 
0.0050692 
0.0054916 
0.0059552 
0.0064636 
0.0070214 
0.0076333 
0.0083047 
0.0090416 
0.0098499 
0.0107371 
0.0117108 
0.0127793 
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PROBLEMS 
1.1. A 20 year pure endowment insurance of $2000, ona life aged 30, is 


1.2. 


1.3. 


1.4. 


1.5. 


1.6. 


1.7. 


a) 


purchased by a single premium. Find the expressions for the 
prospective and retrospective reserves at the end of each policy 
year. Evaluate the reserves numerically at the end of year 6 and 
year 18. Use a 6% annual rate of interest. 


The premium for a whole life insurance of $8000, issued to a life 
aged 40 is payable at the commencement of the insurance. Obtain 
the expressions for the prospective and retrospective reserves at the 
end of each policy year. Calculate the reserves numerically at the 
end of year 1 and year 5. Base the computations on a 6% annual 
rate of interest. 


The death benefit of a 15 year endowment insurance of $4000, 
issued to a life aged 25 is payable at the moment of death. The 
premium is payable at the commencement of the insurance. Derive 
the expressions for the prospective and retrospective reserves at the 
end of each policy year. Based on a 6% annual rate of interest, 
determine the numerical value of the reserves at the end of year 5 
and year 8. 


A 10 year annuity of $300 per annum payable yearly in advance is 
purchased for a life aged 45 by a single premium. Determine the 
expressions for the prospective and retrospective reserves at the end 
of each policy year. Based ona 6% annual rate of interest, evaluate 
the reserves numerically at the end of year 6 and year 10. 


A 10 year family income benefit of $6000 per annum is purchased 
for a life aged 50 by asingle premium. Derive the expressions for 
the prospective and retrospective reserves at the end of each policy 
year and calculate them numerically at the end of year 5. Usea 6% 
annual rate of interest. 


A 20 year annuity-immediate of $1000 per annum, with the first 
15 payments guaranteed, is purchased for a life aged 40 by a single 
premium. Find the expressions for the prospective and retrospective 
reserves at the end of each policy year. Based on a 6% annual rate 
of interest, evaluate the reserves numerically at the end of years 10, 
15, and 18. 


Show that 
tV x =1- (1 - 1V x) (1 7 1Vx+1) nee (1 7 1Vx+4-1) 
and 


b) #Vxn=1-(1-1Vx:n) (1-1Vx+1:n-1) -- (1 - 1Vx+4-1:n-1+1))» 


Reserves 271 


1.8. 


a) 
b) 
c) 
d) 


e) 
f) 


8) 

h) 
1.9. 

a) 

b) 
1.10. 

a) 

b) 


1.11. 


1.12. 


1.13. 


a) 
b) 


1.14. 


a) 


b) 


Based on a 6% annual rate of interest, obtain 


20V40 
7V45:151 
5V (A30:201) 


10V (A 50) 
y” 1 

14° 20:35] 

5 1 

2V 60:20] 

10, ,(12) 

5V 30- 


Repeat Problem 1.1 if 
an annual premium is payable for the whole term of the insurance. 
an annual premium is payable for a term of 10 years. 


Repeat Problem 1.2 if 
an annual premium is payable for the whole term of the insurance. 
an annual premium is payable for a term of 5 years. 


Repeat Problem 1.3 if the premium is payable continuously 
throughout the term of the insurance. 


A 20 year annuity-due of $8000 per annum, deferred 5 years is 
purchased for a life aged 60 by monthly premiums payable in the 5 
years of the deferment period. Based on a 6% annual rate of 
interest, find the reserves at the end of years 3,5, and 10. 


A 10 year term certain insurance of $8000 is issued to a life aged 30. 
Based ona 6% annual rate of interest, find the reserve at the end of 
year 3, if 

the premium is payable annually for the whole term of the 
insurance. 

the premium is payable annually for a term of 5 years. 


The death benefit of a 20 year term insurance issued to a life aged 
40, is $8000 in the first year and decreases linearly to $400 in year 
20. 

Evaluate the reserves at the end of each policy year if the premium 
is payable annually over the whole term of the insurance. 

Find the longest premium paying period under which the reserves 
are not negative. 
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1.15. Assume that the premiums for the family income benefit, given in 
Problem 1.5, are payable yearly in advance. Determine the longest 
premium paying period under which the reserves are not negative. 


1.16. A 25 year endowment insurance of $5000 is purchased for a life 
aged 40 by 10 annual premiums. Using the recursive formula, 
obtain the reserves at the end of each policy year. Base the 
computations ona 6% annual interest rate. 


1.17. Use the recursive formula to obtain the reserve at the end of years 7 
and 8 for the pure endowment insurances defined in Problem 1.9. 


1.18. Using the recursive formula, evaluate the reserves at the end of 
each policy year for the insurance given in Problem 1.6. 


5.2. MORTALITY PROFIT 


Assume we have an insurance policy whose reserve at duration t is V 
(t = 0,1,2,...). The insurance company has to set aside this amount at time t 
in order to be able to meet future liabilities. In the course of the following 
year, premiums will be received and benefit payments will be made. 
Moreover, if the insured is still alive at time t + 1, the reserve {+1V has to 
be set aside at duration t+ 1. Thus, at time t + 1, the company can compute 
the accumulation of the exact (not stochastic) cash flow consisting of +V, the 
actual premium and benefit payments between t and t + 1, and possibly 
t+1V if the insured is still alive then. If the accumulated value is positive, 
the company can consider it as a profit made on the policy during the year. 
Since this profit is determined by the mortality experience, it is called the 
mortality profit. If the accumulated value is negative, there is a loss on the 
policy, called the mortality loss. Since the premiums and the reserves are 
obtained as expected values of random variables, using the mortality profit 
or loss as real financial indicators in the books of a company only makes 
sense if we are dealing with a group of policies. Even then, the expression 
"mortality surplus" is often preferred to "mortality profit" since the final 
profit on a policy can only be determined when the policy is terminated. 

Let us recall the model introduced at the end of Section 5.1. It consists of 
premiums Py and survival benefits By payable at t =0,1,2,....N, and death 
benefits S; payable at t = 1,2,...,.N. If an insurance fits this model, simple 
expressions can be found for the mortality profit or loss. 

If the company makes adequate reserves at time t, the money set aside 
for a policy in force at t is ;V. Since the insured is alive at t, the premium 
P; and the survival benefits will be paid at that time. Now +V - B; + Pi 
will accumulate to (+V - By + Py) (1 +1) by time ¢ +1. 
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If the insured dies in the time period between tt and t +1, a death 
benefit of S++, will be paid at time t + 1. Thus the mortality profit made on 
the policy in year t+1 is 


(tV - Be + Pt)(1 +7) - Sty. (1) 


Of course, (1) can be negative, which means a mortality loss has been made 
on the policy for the year. 

On the other hand, if the insured is still alive at time t, the company 
has to make a reserve of 441V at time t+ 1. So the mortality profit made on 
the policy in year t+1 is 


GV - Be + PHC +i) - tV. (2) 


Again, if (2) is negative, that means a mortality loss on the policy for the 
year. 

Assume there are ng people who are of equal age and who buy the same 
insurance at the same time. Moreover let n; denote the number of 
policyholders still alive at time t (t = 1,2,....N). Then the total mortality 
profit on the group of ny policies for the year t +1 is 


Nt+] Nt- Nt+1 
Z (V -Bt+PA(1+i)-1V)+ © (V -Bi+ PAC +i) - Stat) 


nt l Nt+] Nie-Nt+] 
= PAG - By + PH(1 + i) - oy HIV- Dd Stat. (3) 


In many applications, it is more convenient to express the mortality profit in 
one of the following ways: 


nt nt nt nNt+1 nt-nt+1 


Z V- X B+ X Pel] +d- z HIV- Do Sm (4) 


or 
ne(tV - Be + PAC +i) -ntti tV - (ne - Mt 1)St41. (5) 
We can interpret (4) as follows. 
Total mortality profit for a year 
= (Total reserve at the beginning of the year 


- Total survival benefit payments at the beginning of the year 
+ Total premium payment at the beginning of the year) (1 + 1) 
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- Total reserve at the end of the year 
- Total death benefit payment at the end of the year, (6) 


where "total" means that all policies in force at the respective time are 
taken into account. 

Using (16) of Section 5.1, we can get another expression for the mortality 
profit. We can write 


tV - Bet Pe = Qr+t St+1 +0 Pxttt+1V, 


and hence 


(tV - Be t+ PAC +i) = Qrtt St+1 + Pest t+1V. (7) 


Therefore, (2) and (7) imply that if the insured is alive at time t+1 then 
the mortality profit on the policy for the year is 


Ax+t St+1 + Pst t+1V -t+1V = qx+t(St+1 - t+1 V)- (8) 


Furthermore, (1) and (7) give the following expression for the annual 
mortality profit on the policy if the insured has died during the year: 


Qu+t St41 + Px+tt+1V - Sto. = Pxtt(t+1V - S41) 
= (1 - gxst)(t41V - St+1) 
= 9x+t(St41 - #41V) - (St41 - t+1 V). (9) 


Therefore, the total mortality profit on the group of n policies for the year 
t is 


Nt+1 Nte-Nt+1 
pets) + È, (gx+t(St+1 - +1V) - (St41 - 141V)) 


nt neNt+1 
= 2 gx+t(St+1 - t+1V) - > (41-41 


= Nt Gx+t(St41 - t+1V) - (nt - nt+1)(St+1 - t+1 V). (10) 


This result can also be interpreted in the following way. Consider an insured 
who is alive at time t. If he/she survives to time t + 1, the insurance 
company has to set aside an amount of ,41V at that time. If death occurs 
between times t and t +1, the company needs an amount of 5S;41 at time 
t+1 to pay the death benefit. Since S;41 differs from 1V by 5444 - t41V, 
we call S4i1-441V the death strain at risk. The probability that the 
amount of the death strain at risk will actually be needed is qy4+}. 
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Therefore, the expected value of the amount needed in addition to 441V at 
time t+1 is 


Px+t 0 + gx+t(St+1 - t+1V) = Gx4t(54+1 - t+1 V). 


The expression g9x+t(5:+1 - t++1V) is referred to as the expected death strain 
or the cost of insurance. Summing up the expected death strains over the n} 
policies in force at time t, we get the total expected death strain (TEDS): 


nt 
TEDS = 2, qx+t(St+1 - t+1V) = nt gx+t(St+1 - t+1 V). (11) 


nt 
On the other hand, the amount actually needed in addition to Y 1V at 
k=1 
time t +1 is called the total actual death strain (TADS): 


nNt-nt+1 
TADS= $, (St+1- t+1V) = (nt - nt+1) (St41 - t+1V)- (12) 


So from (10), (11), and (12) we get the following equation 


Total mortality profit for a year 
= Total expected death strain - Total actual death strain. (13) 


Note that the death strain at risk can be negative. For example, an 
annuity insurance does not contain any death benefits, so the death strain is 
a negative number: -:+1V. This is quite reasonable, considering that in this 
situation the death of the policyholder is a "gain" for the insurance 
company, since no more benefits have to be paid on the policy afterwards. 

Since 


TEDS - TADS = (5441 - t41VY) (nt qx+t - (nt - 14+1)), 


we can check very easily whether there is a mortality profit or loss on a 
group of policies for the year t+ 1. Note that n; gx+t is the expected number 
of people dying between times t and t+1 froma group of n; people alive at 
time t, and nę- n;+] is the actual number of people dying during this period. 
So if the death strain at risk; that is, 5{+1 - +1V is positive, and 

a) fewer people die between t and t+1(n;-n;+1) than expected (n; 
qx+t), there is a mortality profit, 
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b) more people die between t and t + 1 than expected, there is a 
mortality loss. 
On the other hand, if the death strain at risk is negative, and 

a) fewer people die between t and t +1 than expected, there is a 
mortality loss, 

b) more people die between t and t +1 than expected, there is a 
mortality profit. 


EXAMPLE 2.1. An insurance company issues 20 year endowment 
insurances of $2000 to lives aged 50 on January 1, 1980. The premiums are 
payable annually. On January 1, 1993, there are still 800 policyholders 
alive. During the year of 1993, 13 of them die. Calculate the mortality 
profit or loss for the year 1993. Use a 6% annual interest rate. 

Solution: First of all, we have to determine the annual premium for a 
policy. It is 


Azn. 
P = 2000-2020! 
450:201 
M50 - M70 + D70 
N50 - N70 
1210.1957 - 576.7113 + 1119.94 
64467.45 - 9597.05 


= 2000 


= 2000 
= $63.91. 


If we want to use (5), we have to know the reserves at the beginning and at 
the end of 1993. 
On January 1, 1993, the reserve for a policy in force is 


13V = 2000 Ag3:71- P 463:71 
= 2000] 1 - 22:21 
450:201 
No63-N70 _ P50 
D63 N 50 - N70 
20726.94 - 9597.05 4859.30 
1991.37 `- 64467.45 - 9597.05 


= wo - 
= 2000 h - 
= $1010.07. 


The easiest way to obtain the reserve one year later is to use the recursive 
relationship (17) of Section 5.1: 


14V = (13V + P) u63 - 2000 k63 


(1010.07 + 63.91) D63 - 2000 C63 
g D64 
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1073.98 x 1991.37 - 2000 x 33.5925 


1845.06 
= $1122.73. 
Moreover, 
B13=0, 
P13 = P = 63.91, 
S14 = 2000, 
n13 = 800, 
n14 = 800 - 13 = 787 

and 


i = 0.06. 
Now using (5), the mortality profit is 


n13 (13V - B13 + P13)(1 + i) - n14 14V - (n13 - 114)S14 
= 800(1010.07 + 63.91) 1.06 - 787 x 1122.73 - 13 - 2000 
= $1146.53. 


That means, there is a mortality profit of $1146.53 for the year 1993. 
Alternatively, we can use (13). Since 


14V = 1122.73, 
S14 = 2000, 
n13 = 800, 
n14 = 787, 
and 
963 = 0.0178812, 
we find that the death strain at risk is 
S14 - 14V = 2000 - 1122.73 = 877.27. 


Therefore, 
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TEDS = n13 963(S14 - 14V) 
= 800 x 0.0178812 x 877.27 
= 12549.31 


and 


TADS = (n13 - n14)(S14 - 14V) 
= 13 x 877.27 
= 11404.51. 


Thus, the mortality profit is 


TEDS - TADS = 12549.31 - 11404.51 
= $1144.80. 


Therefore, we get a mortality profit of $1144.80 for the year 1993. 
The difference between $1144.80 and the result of the first method, 
$1146.53 is due to round-off errors. 


Note that even without detailed computations, we can see that the 
mortality profit is positive. Indeed, this must be true since the death strain 
at risk, 877.27 is positive and the expected number of policyholders dying in 
1993, 113-963 = 800 x 0.0178812 = 14.30 is greater than the actual number of 
deaths, which is 13. 

The following examples show that the mortality profit on a group of 
policies can often be determined without knowing the number of policies. Of 
course, then we must have some other information. For example, in the case 
of a temporary or whole life or an endowment insurance, this information can 
be the total sum insured for the policies in force at the beginning and at the 
end of the year. In the case of a life annuity, the total annual amount of the 
annuities in force is the extra information we need. 


EXAMPLE 2.2. An insurance company issues whole life insurances to 
lives aged 40 on January 1, 1990. The insurances are purchased by annual 
premiums. On January 1, 1992, the total sum insured is $5,024,000, and in 
1992, $20,000 is paid out in death benefits. Using a 6% annual rate of 
interest, determine the mortality profit or loss for the year 1992. 

Solution: Let us denote the death benefit of a policy by S. Then the 
annual premium for the insurance can be expressed as 


A 0.1613242 
#40 _ gS -9P4"* _ 6 x 0.0108881. 


P= 570° 1481661 


On January 1, 1992, the reserve for a policy in force is 


oV=SA4-Piy 
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-s{1- $2) 

ä40 
14.55102 

ssf: 55 


~ 14.81661 
= S x 0.0179252. 


Furthermore, the reserve for a policy in force one year later is 
ä 
3V=S/1- ~43 
440 


14.41022 
14.81661 


= S x 0.0274280. 


sofi- 


Thus using (5), the mortality profit is 
n2 (2V + P2)(1 + i) - n3 3V - (n2 - n3) S3 
= n2(S x 0.0179252 + S x 0.0108881)1.06 - n3 S x 0.0274280 - (n2 - n3) S 
= n25 X 0.0305421 - n3 S x 0.0274280 - (n2 - n3) S. 
Note that n2 S is the total sum insured at the beginning of 1992, therefore 
nz S = 5024000. 


On the other hand, (n2 -n3)S is the total death benefit payment in 1992, 
hence 


(n2 - n3) S = 20000. 
Thus, we obtain 
n3 S = n S - (n2 - n3) S = 5024000 - 20000 = 5004000. 
Therefore, the mortality profit is 
5024000 x 0.0305421 - 5004000 x 0.0274280 - 20000 = -3806.20. 


So there is a mortality loss of $3806.20 for the year 1992. 
Alternatively, we can use (13). The death strain at risk is 


S3 - 3V = S - S x 0.0274280 = S x 0.972572 
thus 


TEDS = n2 942 (S3 - 3V) 
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= 0.0032017 no S x 0.972572 
= 0.0032017 x 5024000 x 0.972572 
= 15644.15 


and 


TADS = (n? - n3)(S - 3V) = (n2 - n3) S x 0.972572 
= 20000 x 0.972572 
= 19451.44. 


Thus, the mortality profit is 


TEDS - TADS = 15644.15 - 19451.44 
= -3807.29. 


So we get a mortality loss of $3807.29. The difference between $3806.20 and 
$3807.29 is due to round-off errors. 


EXAMPLE 2.3. An insurance company issues 10 year annuities-due 
deferred 5 years to lives aged 65 on January 1, 1985, when a single premium 
is payable. Using a 6% annual rate of interest find the mortality profit or 
loss 

a) for 1986, if the total annual amount of the annuities is $160,000 for 
the policies in force at the beginning of the year and $156,000 for the 
policies in force at the end of the year. 

b) for 1991, if the total annual amount of the annuities is $137,600 for 
the policies in force at the beginning of the year and $132,800 for the 
policies in force at the end of the year. 

Solution: Let us denote the survival benefit payable annually on a 
policy by B. Since premium is only paid in the year 1985, we do not need it 
in the computation of the mortality profit for the years 1986 and 1991. 

a) At the beginning of 1986, the reserve for a policy in force is 


1V = B 4 | 466:101 
_ p_N70-N80 
D66 
9597.05 - 2184.81 
1575.71 
= B x 4.7040636, 


and the reserve at the end of 1986 is 


2V = B 3 | 467-101 
_ g_N70- N80 
D67 
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__, 9597.05 - 2184.81 
~ 1451.90 
= B x5.1052001. 


Since no benefit payments can take place in the year 1986, using (5), the 
mortality profit is 


n1 1V(1 + i) - n2 2V = n1 B x 4.7040636 x 1.06 - n2 B x 5.1052001 
= n1 B x 4.9863074 - n2 B x 5.1052001. 


Now, njB is the total annual amount of the annuities for the policies in 
force at the beginning of 1986, so 


nı B = 160,000. 


Furthermore, 172B is the total annual amount of the annuities for the 
policies in force at the end of 1986, thus 


n2 B = 156,000. 
Therefore, the mortality profit is 
160,000 x 4.9863074 - 156,000 x 5.1052001 = $1397.97 


for the year 1986. 
Let us see what result we get if we use (13). The death strain at risk is 


S2 - 2V = -B x 5.1052001 


SO 
TEDS = ny 966 (-2V) 
= nı x 0.0232871 (-B x 5.1052001) 
= -n1 B x 0.1188853 
= -160,000 x 0.1188853 
= -19021.65 
and 


TADS = (nq - n2)(-2V) 
= (n1 - n2)(-B x 5.1052001) 
=-(n1B - n2B) 5.1052001 
= -(160,000 - 156,000) 5.1052001 
= -20420.80. 


Thus the mortality profit is 
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TEDS - TADS = -19021.65 - (-20420.80) = $1399.15. 


The difference between $1397.97 and $1399.15 is due to round-off errors. 
b) At the beginning of 1991, the reserve for a policy in force is 


6V = B 471-9) 
N71-N 
_ pNz1- Ngo 
D71 
8477.11 - 2184.81 
1021.49 


= B x 6.1599232, 


and the reserve at the end of 1991 is 


N72 - Ng0 _ , 7499.62 - 2184.81 


D — 998.72 = B x 5.6753489. 


7V = B 472.8) = B 


There is a survival benefit payable at the beginning of 1991, thus from (5), 
the mortality profit is 


ne(6V - B)(1 + i) - n7 7V = n6(B x 6.1599232 - B)1.06 - n7 B x 5.6753489 
= ng B x 5.1599232 x 1.06 - n7 B x 5.6753489 
= 137600 x 5.1599232 x 1.06 - 132800 x 5.6753489 
= -1080.58. 


Thus there is a mortality loss of $1080.58 for the year 1991. 
If we want to apply (13), we have to determine the death strain at risk 


first. It is 


S7 - 7V = -B x 5.6753489. 


Hence 
TEDS = ne 971 (-7V) 
= ng 0.0362608 (-B x 5.6753489) 
= -n6 B x 0.2057927 
= -137600 x 0.2057927 
= -28317.08 
and 


TADS = (ng - 17) (-7V) 
= (né - n7)(-B x 5.6753489) 
=- (ngB - n7B) 5.6753489 
= - (137600 - 132800) 5.6753489 
= -27241.67. 
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Thus the mortality profit is 
TEDS - TADS = -28317.08 - (-27241.67) = -1075.41. 


So there is a mortality loss of $1075.41 for the year 1991. The difference 
between $1080.58 and $1075.41 is due to round-off errors. 


In Section 5.1, we studied three types of insurances which make benefit 
payments beyond the end of the year of death: guaranteed annuities, family 
income benefits, and term certain insurances. The reader is advised at this 
point to review this part of Section 5.1. We showed that the prolonged 
benefit payments of these insurances is equivalent to a one time death 
benefit payment at the end of the year of death whose amount is the present 
value of the future payments. If we want to find the mortality profit for 
these insurances, we have to make these substitutions first. 


EXAMPLE 2.4. An insurance company issues 20 year family income 
benefits of $3000 per annum to lives aged 45 on January 1, 1985 whose 
premiums are payable annually for 15 years. At the beginning of 1990, 670 
of the insured are still alive, from whom 5 die during the year. Based ona 
6% annual rate of interest, find the mortality profit on the group for the 
year 1990. 

Solution: The annual premium for the insurance is 


p = 3000 2201 245:20) 


445:15] 
299) 46- N66 
= 3000 D45 
N45 - N60 
D45 
7296.23 - 1 I 
11.4699 $ 296.23 - 15183.86 
_ 3000 6657.69 
~ 93953.92 - 27664.55 
6657.69 
= $192.37. 


On January 1, 1990, if the insured is alive, the reserve for the policy is 


5V = 3000 (415) - 450:151) - P 450:101 


N51- N66 Nso - N60 
= 3000| a - | - «192.37 + 
í 151° Dso D50 
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59608.16 - 15183.86 


64467.45 - 27664.55 
4859.30 - 192.37 


= 3000 Di - 4859.30 


= $253.29 
and the reserve one year later is 


6V = 3000 (4141 - 451:14)) - P a51:9) 
N52 - N66 N51 - N60 
= 3000| a - +H | - Pp + 
14) D51 D51 


55051.05 - 15183.86 


59608.16 - 27664.55 
4557.10 - 132.37 


= 3000 (92950 - 4557.10 


= $291.45. 


We also have 


Ps = P = 192.37, 


S6 = 3000 420-6411 
= 3000 415) 
= 3000(1 + a147) 
= 3000(1 + 9.2950) 
= 3000 x 10.2950 
= 30885 


ns = 670 
and 
ng = 670 - 5 = 665. 
Thus using (5), the mortality profit is 
n5(5V - B5 + P5)(1 + î) - ng 6V - (n5 - ne) S6 

= 670(253.29 + 192.37) 1.06 - 665 x 291.45 - 5 x 30885 

= -31731.52. 
Hence there is a mortality loss of $31731.52 for the year 1990. 

If we want to use (13), first we have to determine the death strain at 


risk. It is 


S6 - 6V = 30885 - 291.45 = 30593.55. 


Therefore we have 
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TEDS = n5 950(S6 - 6V) 


= 670 x 0.0059199 x 30593.55 
= 121344.21 
and 
TADS = (n5 - 16)(S6 - 6V) 
= 5 x 30593.55 
= 152967.75. 
Since 


TEDS - TADS = 121344.21 - 152967.75 = -31623.54, 


we find a mortality loss of $31623.54 for the year 1990. The difference 
between $31731.52 and $31623.54 is due to round-off errors. 

Since the death strain at risk is positive and the expected number of 
deaths in 1992, n5 q59 = 670 x 0.0059199 = 3.97 is less than 5, the actual 
number of deaths, it follows immediately that there must be a mortality 
loss for the year, as the detailed computation has shown. 


PROBLEMS 


2.1. An insurance company issues 25 year term insurances of $12,000 to 
lives aged 30 on January 1, 1985. The premiums for the insurances 
are payable annually. On January 1, 1990, the number of 
policyholders still alive is 540 from whom 2 die during the year. 
Based on a 6% annual rate of interest, find the mortality profit or 
loss for the year 1990. 


2.2. An insurance company issues 15 year annuities-due of $2000 per 
annum deferred 4 years to lives aged 40 on January 1, 1980. The 
premium is payable yearly during the 4 years of the deferment 
period. If the number of policies in force is 950 on January 1, 1982, 
945 on January 1, 1983, 942 on January 1, 1984, and 940 on January 1, 
1985, find the mortality profit or loss 


a) for the year 1982. 
b) for the year 1983. 
c) for the year 1984. 


Base the computations on a 6% annual rate of interest. 


2.3. An insurance company issues 10 year endowment insurances to lives 
aged 45 on January 1, 1990. The premiums are payable annually. On 
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January 1, 1992, the total sum at risk is $2,400,000. During the year 
of 1992, the total death benefit payment is $8000. Based ona 6% 
annual interest rate, determine the mortality profit or loss for the 
year 1992. 


2.4. An insurance company issues 20 year annuities-due to lives aged 55 
on January 1, 1982 when the single premiums are payable. The 
amount of the total annuity payments if $1,460,000 in 1990 dropping 
to $1,430,000 in 1991. Using a 6% annual rate of interest, obtain the 
mortality profit or loss for the year 1990. 


2.5. An insurance company issues 15 year term certain insurances of 
$7000 to lives aged 40 on January 1, 1980. The premiums are 
payable annually. From the 800 policyholders alive at the 
beginning of 1990, 796 survive to the end of the year. Find the 
mortality profit or loss for the year 1990 based on a 6% annual 
interest rate. 


2.6. An insurance company issues 15 year annuity-immediates of $1500 
per annum with a guaranteed payment period of 10 years to lives 
aged 50 on January 1, 1990 when the single premiums are payable. 
Determine the mortality profit or loss for the first year of the 
insurance if from the 830 insured who have bought the insurance, 4 
die within one year. Use a 6% annual rate of interest. 


5.3. MODIFIED RESERVES 


If the reserves are based on gross (office) premiums, they are called 
modified reserves. In order to distinguish the modified reserve from the net 
premium reserve more clearly, we can use the notation V”@! for the net 
premium reserve and V04 for the modified reserve. 

We will study the modified reserves in the context of the special 
expense structure given in Theorem 2.1 of Section 4.2. This model contains 
premiums payable in the form of an n year level annuity-due (n is an 
integer or infinity). Each time the premium is paid, a renewal expense k 
times the annual premium and other renewal expenses of c are incurred. In 
addition to that, there is an initial expense of I. 

In Theorem 2.1 of Section 4.2 we showed that the gross premium P" can 
be obtained as 


P= (1) 


—_ 
|- 
ATN 
go 
+ 
(gp) 
+ 
Q: 
R of 
= 
—I 
No 


where P is the net premium. 
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Let us determine the modified reserve at time t (t = 0,1,...,n). If t =0 
then the initial expense I is considered to have already been incurred so it 
is taken into account in the retrospective reserve. Thus 


gymod — -I (2) 


which is always negative if the initial expense is greater than zero. There 
is also another way of looking at the modified reserve at time zero. We can 
argue that unless the first premium is paid, the policy cannot be considered 
as being in force. So it is reasonable to determine the reserve just after the 
first premium payment. Then P” has already been paid, but a part of it: 
kP" +c is used to cover renewal expenses. What is left is 


Ax:n Äx:n] 


pace Pres + |P 


Subtracting the initial expense from this, we get 


I 1 
P+; -I=P-]|1--, . (3) 
Ax:n] Ax:nl 


Formula (3) often gives a better picture of the situation at the commencement 
of the insurance than (2). 

If t= 1,2,...,n, then yVM04d equals the expected present value of future 
benefits plus the expected present value of future expenses minus the 
expected present value of future gross premiums. On the other hand, xV”e 
equals the expected present value of future benefits minus the expected 
present value of future net premiums. Thus 


¿vmod = EPV;(cash flow of benefits after t) + (kP" + cjäx+t:n-t1- P'ix+tn-1) 
(4) 


and 
+V"et = EPV;(cash flow of benefits after t) - Pàx+tn-11 (5) 
Subtracting (5) from (4), we obtain 
pymod - Ynet = (KP" + cjäxytin-t- P''ixstin + Päx+t:n-t 
that is 
¿vmod - ,ynet = ((k - 1)P" + c + Phixsten-t} 


So using (1) we get 
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1 I 
,ymod - ,v"et = (a - 1) TĘ P +c + E +c + P| dx+t:n-4] 


I 
= -P -C-7 +C+ P dx4+t:n-t] 
Ax:n] 


-.} Ax+t-n-t] 
Äx:n] 


Therefore, 


umod = ,ynet . “ethene for t= 12,1. (6) 
Ax:n 


If n is infinity, (6) takes on the form 


Vmod = ,ynet _ paxtt , for t=1,2,.... (7) 
ax 


If t>n, then the future cash flow consists of benefit payments only, it does 
not contain premium payments and expenses any more. Therefore, using 
prospective reserves, we get 


vmod = vynet for tèn. (8) 


Note that if t=n then (6) and (8) give the same result since 


Äx+n:n-n] _ Ëx+n:0 0 
x:n] Ax:n] 


In certain cases, the modified reserve can be expressed as a simple 
function of the net premium reserve and the initial expense. 

For example, in Section 5.1, we showed that the net premium reserve for 
an n year endowment insurance is 


we 1 _ Ay+tn-t | 


xn |~ Äx:n] 
So in this case, (6) can be rewritten as 


mod et 


n net 
EV zn] = Van] -I(1- Van) 


A similar expression can be obtained for a whole life insurance. Since 
the net premium reserve is 
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(7) implies 


mod net net 
tVy = Vy -I(1-:V, ). 


Note that the expressions (2), (3), (6), and (7) do not contain c and k. 
That means, the modified reserve does not depend on the renewal expenses. 
This is easily understandable if we recall that after Theorem 2.1 of Section 
4.2 we saw that each premium covers the renewal expenses of the respective 
year completely. Thus, it is not necessary to make reserves for these 
expenses, so if we want to determine the modified reserve it is enough to 
consider the initial expenses. Reserves that take into account the initial 
expenses are called Zillmerized reserves named after the 19th century 
German actuary August Zillmer. 

For the rest of this section, we will ignore renewal expenses; that is, we 
assume c=0 and k=0. We will focus on the effect of the initial expenses on 
the reserves. The gross annual premium in this case is 


P"=P+— (9) 


Ax:n] 


In other words, we have a series of premium payments 
I 
Pp=P}+>_, t=0,1,...n-1 (10) 
Ax:n) 


where P= P is the level annual net premium and Py denotes the gross 
premium due at time t. So each gross premium can be split into two parts. 


One part, P is needed to pay the benefits while the other part, = , is 
used to recover the initial expense I over the time. Thus it takes rather long 
(n - 1 years), before the initial expense can finally be settled. However, 
since the initial expense is incurred right at the beginning of the policy, the 
insurance company usually prefers to settle it as soon as possible. This may 
be achieved by dividing the gross premiums in a different way. Let us 


assume that Pi is split as 
P;=Pj+If, t=0,1,...n-1 (11) 


where 


0< <P, t=0,1,...n-1 (12) 
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and 


n-1 , n-1 
» 4ExPt= > 4ExP+. (13) 
t=0 t=0 


Then the expected present value at time t = 0 of the cash flow consisting of 
Po,Pi,....Pn-1 equals the expected present value at time #= 0 of the benefit 


payments. Therefore, P;'s can be used as modified net premiums. Moreover, 
it follows from (10), (11), and (13) that 


n-1 n-1 VIA 
x tEx I = x tEx (Pt - Pt) 
t=0 t=0 
n-1 n-1 
= X, Ex Pt- >, Ex Pi 
t=0 t=0 
n-1 n n-1 
= > Æx Pt- X, Ex Pt 
t=0 = 
n-1 r 
= è, tEx (Pt - Pt) 
t=0 
n-1 I 
= » tEx > 
t=0 xin | 
dx:n 
Ax:n] 


Thus the initial expense I can be recovered from the cash flow 
I0,11,-,In-1- 

If we base the net premium reserve calculation on the modified net 
premiums, we obtain the modified net premium reserves ;V*". Then 


;venet = EPV;(cash flow of benefits after t) 
- EPV;(cash flow of modified net premiums after t). 


The modified net premium reserve can also be denoted by ;V®°d, However, 
for the sake of clarity, we will use this notation only for the modified 
reserve defined by (4). 

When we choose the modified net premiums Po,Pi,....Pn-1 we want to 
make sure they will not give rise to negative reserves: 


sV*net > 0, t= 0,1,2,...,N. 
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There are various ways of determining modified net premiums. 

One possibility is to take off the whole amount of the initial expense 
from the first gross premium Po. This way we can settle the initial expense 
immediately at the start of the policy, so we do not have to worry about it 
afterwards. The following theorem shows that this can always be done if 
the modified reserves are nonnegative. 


THEOREM 3.1. Consider an insurance with an initial expense of I 
whose gross premiums are payable in the form of an n year level annuity- 
due (n is a positive integer or infinity). Let P” denote the level gross annual 
premium. Assume 


pumod > 0, t = 1,2,....n -1. (14) 


Let us define the modified net premiums as 


Pò =P" -L, (15) 
and 
Pi} =P", t=1,2,...n-1. (16) 
Then we get 
ovenet = (0 (17) 
and 
pVenet = vmod > 0, t21. (18) 


Proof: Let the level net premium be P per annum. From (9), (15), and 
(16) we get 


n-1 , n-i 
> ÆExPt=P"-I1+ $, Ex P" 
t=0 t=1 
n-1 
= 5 tEx P" - I 
t=0 
n-1 
= E,| P+ -I 
2 x Ax:n] 
n-1 
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n-1 
= » tEx P. 
t=0 
Thus (13) is satisfied. 
Equating the retrospective modified reserve at time zero 
gymod = JI 
to the prospective modified reserve 


gymod = EPV (cash flow of benefits between times t=0 and t= 1) 
+ 1Ex 1 vmod - Pp” 


we get 


P" - I = EPVọ (cash flow of benefits between times t=0 and t= 1) 
+ 1Ey 1 V04, (19) 


Now, the first term on the right hand side of (19) is nonnegative. Since 
į vmod > 0, the second term is also nonnegative. Thus 


O<P'-I 


and therefore 


Moreover 
0<P;<P", t=12,..,n-1 
is true because of (16). Hence (12) is also satisfied. Since any net premium 


reserve is zero at time to = 0, (17) is true. 
If t21, then 


sV*net = EPV; (cash flow of benefits after t) 
- EPV; (cash flow of modified net premiums after t). 


However, it follows from (16) that the modified net premiums after t 
coincide with the gross premiums. Thus 


sV*net = EPV; (cash flow of benefits after t) 
- EPV (cash flow of gross premiums after 1) = vmod. (20) 
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Hence (18) follows from (14) and (20), if 1<t<n-1. If t2n, then there are 
no premium payments after time t, hence 


¿V*net = ,ymod =- EPV; (cash flow of benefits after t) >0 
which proves (18) for t>n. W 


Next we show that if the cash flow of the benefits of an insurance 
satisfy the conditions of Theorem 1.1 of Section 5.1 and the premiums are 
payable in the form of an n year level annuity-due then 1 V™0d > 0 implies 
,Vmod > 0, t = 2,3,...n - 1. Thus in this case, it is enough to check the 
nonnegativity of the modified reserve at duration t= 1. 

Indeed, we have seen after Theorem 1.1 of Section 5.1 that the level 
annual premium satisfies the conditions of Theorem 1.1 of Section 5.1, thus 
using the theorem we find that 


pynet 


——,), dE = 1,2,..,nN - 1 
Pdx+t:n-1] 


r(t) = 


is increasing in f. 
Now from (6) we get 


¿vmod _ vnet _ pÉxttin A 
Ax:n] 
pynet I 


= Ayx+t:n-1] Conn - is , t= 1,2,.. n - 1. 


Therefore, 
¿ymod > 0 
is equivalent to 
pynet I 
F >- , t=1,2,....n-1. 
Ax+tin-t) x:n] 
i net 
Since r(t) is increasing in t, ~ is also increasing in t. Therefore, if 
Ax+t:n-t] 
1 vmod >0 
then 
1 ynet I 
> 


üx+1:n-1] x:n 
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¿vnet I 
-~ 27, t=1,2,3,....n-1 
Ax+t:n-t] x:n] 


and 
vmod >Q, #=1,2,3,..n-1, 


which proves our statement. 
Using (6), the condition 


vmod > 0 (21) 
can also be expressed as 
r< wr Lan (22) 
Ax+1:n-1] 


Furthermore, from (9) and (19) we get 
1Ex Vmod 
= P" - I - EPVg (cash flow of benefits between times t=0 and t=1) 


1 
=P-I|1- în) - EPV (cash flow of benefits between times t=0 and t=1). 
xin 


Thus (21) is equivalent to 


< P - EPVo(cash flow of benefits between times t=0 and t=1) 
T 1 
Äx:n] 
The largest I for which (21) is still true is called the Zillmer maximum, 
denoted by IZillmer. So if the initial expense is the Zillmer maximum, we 
get 


I . (23) 


vmod = 0. (24) 


Using (22) or (23) we obtain the following two expressions for the Zillmer 
maximum: 


dx:n] 
13; = ynet ANI 25 
Zillmer = 1 dx+1:n-1) (25) 


and 
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P - EPVo(cash flow of benefits between times t=0 and t=1) 
IZillmer = 1 


Äx:n] 


(26) 


It follows from (15), (19), and (24) that using the Zillmer maximum as the 
initial expense, we have 


Po= EPVo(cash flow of benefits between times t=0 and t= 1). (27) 


That means, the modified net premium at time zero is exactly the 
amount of a single premium charged for providing the benefit payments 
between times t=0 and t= 1. Thus the total amount of the premium at time 
zero is needed to meet the benefit paying liabilities in this period and cover 
the initial expense. That is why we are talking about a full preliminary 
term method if the initial expense is defined as the Zillmer maximum. 

It follows from (18) and (24) that under the full preliminary term 
method 


y v*net = 0. (28) 


Thus the modified annual net premiums payable at times t = 1,2,....n - 1, 
which are equal to the annual gross premium P" (see (16)), will provide the 
money needed to pay the benefits after time t= 1. Thus 


EPV} (cash flow of benefits after time t = 1) 


P' = n 
Ax+1:n-1] 


(29) 
We have seen in Section 5.1 that the whole life and term insurances and 
the endowment insurances satisfy the conditions of Theorem 1.1 of Section 
5.1. Hence we can apply our results to these classes of insurances. 
For example, in the case of an n year endowment insurance of $1 with 
annual premiums, we have 


VME = 1 Vyp) = 1 -ALn 
l Ax:n] 
Thus 


Äx:n] _ 1 
dx+1:n-1] 1-1Vx:n] 


so from (25), the Zillmer maximum is 
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1Vx:n | (30) 


[Zilmer =T Ven) 


Furthermore, using the full preliminary term method, (29) gives the 
following gross annual premium: 


"i Ax+1:n-1] 
P = T= Py41:n-11. 31 
dx 41:n-1) x4+1:n-1] (31) 


Using (16) and (27) we get 


Pò = Axl (32) 
and 
Pi = Patent}, t=1,2,.M-1 (33) 
Furthermore, from (18) we obtain 
pumod = ,y*net = i Vx+1:n-1} t=1,2,,.M. (34) 


If we consider a whole life insurance of $1 with annual premiums, we 
get 


pVnet = jVx=1 Ml, 
Ax 
Then the Zillmer maximum is 
1V 
IZillmer = I-V, (35) 


Using the full preliminary term method, the annual gross premium is 


te A 
p" = 22 = P(Ax41). (36) 
x+1 


Note that using the notation Py+] instead of P(Ax+1) would be confusing 
here. Moreover, 


1 
and 


F = P(Ax+1), t= 1,2,.... (38) 
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We also have 
pymod = jvxnet = 1 1V(Ayy1), t=1,2,.... (39) 


There are also other methods of defining the modified net premiums. 
They are usually of the form 


and 


Methods of this type are the commissioners reserve valuation method 
used in many U.S. states and the Canadian method. 

Note that the full preliminary term method is a special kind of these 
methods with k=n, 


Pò = EPVo (cash flow of benefits between times t=0 and t=1)=a 


and 


EXAMPLE 3.1. The premiums fora 10 year pure endowment of $5000 on 
a life aged 25 are payable annually. Determine the Zillmer maximum for 
the insurance. Assuming an initial expense of $120 is paid from the first 
premium, find the modified net premiums. Also obtain the expressions for 
the modified net premium reserves at duration t = 1,2,...,10 and evaluate 
them numerically at t = 1, t=8, and t=10. Base the computations ona 6% 
annual interest rate. 

Solution: Denoting the net annual premium by P, we can write 


1 
P @25.19| = 5000 A 25:10]: 


Now 


and 
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A450] = Dos = 9986.35 7 0.5499671 
SO 
0.5499671 
P = 5000 775875 = $354.42. 


The net premium reserve at duration t is 


1 _. D25_ N25-N25+t N25 - N25+t 
ynet = —— Por. = —#>— Ppt = pe t = 1,2,...,10. 
È E25 OT Dost D25 D25+t 
Using (25), the Zillmer maximum is 
425-101 
Izi = qunet -e 
Zillmer = 1 {06:97 
We have 
N25 - N26 D25 22286.35 
net — p 2—20 _ p 9 _ LEE _ 
Ve! = P Doe = P Dz; = 354.42 50999 15 376.15 
and 
No6-N35 339291.72 - 188663.76 
426:9) = De =" 20699915 `“ 7.17305. 
Thus 
7.75875 
Izillmer = 376.15 7 17305 = $406.86. 


If the initial expense is $120, the gross annual premium is 


" I 120 
P =P+ i5101 354.42 + 775875 


= $369.89. 
Thus, the modified net premiums are 


Po = 369.89 - 120 = $249.89 at time #=0 


and 
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= $369.89 at time t= 1,2,...,9. 
From (18) we get 
pvenet = ,ymod += 1,2,...,10 


and using (6), we get 


pVenet — vnet - [É25+t:10:H 
d25:101 
_ pi25:5]_ p Ë25+t:10-t] 
tE25 A25:101 
= 354,42 225: 12022510- p49 410, 
+E25 425:101 


Hence the modified net premium reserve at duration t=1 is 


pV net = qunet -I 26:9). 
425:101 


7.17305 
= 376.15 - 120 7.75875 
= 265.21. 


For t=8, we have 


gV*net — — gvnet - 120 433:21 
d25:101. 


Now 


361578.07 - 215503.30 


= 354.42 13822.67 


= 3745.43, 


and 
. __N33 - N35 
433:2] 7 D33 
_ 215503.30 - 188663.76 


13822.67 
= 1.94170. 


Hence the modified net premium reserve at duration t= 8 is 
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1.94170 
*net — _ 
gV*net = 3745.43 - 120 33235 


= $3715.40. 


Using (8) and (18), the modified net premium reserve at duration t= 10 is 
10 Veet — 19 Vm04 — 1oVnet = $5000. 


EXAMPLE 3.2. A whole life insurance of $8000 issued to a life aged 50 
is purchased by annual premiums. Using the full preliminary term method, 
find the initial expenses and determine the modified net premiums. Also 
derive expressions for the modified net premium reserves at duration 
t = 1,2,... and evaluate them numerically at t=1, t=2, and t = 30. Use a 
6% annual rate of interest. 

Solution: Let us denote the net annual premium by P. Then we have 


P 5g = 8000 A5o0. 


Now 
i5o = 13.26683 
and 
A50 = 0.2490475 
hence 
P = 8000 TOA = $150.18. 


The initial expense is given by the Zillmer maximum. From (35), we obtain 


1V50 


17; = 8000 . 
Zillmer 1-1V50 


Since 


i51 13.08027 


1V50=1 “iso 113.26683 ~ 0.0140621, 
the initial expense is 
0.0140621 


1 - 0.0140621 
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Therefore, the gross annual premium is 


114.10 


v_py Lt _ 114.10 
P' = P47 = 150.18 + 1326683 


= $158.78. 


Another way of obtaining the gross annual premium is to use (36): 


0.2596073 


13.08027 = 2198-78. 


11 A 
P" = 8000 P(A51) = 8000 der = 8000 


Therefore, the modified net premiums are 
Po = 158.78 - 144.10 = $14.68 at time t=0 
and 
Pj = $158.78 at time t= 1,2,.... 


Using (39), the modified net premium reserves are 
pV*net = 8000 4.1V(A51) = 8000 È - ost) t=1,2,.... 
The modified net premium reserve at duration t= 1 is 
q V*net = 8000 È - ni =0 
451 


giving the same result as (28). 
Furthermore, we get 


j 12.8878 
p V*net = 8000 È - is) = 8000 È a = $117.69 


-13.08027 
and 
«net — _ 480)_ _ 5.90503 | _ 
30V = 8000 È 5 i = 8000 È 13.08027 | = $4388.44. 
PROBLEMS 


3.1. A 20 year endowment of $6000 issued to a life aged 40 is purchased 
by annual premiums. Obtain the Zillmer maximum for the 
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3.2. 


3.3. 
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insurance. Find the modified net premiums if an initial expense of 
$100 is paid from the first premium. Furthermore, derive the 
expressions for the modified net premium reserves at duration 
t = 1,2,..,20 and evaluate them numerically at t=1, t = 10, and 
t= 20. Usea 6% annual rate of interest. 


A 25 year term insurance of $8000 issued to a life aged 50 is 
purchased by annual premiums. Find the Zillmer maximum for the 
insurance. Compute the modified net premiums and find the 
expressions for the modified net premium reserves at duration 
t = 1,2,....25 if an initial expense of $50 is paid from the first 
premium. Determine the numerical value of the net premium 
reserves at duration t=1, t=10, and t=25. Usea 6% annual rate 
of interest. 


The premiums for a whole life insurance of $5000 issued to a life 
aged 40 are payable annually. Determine the initial expenses using 
the full preliminary ‘term method. Obtain the modified net 
premiums. Find the expressions for the modified net premium 
reserves at duration t = 1,2,... and evaluate them numerically at 
t= 1, t=5, and t= 15. Base the computations on a 6% annual 
interest rate. 


ANSWERS TO ODD-NUMBERED PROBLEMS 


Chapter 1 


Section 1 
1.1. 520, 500, 20 
1.3. 810.64, 10.64 
1.5. 3629.25 
1.7. a) 0.00803 b) 0.02532 c) 0.03769 
1.9. a) 0.00415, 0.04889 
b) 0.02490, 0.04940 
c) 0.03966, 0.04975, 0.04879 
1.11. a) 2500.44 b) 2503.22 c) 2675 
1.13. a) 33.83 b) 101.49 c) 8.46 
1.15. a) 32 b) 30.77 
1.17. a) 0.00786, 0.04860 
b) 0.01222, 0.04849 
c) 0.01762, 0.04836 


Section 2 

2.1. 2938.50 

2.3. 0.04373, yes 

2.5. 152.78, 162.08 

2.7. b) 116.60, 483.40 
c) 64.56, 605.44 


Section 3 

3.1. a) 1 b) 7.8017 c) 13.9716 d) 38.9927 
3.3. a) 6.2915 b) 4.5782 

3.5. 1575.49 


3.7. a) 6409.19 b) 7797.76 
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3.9. a) 0.9615 b) 10.5631 c) 18.2919 d) 41.6459 

3.11. 1281.39 

3.13. 7685.37 

3.15. 5646.29 

3.17. a) 9.8558 b) 37.7866 c) 9.3105 d) 26.6312 
e) 192.9002 

3.19. 1005.37 


3.21. 50347.84, 120661.53 

3.23. 16544.11, 24489.25 

3.25. a) 12161.70 b) 11582.55 c) 11893.90 d) 11845.65 
e) 11869.76 

3.27. 1720.17 


Chapter 2 


Section 1 
1.1 0.53526, 0.0125 


d 
1.3. Hint: Prove that di (log S(t)) =c, where c is a constant and 


integrate both sides of the equation. 


Section 2 
2.1. a) 0.9970045 b) 0.0029955 c) 0.9792190 
d) 0.0295545 e) 0.0147105 
d 
2.3. Hint: Show that dx log Xx =- o; and integrate both sides of the 
equation. 
Section 3 
3.1. a) 0.9940801 b) 0.0015289 c) 0.9647228 
d) 0.2166647 e) 0.1236632 


3.3. a) 94912.10 b) 0.9991946 c) 0.9653463 


Answers to Odd-Numbered Problems 


d) 0.0793169 


3.5. a) 0.00132 b) 0.99823 
d) 0.99083 e) 0.01170 

Chapter 3 

Section 1 


500 if t*=5 and t* <t 
700 if t*=10 and t* <t 
1000 if t*=15 and t* <t 


11  C(¢,t)= 


0 otherwise 
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c) 0.99809 
f) 0.00785 


1 1 1 
g(t) = 500 1.045 I(5 < t) + 700 1.9410 I(10 < t) + 1000 1.0415 I(15 < t) 


a) 0 b) 883.86 
5000 if t*=t 
1.3. a) C(t*,t) = 
0 otherwise 
1 
g(t) = 5000 Loat 


(17.2) = 2546.81 


5000 if t* = [t] +1 
b) C(t*,t) = 
0 otherwise 


1 
g(t) = 5000 Loalét 
g(17.2) = 2468.14 


1.5. 1406.55 

1.7. 4098.83 

Section 2 

2.1. a) 0.8087671 b) 23873.40 
2.3. 1180.07, 237.40 

Section 3 

3.1. a) 51.8757 b) 71.6937 


3.3. 2583.92, 1420.04 


c) 1439.12 


c) 0.6653682 


c) 0.0029553 
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3.5. 3515.64 

3.7. 133.05 

3.9. 3371.60 

3.11. 1586.41, 1068.56 

3.13. a) 13857.19 b) 4.2967280 

Section 4 

4.1. a) 0.5615188 b) 0.0007724 

4.3. a) 0.2580743 b) 0.0086869 

Section 5 

5.1. Hint: Use algebra or general reasoning. 

5.3. 31712.24, 4299.71 

5.5. 4583.03 

5.7. a) 1702518.15 b) 206.43624 

5.9. Hint: Use algebra or general reasoning. 

5.11. a) 14.39262 b) 5.7165073 
d) 0.2416486 e) 2.78121 

5.13. 13963.89 

5.15. 40182.43 

5.17. a) 15.39779 b) 11.48906 
d) 5.28064 

5.19. 69332.82 

5.21. 183570.14 

5.23. a) 12.51683 b) 12.76236 
d) 1.26013 

5.25. 82202.47 

5.27. 43933.33 

5.31. 51539.80, 9564.16 

5.33. 10875.42 

5.35. 116630.52 
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c) 0.1783632 


c) 0.1489294 
c) 0.1147878 


c) 68.89061 
c) 7.30872 


f) 5.29950 


c) 8.32795 


c) 4.55475 


Answers to Odd-Numbered Problems 


5.37. 12023.70 
5.39. 824.51 
5.41. 131603.78 


Chapter 4 

Section 1 

1.1. 679.57 

1.3. 2228.50 

1.5. a) 33.63 b) 34.74 

1.7. 66.42 

1.9. 8.39 

1.11. 201.16 

1.13. 1875.36 

1.15. a) 274.23 b) 251.62 
d) 235.18 

Section 2 

2.1. a) 300.66 b) 461.27 

2.3. 10070.25, 324.78 

2.5. a) 123.66 b) 165.37 

Chapter 5 

Section 1 


1.1 P=587.48 
ros D 
ve? 2 2000 —22- 


D30+t 
retro P D30 
V I TT EI AT 
tE30 D304 
6V = 842.19 


20V = 1761.34 


c) 236.57 


c) 160.61 
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1.3. P = 1691.45 


| 


2 
ros 1.06) (M -M D 
wv P _ 4000 (1.06) (M254+- M40) + Dao 


D25+t 
1 
retro D25 2 M25 - M254t 
V = P - (1.06 = itr 
i paf (1.06) D25 
5V = 2247.75 
gV = 2668.94 


1.5. P = 1653.53 
yP OP N51+t- N61 
= 6000 | 410-4) - 
retro D 
yor _ _D50 


— Dso+t 


N51 -N D 
P — 6000 (a1 - Nt Nos? + È - Di (1+ a10] 


t 


5V = 723.16 
1.7. Hint: Use the formulas 


Vx =1 „Aast 
and 
tVx:n]=1 Serent, 
1.9. a) P = 49.12 
VP = 2000 Do - pant —“s0 " 30 
yf _ p_N30-N30+ 


i 7 D30+t 
6V = 365.64 
18V = 1665.98 
b) P= 75.84 
D50__ p N30+t- N40 


if t< 10 
D D 
ros 30+t 30+t 
pyr 


if t> 10 
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N30 - N 
p—30--*30+t if #< 10 
retro D30+t 
t = 
Noag- N 
30-7540 ift>10 
D30+t 
6V = 564.53 
18V = 1761.39 
1.11. P= 170.65 
ros 
v” p 


|= 


2 
1. - D - 
~ 4999 (1:06) (M25+t - Mao) + (0_p( Nase Nao [1 D40 } 


D25+t D25+t 2\| D544 
retro 
V 
1 
D25 N25 - N2544 1 D25+t 2 M25 - M25+t 
= p| =A - 1- E | |- 4000 (1.06) aea 
Dost í Dzs ` 2|} Das 1.00) °° Dos 
5V = 964.44 
gV = 1694.09 
1.13. a) 1926.82 b) 3372.00 
1.15. 7 
1.17. a) 440.59, 520.28 b) 680.25, 803.29 
Section 2 


2.1. mortality loss of 10869.21 
2.3. mortality profit of 2428.09 
2.5. mortality profit of 776.94 


Section 3 
3.1. Izillmer = 169.17 
Pò = 79.03 
P4 = 179.03, t =1,2,...,19 
svenet = 6000 - 6100 “40##20- 4 _ 19,20 
440:201 


1V*net = 67.28 
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10V*"et = 2071.89 
ag V*Met = 6000 
3.3. I = IZillmer = 44.31 


Pò = 13.12 

Pi = 57.43, t=1,2,3,... 

pyanet = 5000| 1 - oct) t = 1,2... 
A41 

q V*net = 0 


gV*net = 195.54 
15V*Net = 820.70 


APPENDIX 1 
COMPOUND INTEREST TABLES 


312 


1 per cent 


i= 
(2) _ 

j{4) — 

(12) _ 

ô= 
0+1? = 
(14 j1/4 = 
(1+ jI/12 


Vv 
yi/2 
„1/4 

yl/12 


dl2) = 
d(4) = 
d(12) = 


0.010000 
0.009975 
0.009963 


0.009954 
0.009950 


1.004988 
1.002491 


1.000830 
0.990099 


0.995037 


= 0.997516 


0.999171 
0.009901 


0.009926 
0.009938 
0.009946 


i/it2) = 1.002494 
i/i€4) = 1.003742 
i/i012) = 1.004575 
i/8 = 1.004992 
i/al) = 1.007494 
i/d4) = 1.006242 
i/d(12) = 1.005408 


Source: Adapted from Formulae and Tables for Actuarial Examinations, published by the Faculty and Institute 


of Actuaries, 1980. 


COMPOUND INTEREST TABLES 


n 


Ne e e e e e ee l ol 
OO 0% N A OP UN =e O CWAN DBD VF WY e 


N 
= 


22 


(1 +1)" 


1.01000 
1.02010 
1.03030 


1.04060 
1.05101 


1.06152 
1.07214 


1.08286 
.09369 


1 

1.10462 
1.11567 
1.12683 
1.13809 
1.14947 
1.16097 
1.17258 
1.18430 
1.19615 


1.20811 
1.22019 


1.23239 
1.24472 


1.25716 
1.26973 
1.28243 
1.29526 
1.30821 
1.32129 
1.33450 
1.34785 
1.36133 
1.37494 
1.38869 
1.40258 
1.41660 
1.43077 
1.44508 
1.45953 
1.47412 
1.48886 
1.50375 
1.51879 
1.53398 
1.54932 
1.56481 
1.58046 
1.59626 
1.61223 
1.62835 
1.64463 
1.81670 
2.00676 
2.21672 
2.44863 
2.70481 


y” 


0.99010 
0.98030 
0.97059 


0.96098 
0.95147 


0.94205 
0.93272 


0.92348 
0.91434 


0.90529 
0.89632 


0.88745 
0.87866 


0.86996 
0.86135 
0.85282 
0.84438 
0.83602 


0.82774 
0.81954 


0.81143 
0.80340 


0.79544 
0.78757 
0.77977 
0.77205 
0.76440 
0.75684 
0.74934 
0.74192 
0.73458 
0.72730 
0.72010 
0.71297 
0.70591 
0.69892 
0.69200 
0.68515 
0.67837 
0.67165 
0.66500 
0.65842 
0.65190 
0.64545 
0.63905 
0.63273 
0.62646 
0.62026 
0.61412 
0.60804 
0.55045 
0.49831 
0.45112 
0.40839 
0.36971 
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An] Sn] 
0.9901 1.0000 
1.9704 2.0100 
2.9410 3.0301 
3.9020 4.0604 
4.8534 5.1010 
5.7955 6.1520 
6.7282 7.2135 
7.6517 8.2857 
8.5660 9.3685 
9.4713 10.4622 
10.3676 11.5668 
11.2551 12.6825 
12.1337 13.8093 
13.0037 14.9474 
13.8651 16.0969 
14.7179 17.2579 
15.5623 18.4304 
16.3983 19.6147 
17.2260 20.8109 
18.0456 22.0190 
18.8570 23.2392 
19.6604 24.4716 
20.4558 25.7163 
21.2434 26.9735 
22.0232 28.2432 
22.7952 29.5256 
23.5596 30.8209 
24.3164 32.1291 
25.0658 33.4504 
25.8077 34.7849 
26.5423 36.1327 
27.2696 37.4941 
27.9897 38.8690 
28.7027 40.2577 
29.4086 41.6603 
30.1075 43.0769 
30.7995 44.5076 
31.4847 45.9527 
32.1630 47.4123 
32.8347 48.8864 
33.4997 50.3752 
34.1581 51.8790 
34.8100 53.3978 
35.4555 54.9318 
36.0945 56.4811 
36.7272 58.0459 
37.3537 59.6263 
37.9740 61.2226 
38.5881 62.8348 
39.1961 64.4632 
44.9550 81.6697 
50.1685 100.6763 
54.8882 121.6715 
59.1609 144.8633 
63.0289 170.4814 
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1.5 per cent 


i = 0.015000 
i(2) = 0.014944 
i(4) = 0.014916 

12) - 0.014898 


5 = 0.014889 

(1 + i)1/2 = 1.007472 
(1 + i)!/4 = 1.003729 
(1+ 1/12 = 1.001241 
v = 0.985222 

yi /2 = 0.992583 
01/4 = 0.996285 
71/12 =- 9.998760 

d = 0.014778 

d'2) = 0.014833 


d\4) = 0.014861 
d\12) = 0.014879 
i/i(2) = 1.003736 
i/i(4) = 1.005608 

i/i(12) = 1.006857 
i/8 = 1.007481 


i/d(2) = 1.011236 
i/d(4) = 1.009358 
i/a(12) = 1.008107 


Ne e e e e PP Sl __ A 
CO WON Ci UF WON RP O UOAN DBD TP WN e 


21 


(1 + i)” 


1.01500 
1.03023 
1.04568 


1.06136 
1.07728 


1.09344 
1.10984 


1.12649 
1.14339 


1.16054 
1.17795 


1.19562 
1.21355 


1.23176 
1.25023 
1.26899 
1.28802 
1.30734 


1.32695 
1.34686 


1.36706 
1.38756 


1.40838 
1.42950 
1.45095 
1.47271 
1.49480 
1.51722 
1.53998 
1.56308 
1.58653 
1.61032 
1.63448 
1.65900 
1.68388 
1.70914 
1.73478 
1.76080 
1.78721 
1.81402 
1.84123 
1.86885 
1.89688 
1.92533 
1.95421 
1.98353 
2.01328 
2.04348 
2.07413 
2.10524 
2.44322 
2.83546 
3.29066 
3.81895 
4.43205 


o" 


0.98522 
0.97066 
0.95632 


0.94218 
0.92826 


0.91454 
0.90103 


0.88771 
0.87459 


0.86167 
0.84893 


0.83639 
0.82403 


0.81185 
0.79985 
0.78803 
0.77639 
0.76491 


0.75361 
0.74247 


0.73150 
0.72069 


0.71004 
0.69954 
0.68921 
0.67902 
0.66899 
0.65910 
0.64936 
0.63976 
0.63031 
0.62099 
0.61182 
0.60277 
0.59387 
0.58509 
0.57644 
0.56792 
0.55953 
0.55126 
0.54312 
0.53509 
0.52718 
0.51939 
0.51171 
0.50415 
0.49670 
0.48936 
0.48213 
0.47500 
0.40930 
0.35268 
0.30389 
0.26185 
0.22563 


An] 


0.9852 
1.9559 
2.9122 


3.8544 
4.7826 


5.6972 
6.5982 


7.4859 
8.3605 


9.2222 
10.0711 


10.9075 
11.7315 


12.5434 
13.3432 
14.1313 
14.9076 
15.6726 


16.4262 
17.1686 


17.9001 
18.6208 


19.3309 
20.0304 
20.7196 
21.3986 
22.0676 
22.7267 
23.3761 
24.0158 
24.6461 
25.2671 
25.8790 
26.4817 
27.0756 
27.6607 
28.2371 
28.8051 
29.3646 
29.9158 
30.4590 
30.9941 
31.5212 
32.0406 
32.5523 
33.0565 
33.5532 
34.0426 
34.5247 
34.9997 
39.3803 
43.1549 
46.4073 
49.2099 
51.6247 


Sn] 


1.0000 
2.0150 
3.0452 


4.0909 
5.1523 


6.2296 
7.3230 


8.4328 
9.5593 


10.7027 
11.8633 


13.0412 
14.2368 


15.4504 
16.6821 
17.9324 
19.2014 
20.4894 


21.7967 
23.1237 


24.4705 
25.8376 


27.2251 
28.6335 
30.0630 
31.5140 
32.9867 
34.4815 
35.9987 
37.5387 
39.1018 
40.6883 
42.2986 
43.9331 
45.5921 
47.2760 
48.9851 
50.7199 
52.4807 
54.2679 
56.0819 
57.9231 
59.7920 
61.6889 
63.6142 
65.5684 
67.5519 
69.5652 
71.6087 
73.6828 
96.2147 
122.3638 
152.7109 
187.9299 
228.8030 
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314 


2 per cent 


i = 0.020000 
i(2) = 0.019901 
i(4) = 0.019852 


12) = 0.019819 
6 = 0.019803 


(1 + i)!/2 = 1.009950 


(1+ j1/4 
(1 + 91/12 


v 
yi/2 


1/4 


yl/12 
d 


(2) 


1.004963 


1.001652 
0.980392 


0.990148 
0.995062 


0.998351 
0.019608 


0.019705 


d‘4) = 0.019754 
d(12) = 0.019786 
i/i(2) = 1.004975 
i/i® = 1.007469 


i/i12) = 1.009134 
i/& = 1.009967 


i/d?) = 1.014975 
i/d) = 1.012469 
i/d(12) = 1.010801 


n 
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(1 + 1)” 


1.02000 
1.04040 
1.06121 


1.08243 
1.10408 


1.12616 
1.14869 


1.17166 
1.19509 


1.21899 
1.24337 


1.26824 
1.29361 


1.31948 
1.34587 
1.37279 
1.40024 
1.42825 


1.45681 
1.48595 


1.51567 
1.54598 


1.57690 
1.60844 
1.64061 
1.67342 
1.70689 
1.74102 
1.77584 
1.81136 
1.84759 
1.88454 
1.92223 
1.96068 
1.99989 
2.03989 
2.08069 
2.12230 
2.16474 
2.20804 
2.25220 
2.29724 
2.34319 
2.39005 
2.43785 
2.48661 
2.53634 
2.58707 
2.63881 
2.69159 
3.28103 
3.99956 
4.87544 
5.94313 
7.24465 


on 


0.98039 
0.96117 
0.94232 


0.92385 
0.90573 


0.88797 
0.87056 


0.85349 
0.83676 


0.82035 
0.80426 


0.78849 
0.77303 


0.75788 
0.74301 
0.72845 
0.71416 
0.70016 


0.68643 
0.67297 


0.65978 
0.64684 


0.63416 
0.62172 
0.60953 
0.59758 
0.58586 
0.57437 
0.56311 
0.55207 
0.54125 
0.53063 
0.52023 
0.51003 
0.50003 
0.49022 
0.48061 
0.47119 
0.46195 
0.45289 
0.44401 
0.43530 
0.42677 
0.41840 
0.41020 
0.40215 
0.39427 
0.38654 
0.37896 
0.37153 
0.30478 
0.25003 
0.20511 
0.16826 
0.13803 
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An] Sn] 
0.9804 1.0000 
1.9416 2.0200 
2.8839 3.0604 
3.8077 4.1216 
4.7135 5.2040 
5.6014 6.3081 
6.4720 7.4343 
7.3255 8.5830 
8.1622 9.7546 
8.9826 10.9497 
9.7868 12.1687 
10.5753 13.4121 
11.3484 14.6803 
12.1062 15.9739 
12.8493 17.2934 
13.5777 18.6393 
14.2919 20.0121 
14.9920 21.4123 
15.6785 22.8406 
16.3514 24.2974 
17.0112 25.7833 
17.6580 27.2990 
18.2922 28.8450 
18.9139 30.4219 
19.5235 32.0303 
20.1210 33.6709 
20.7069 35.3443 
21.2813 37.0512 
21.8444 38.7922 
22.3965 40.5681 
22.9377 42.3794 
23.4683 44.2270 
23.9886 46.1116 
24.4986 48.0338 
24.9986 49.9945 
25.4888 51.9944 
25.9695 54.0343 
26.4406 56.1149 
26.9026 58.2372 
27.3555 60.4020 
27.7995 62.6100 
28.2348 64.8622 
28.6616 67.1595 
29.0800 69.5027 
29.4902 71.8927 
29.8923 74.3306 
30.2866 76.8172 
30.6731 79.3535 
31.0521 81.9406 
31.4236 84.5794 
34.7609 114.0515 
37.4986 149.9779 
39.7445 193.7720 
41.5869 247.1567 
43.0984 312.2323 


Appendix 1 


2.5 per cent 


i = 0.025000 
i2) = 0.024846 
i(4) — 0.024769 

i(12) - 0.024718 


5 = 0.024693 

(1+ i)1/2 = 1.012423 
(1 + i)!/4 = 1.006192 
(1 + 1/12 = 1.002060 
v = 0.975610 

v1/2 = 0.987730 
v!/4 = 0.993846 
v!/12 - 0.997944 

d = 0.024390 

d‘2) = 0.024541 


d\4) = 0.024617 
da(12) = 0.024667 
i/i2) = 1.006211 
i/i4) = 1.009327 

i/i(12) = 1.011407 
i/6 = 1.012449 


i/d(?) = 1.018711 
i/d4) = 1.015577 
i/d 2) = 1.013491 
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(1 +1)" 


1.02500 
1.05063 
1.07689 


1.10381 
1.13141 


1.15969 
1.18869 


1.21840 
1.24886 


1.28008 
1.31209 


1.34489 
1.37851 


1.41297 
1.44830 
1.48451 
1.52162 
1.55966 


1.59865 
1.63862 


1.67958 
1.72157 


1.76461 
1.80873 
1.85394 
1.90029 
1.94780 
1.99650 
2.04641 
2.09757 
2.15001 
2.20376 
2.25885 
2.31532 
2.37321 
2.43254 
2.49335 
2.55568 
2.61957 
2.68506 
2.75219 
2.82100 
2.89152 
2.96381 
3.03790 
3.11385 
3.19170 
3.27149 
3.35328 
3.43711 
4.39979 
5.63210 
7.20957 
9.22886 
11.81372 


y” 


0.97561 
0.95181 
0.92860 


0.90595 
0.88385 


0.86230 
0.84127 


0.82075 
0.80073 


0.78120 
0.76214 


0.74356 
0.72542 


0.70773 
0.69047 
0.67362 
0.65720 
0.64117 


0.62553 
0.61027 


0.59539 
0.58086 


0.56670 
0.55288 
0.53939 
0.52623 
0.51340 
0.50088 
0.48866 
0.47674 
0.46511 
0.45377 
0.44270 
0.43191 
0.42137 
0.41109 
0.40107 
0.39128 
0.38174 
0.37243 
0.36335 
0.35448 
0.34584 
0.33740 
0.32917 
0.32115 
0.31331 
0.30567 
0.29822 
0.29094 
0.22728 
0.17755 
0.13870 
0.10836 
0.08465 


An] 


0.9756 
1.9274 
2.8560 


3.7620 
4.6458 


5.5081 
6.3494 


7.1701 
7.9709 


8.7521 
9.5142 


10.2578 
10.9832 


11.6909 
12.3814 
13.0550 
13.7122 
14.3534 


14.9789 
15.5892 


16.1845 
16.7654 


17.3321 
17.8850 
18.4244 
18.9506 
19.4640 
19.9649 
20.4535 
20.9303 
21.3954 
21.8492 
22.2919 
22.7238 
23.1452 
23.5563 
23.9573 
24.3486 
24.7303 
25.1028 
25.4661 
25.8206 
26.1664 
26.5038 
26.8330 
27.1542 
27.4675 
27.7732 
28.0714 
28.3623 
30.9087 
32.8979 
34.4518 
35.6658 
36.6141 


Sn] 


1.0000 
2.0250 
3.0756 


4.1525 
5.2563 


6.3877 
7.5474 


8.7361 
9.9545 


11.2034 
12.4835 


13.7956 
15.1404 


16.5190 
17.9319 
19.3802 
20.8647 
22.3863 


23.9460 
25.5447 


27.1833 
28.8629 


30.5844 
32.3490 
34.1578 
36.0117 
37.9120 
39.8598 
41.8563 
43.9027 
46.0003 
48.1503 
50.3540 
52.6129 
54.9282 
57.3014 
59.7339 
62.2273 
64.7830 
67.4026 
70.0876 
72.8398 
75.6608 
78.5523 
81.5161 
84.5540 
87.6679 
90.8596 
94.1311 
97.4843 
135.9916 
185.2841 
248.3827 
329.1543 
432.5487 


315 


316 


3 percent 


i = 0.030000 
i(2) = 0.029778 
i(4) = 0.029668 

(12) = 0.029595 


6 = 0.029559 

(1+ 1/2 = 1.014889 
(1+ i)!/4 = 1.007417 
(1 + i)1/12 = 1.002466 
v = 0.970874 

v1/2 = 0.985329 
v1/4 = 0.992638 
yi/12 - 0.997540 

d = 0.029126 

ad‘) = 0.029341 


d‘4) = 0.029450 
a(12) = 0.029522 
i/il2) = 1.007445 
i/i) = 1.011181 


i/i12) = 


1.013677 


i/6 = 1.014926 
i/d) = 1.022445 
i/d4) = 1.018681 

i/d2) = 1.016177 
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+ò” 


1.03000 
1.06090 
1.09273 


1.12551 
1.15927 


1.19405 
1.22987 


1.26677 
1.30477 


1.34392 
1.38423 


1.42576 
1.46853 


1.51259 
1.55797 
1.60471 
1.65285 
1.70243 


1.75351 
1.80611 


1.86029 
1.91610 


1.97359 
2.03279 
2.09378 
2.15659 
2.22129 
2.28793 
2.35657 
2.42726 
2.50008 
2.57508 
2.65234 
2.73191 
2.81386 
2.89828 
2.98523 
3.07478 
3.16703 
3.26204 
3.35990 
3.46070 
3.56452 
3.67145 
3.78160 
3.89504 
4.01190 
4.13225 
4.25622 
4.38391 
5.89160 
7.91782 


10.64089 
14.30047 
19.21863 


y” 


0.97087 
0.94260 
0.91514 


0.88849 
0.86261 


0.83748 
0.81309 


0.78941 
0.76642 


0.74409 
0.72242 


0.70138 
0.68095 


0.66112 
0.64186 
0.62317 
0.60502 
0.58739 


0.57029 
0.55368 


0.53755 
0.52189 


0.50669 
0.49193 
0.47761 
0.46369 
0.45019 
0.43708 
0.42435 
0.41199 
0.39999 
0.38834 
0.37703 
0.36604 
0.35538 
0.34503 
0.33498 
0.32523 
0.31575 
0.30656 
0.29763 
0.28896 
0.28054 
0.27237 
0.26444 
0.25674 
0.24926 
0.24200 
0.23495 
0.22811 
0.16973 
0.12630 
0.09398 
0.06993 
0.05203 


APPENDICES 

An] Sn] 
0.9709 1.0000 
1.9135 2.0300 
2.8286 3.0909 
3.7171 4.1836 
4.5797 5.3091 
5.4172 6.4684 
6.2303 7.6625 
7.0197 8.8923 
7.7861 10.1591 
8.5302 11.4639 
9.2526 12.8078 
9.9540 14.1920 
10.6350 15.6178 
11.2961 17.0863 
11.9379 18.5989 
12.5611 20.1569 
13.1661 21.7616 
13.7535 23.4144 
14.3238 25.1169 
14.8775 26.8704 
15.4150 28.6765 
15.9369 30.5368 
16.4436 32.4529 
16.9355 34.4265 
17.4131 36.4593 
17.8768 38.5530 
18.3270 40.7096 
18.7641 42.9309 
19.1885 45.2189 
19.6004 47.5754 
20.0004 50.0027 
20.3888 52.5028 
20.7658 55.0778 
21.1318 57.7302 
21.4872 60.4621 
21.8323 63.2759 
22.1672 66.1742 
22.4925 69.1594 
22.8082 72.2342 
23.1148 75.4013 
23.4124 78.6633 
23.7014 82.0232 
23.9819 85.4839 
24.2543 89.0484 
24.5187 92.7199 
24.7754 96.5015 
25.0247 100.3965 
25.2667 104.4084 
25.5017 108.5406 
25.7298 112.7969 
27.6756 163.0534 
29.1234 230.5941 
30.2008 321.3630 
31.0024 443.3489 
31.5989 607.2877 


Appendix 1 


3.5 per cent 


i = 0.03500 
(2) = 0.034699 
i(4) = 0.034550 

(12) = 0.034451 


6 = 0.034401 

(1 + i)!/2 = 1.017349 
(1 + 1/4 = 1.008637 
(1 + i)1/12 = 1.002871 
v = 0.966184 

v1/2 = 0.982946 
v!/4 = 0.991437 
v!/12 = 0.997137 

d = 0.033816 

d‘2) = 0.034107 


da(4) = 0.034254 
a(12) = 0.034352 
i/i(2) = 1.008675 
i/i4) = 1.013031 

i/il2) = 1.015942 
i/8 = 1.017400 
i/dl) = 1.026175 
i/d\4) = 1.021781 
i/d(12) = 1.018859 
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(1 + 1)" 


1.03500 
1.07123 
1.10872 


1.14752 
1.18769 


1.22926 
1.27228 


1.31681 
1.36290 


1.41060 
1.45997 


1.51107 
1.56396 


1.61869 
1.67535 
1.73399 
1.79468 
1.85749 


1.92250 
1.98979 


2.05943 
2.13151 


2.20611 
2.28333 
2.36324 
2.44596 
2.53157 
2.62017 
2.71188 
2.80679 
2.90503 
3.00671 
3.11194 
3.22086 
3.33359 
3.45027 
3.57103 
3.69601 
3.82537 
3.95926 
4.09783 
4.24126 
4.38970 
4.54334 
4.70236 
4.86694 
5.03728 
5.21359 
5.39606 
5.58493 
7.87809 
11.11283 
15.67574 
22.11218 
31.19141 


y” 


0.96618 
0.93351 
0.90194 


0.87144 
0.84197 


0.81350 
0.78599 


0.75941 
0.73373 


0.70892 
0.68495 


0.66178 
0.63940 


0.61778 
0.59689 
0.57671 
0.55720 
0.53836 


0.52016 
0.50257 


0.48557 
0.46915 


0.45329 
0.43796 
0.42315 
0.40884 
0.39501 
0.38165 
0.36875 
0.35628 
0.34423 
0.33259 
0.32134 
0.31048 
0.29998 
0.28983 
0.28003 
0.27056 
0.26141 
0.25257 
0.24403 
0.23578 
0.22781 
0.22010 
0.21266 
0.20547 
0.19852 
0.19181 
0.18532 
0.17905 
0.12693 
0.08999 
0.06379 
0.04522 
0.03206 


An] 


0.9662 
1.8997 
2.8016 


3.6731 
4.5151 


5.3286 
6.1145 


6.8740 
7.6077 


8.3166 
9.0016 


9.6633 
10.3027 


10.9205 
11.5174 
12.0941 
12.6513 
13.1897 


13.7098 
14.2124 


14.6980 
15.1671 


15.6204 
16.0584 
16.4815 
16.8904 
17.2854 
17.6670 
18.0358 
18.3920 
18.7363 
19.0689 
19.3902 
19.7007 
20.0007 
20.2905 
20.5705 
20.8411 
21.1025 
21.3551 
21.5991 
21.8349 
22.0627 
22.2828 
22.4955 
22.7009 
22.8994 
23.0912 
23.2766 
23.4556 
24.9447 
26.0004 
26.7488 
27.2793 
27.6554 


Sn] 


1.0000 
2.0350 
3.1062 


4.2149 
5.3625 


6.5502 
7.7794 


9.0517 
10.3685 


11.7314 
13.1420 


14.6020 
16.1130 


17.6770 
19.2957 
20.9710 
22.7050 
24.4997 


26.3572 
28.2797 


30.2695 
32.3289 


34.4604 
36.6665 
38.9499 
41.3131 
43.7591 
46.2906 
48.9108 
51.6227 
54.4295 
57.3345 
60.3412 
63.4532 
66.6740 
70.0076 
73.4579 
77.0289 
80.7249 
84.5503 
88.5095 
92.6074 
96.8486 
101.2383 
105.7817 
110.4840 
115.3510 
120.3883 
125.6018 
130.9979 
196.5169 
288.9379 
419.3068 
603.2050 
862.6117 


317 


318 
4 per cent 
i = 0.04000 
i(2) = 0.039608 
i(4) = 0.039414 
(12) - 0.039285 
6 = 0.039221 
(1 + i)1/2 = 1.019804 
(1 + i)1/4 = 1.009853 
(1 + i)}/12 = 1.003274 
v = 0.961538 
v1/2 = 0.980581 
v!/4 = 0.990243 
v!/12 - 0.996737 
d = 0.038462 
d(2) = 0.038839 


d(4) = 0.039029 
d(12) = 0.039157 
i/i) = 1.009902 
i/i§4) = 1.014877 

i/i(12) = 1.018204 
i/5 = 1.019869 
i/d) = 1.029902 
i/d4) = 1.024877 
i/d 2) = 1.021537 
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(1 +1)" 


1.04000 
1.08160 
1.12486 


1.16986 
1.21665 


1.26532 
1.31593 


1.36857 
1.42331 


1.48024 
1.53945 


1.60103 
1.66507 


1.73168 
1.80094 
1.87298 
1.94790 
2.02582 


2.10685 
2.19112 


2.27877 
2.36992 


2.46472 
2.56330 
2.66584 
2.77247 
2.88337 
2.99870 
3.11865 
3.24340 
3.37313 
3.50806 
3.64838 
3.79432 
3.94609 
4.10393 
4.26809 
4.43881 
4.61637 
4.80102 
4.99306 
5.19278 
5.40050 
5.61652 
5.84118 
6.07482 
6.31782 
6.57053 
6.83335 
7.10668 
10.51963 
15.57162 
23.04980 
34.11933 
50.50495 


o" 


0.96154 
0.92456 
0.88900 


0.85480 
0.82193 


0.79031 
0.75992 


0.73069 
0.70259 


0.67556 
0.64958 


0.62460 
0.60057 


0.57748 
0.55526 
0.53391 
0.51337 
0.49363 


0.47464 
0.45639 


0.43883 
0.42196 


0.40573 
0.39012 
0.37512 
0.36069 
0.34682 
0.33348 
0.32065 
0.30832 
0.29646 
0.28506 
0.27409 
0.26355 
0.25342 
0.24367 
0.23430 
0.22529 
0.21662 
0.20829 
0.20028 
0.19257 
0.18517 
0.17805 
0.17120 
0.16461 
0.15828 
0.15219 
0.14634 
0.14071 
0.09506 
0.06422 
0.04338 
0.02931 
0.01980 
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An] 


0.9615 
1.8861 
2.7751 


3.6299 
4.4518 


5.2421 
6.0021 


6.7327 
7.4353 


8.1109 
8.7605 


9.3851 
9.9856 


10.5631 
11.1184 
11.6523 
12.1657 
12.6593 


13.1339 
13.5903 


14.0292 
14.4511 


14.8568 
15.2470 
15.6221 
15.9828 
16.3296 
16.6631 
16.9837 
17.2920 
17.5885 
17.8736 
18.1476 
18.4112 
18.6646 
18.9083 
19.1426 
19.3679 
19.5845 
19.7928 
19.9931 
20.1856 
20.3708 
20.5488 
20.7200 
20.8847 
21.0429 
21.1951 
21.3415 
21.4822 
22.6235 
23.3945 
23.9154 
24.2673 
24.5050 


Sn] 


1.0000 
2.0400 
3.1216 


4.2465 
5.4163 


6.6330 
7.8983 


9.2142 
10.5828 


12.0061 
13.4864 


15.0258 
16.6268 


18.2919 
20.0236 
21.8245 
23.6975 
25.6454 


27.6712 
29.7781 


31.9692 
34.2480 


36.6179 
39.0826 
41.6459 
44.3117 
47.0842 
49.9676 
52.9663 
56.0849 
59.3283 
62.7015 
66.2095 
69.8579 
73.6522 
77.5983 
81.7022 
85.9703 
90.4091 
95.0255 
99.8265 
104.8196 
110.0124 
115.4129 
121.0294 
126.8706 
132.9454 
139.2632 
145.8337 
152.6671 
237.9907 
364.2905 
551.2450 
827.9833 
1237.6237 
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4.5 per cent 


i = 0.045000 
i(2) = 0.044505 
i4) = 0.044260 

(12) = 0.044098 


5 = 0.044017 

(1 +1)!/2 = 1.022252 
(1 + i)!/4 = 1.011065 
(1+ i1/12 = 1.003675 
v = 0.956938 

vl/2 = 0.978232 
v!/4 = 0.989056 
v!/12 = 0.996339 

d = 0.043062 

da(2) = 0.043536 


d\4) = 0.043776 
d(12) = 0.043936 
i/i(?) = 1.011126 
i/i(4) = 1.016720 

i/i(12) = 1.020461 
i/ 8 = 1.022335 
i/d‘2) = 1.033626 
i/d\4) = 1.027970 
i/d?) = 1.024211 


=. e e.e e RP me eme mee 
O ON DO FP WIN e O 000 N A OFS ON e 


(1 +1)" 


1.04500 
1.09203 
1.14117 


1.19252 
1.24618 


1.30226 
1.36086 


1.42210 
1.48610 


1.55297 
1.62285 


1.69588 
1.77220 


1.85194 
1.93528 
2.02237 
2.11338 
2.20848 


2.30786 
2.41171 


2.52024 
2.63365 


2.75217 
2.87601 
3.00543 
3.14068 
3.28201 
3.42970 
3.58404 
3.74532 
3.91386 
4.08998 
4.27403 
4.46636 
4.66735 
4.87738 
5.09686 
5.32622 
5.56590 
5.81636 
6.07810 
6.35162 
6.63744 
6.93612 
7.24825 
7.57442 
7.91527 
8.27146 
8.64367 
9.03264 
14.02741 
21.78414 
33.83010 
52.53711 
81.58852 


y” 


0.95694 
0.91573 
0.87630 


0.83856 
0.80245 


0.76790 
0.73483 


0.70319 
0.67290 


0.64393 
0.61620 


0.58966 
0.56427 


0.53997 
0.51672 
0.49447 
0.47318 
0.45280 


0.43330 
0.41464 


0.39679 
0.37970 


0.36335 
0.34770 
0.33273 
0.31840 
0.30469 
0.29157 
0.27902 
0.26700 
0.25550 
0.24450 
0.23397 
0.22390 
0.21425 
0.20503 
0.19620 
0.18775 
0.17967 
0.17193 
0.16453 
0.15744 
0.15066 
0.14417 
0.13796 
0.13202 
0.12634 
0.12090 
0.11569 
0.11071 
0.07129 
0.04590 
0.02956 
0.01903 
0.01226 


An] 


0.9569 
1.8727 
2.7490 


3.5875 
4.3900 


5.1579 
5.8927 


6.5959 
7.2688 


7.9127 
8.5289 


9.1186 
9.6829 


10.2228 
10.7395 
11.2340 
11.7072 
12.1600 


12.5933 
13.0079 


13.4047 
13.7844 


14.1478 
14.4955 
14.8282 
15.1466 
15.4513 
15.7429 
16.0219 
16.2889 
16.5444 
16.7889 
17.0229 
17.2468 
17.4610 
17.6660 
17.8622 
18.0500 
18.2297 
18.4016 
18.5661 
18.7235 
18.8742 
19.0184 
19.1563 
19.2884 
19.4147 
19.5356 
19.6513 
19.7620 
20.6380 
21.2021 
21.5653 
21.7992 
21.9499 


Sn] 


1.0000 
2.0450 
3.1370 


4.2782 
5.4707 


6.7169 
8.0192 


9.3800 
10.8021 


12.2882 
13.8412 


15.4640 
17.1599 


18.9321 
20.7841 
22.7193 
24.7417 
26.8551 


29.0636 
31.3714 


33.7831 
36.3034 


38.9370 
41.6892 
44.5652 
47.5706 
50.7113 
53.9933 
57.4230 
61.0071 
64.7524 
68.6662 
72.7562 
77.0303 
81.4966 
86.1640 
91.0413 
96.1382 
101.4644 
107.0303 
112.8467 
118.9248 
125.2764 
131.9138 
138.8500 
146.0982 
153.6726 
161.5879 
169.8594 
178.5030 
289.4980 
461.8697 
729.5577 
1145.2690 
1790.8560 
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5 per cent 


i = 0.050000 
i(2) = 0.049390 
i4) = 0.049089 

i(12) = 0.048889 


6 = 0.048790 
(1 +i)1/2 = 1.024695 
(1 + j1/4 = 1.012272 

(1+ i)!/12 = 1.004074 

v = 0.952381 
v1/2 = 0.975900 
v!/4 = 0.987877 

v!/12 = 0.995942 
d = 0.047619 
da(2) = 0.048200 


a(4) = 0.048494 
dl12) = 0.048691 
i/i(?) = 1.012348 
i/i€4) = 1.018559 


i/i42) = 1.022715 
i/8 = 1.024797 


i/d\2) = 1.037348 
i/d(®) = 1.031059 
i/d(12) = 1.026881 


WOON DA OF 0) N I 


(1 + 1)" 


1.05000 
1.10250 
1.15763 


1.21551 
1.27628 


1.34010 
1.40710 


1.47746 
1.55133 


1.62889 
1.71034 


1.79586 
1.88565 


1.97993 
2.07893 
2.18287 
2.29202 
2.40662 


2.52695 
2.65330 


2.78596 
2.92526 


3.07152 
3.22510 
3.38635 
3.55567 
3.73346 
3.92013 
4.11614 
4.32194 
4.53804 
4.76494 
5.00319 
5.25335 
5.51602 
5.79182 
6.08141 
6.38548 
6.70475 
7.03999 
7.39199 
7.76159 
8.14967 
8.55715 
8.98501 
9.43426 
9.90597 
10.40127 
10.92133 
11.46740 
18.67919 
30.42643 
49.56144 
80.73037 
131.50126 


ol 


0.95238 
0.90703 
0.86384 


0.82270 
0.78353 


0.74622 
0.71068 


0.67684 
0.64461 


0.61391 
0.58468 


0.55684 
0.53032 


0.50507 
0.48102 
0.45811 
0.43630 
0.41552 


0.39573 
0.37689 


0.35894 
0.34185 


0.32557 
0.31007 
0.29530 
0.28124 
0.26785 
0.25509 
0.24295 
0.23138 
0.22036 
0.20987 
0.19987 
0.19035 
0.18129 
0.17266 
0.16444 
0.15661 
0.14915 
0.14205 
0.13528 
0.12884 
0.12270 
0.11686 
0.11130 
0.10600 
0.10095 
0.09614 
0.09156 
0.08720 
0.05354 
0.03287 
0.02018 
0.01239 
0.00760 


APPENDICES 

An] Sn] 
0.9524 1.0000 
1.8594 2.0500 
2.7232 3.1525 
3.5460 4.3101 
4.3295 5.5256 
5.0757 6.8019 
5.7864 8.1420 
6.4632 9.5491 
7.1078 11.0266 
7.7217 12.5779 
8.3064 14.2068 
8.8633 15.9171 
9.3936 17.7130 
9.8986 19.5986 
10.3797 21.5786 
10.8378 23.6575 
11.2741 25.8404 
11.6896 28.1324 
12.0853 30.5390 
12.4622 33.0660 
12.8212 35.7193 
13.1630 38.5052 
13.4886 41.4305 
13.7986 44.5020 
14.0939 47.7271 
14.3752 51.1135 
14.6430 54.6691 
14.8981 58.4026 
15.1411 62.3227 
15.3725 66.4388 
15.5928 70.7608 
15.8027 75.2988 
16.0025 80.0638 
16.1929 85.0670 
16.3742 90.3203 
16.5469 95.8363 
16.7113 101.6281 
16.8679 107.7095 
17.0170 114.0950 
17.1591 120.7998 
17.2944 127.8398 
17.4232 135.2318 
17.5459 142.9933 
17.6628 151.1430 
17.7741 159.7002 
17.8801 168.6852 
17.9810 178.1194 
18.0772 188.0254 
18.1687 198.4267 
18.2559 209.3480 
18.9293 353.5837 
19.3427 588.5285 
19.5965 971.2288 
19.7523 1594.6073 
19.8479 2610.0252 
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5.9 per cent 

n (1 + 1)” o" An) Sn] 
i = 0.055000 1 1.05500 0.94787 0.9479 1.0000 
i(2) = 0.054264 2 1.11303 0.89845 1.8463 2.0550 
i(4) = 0.053901 3 1.17424 0.85161 2.6979 3.1680 
i(12) = 0.053660 4 1.23882 0.80722 3.5052 4.3423 
5 = 0.053541 5 1.30696 0.76513 4.2703 5.5811 
(1 + i)!/2 = 1.027132 6 1.37884 0.72525 4.9955 6.8881 
(1 + i)1/4 = 1.013475 7 1.45468 0.68744 5.6830 8.2669 
(1 + i)}/12 = 1.004472 8 1.53469 0.65160 6.3346 9.7216 
v = 0.947867 9 1.61909 0.61763 6.9522 11.2563 
01/2 = 9.973585 10 1.70814 0.58543 7.5376 12.8754 
01/4 = 0.986704 11 1.80209 0.55491 8.0925 14.5835 
v!/12 _ 0.995548 12 1.90121 0.52598 8.6185 16.3856 
d = 0.052133 13 2.00577 0.49856 9.1171 18.2868 
al?) = 0.052830 14 2.11609 0.47257 9.5896 20.2926 
d(4) = 0.053184 15 2.23248 0.44793 10.0376 22.4087 
a(12) = 0.053422 16 2.35526 0.42458 10.4622 24.6411 
i/ il?) = 1.013566 17 2.48480 0.40245 10.8646 26.9964 
i/i(4) = 1.020395 18 2.62147 0.38147 11.2461 29.4812 
i/i612) = 1.024965 19 2.76565 0.36158 11.6077 32.1027 
i/8= 1.027255 20 2.91776 0.34273 11.9504 34.8683 
i/d(2) = 1.041066 21 3.07823 0.32486 12.2752 37.7861 
i/d4) = 1.034145 22 3.24754 0.30793 12.5832 40.8643 
i/d(12) = 1.029548 23 3.42615 0.29187 12.8750 44.1118 
24 3.61459 0.27666 13.1517 47.5380 
25 3.81339 0.26223 13.4139 51.1526 
26 4.02313 0.24856 13.6625 54.9660 
27 4.24440 0.23560 13.8981 58.9891 
28 4.47784 0.22332 14.1214 63.2335 
29 4.72412 0.21168 14.3331 67.7114 
30 4.98395 0.20064 14.5337 72.4355 
31 5.25807 0.19018 14.7239 77.4194 
32 5.54726 0.18027 14.9042 82.6775 
33 5.85236 0.17087 15.0751 88.2248 
34 6.17424 0.16196 15.2370 94.0771 
35 6.51383 0.15352 15.3906 100.2514 
36 6.87209 0.14552 15.5361 106.7652 
37 7.25005 0.13793 15.6740 113.6373 
38 7.64880 0.13074 15.8047 120.8873 
39 8.06949 0.12392 15.9287 128.5361 
40 8.51331 0.11746 16.0461 136.6056 
41 8.98154 0.11134 16.1575 145.1189 
42 9.47553 0.10554 16.2630 154.1005 
43 9.99668 0.10003 16.3630 163.5760 
44 10.54650 0.09482 16.4579 173.5727 
45 11.12655 0.08988 16.5477 184.1192 
46 11.73851 0.08519 16.6329 195.2457 
47 12.38413 0.08075 16.7137 206.9842 
48 13.06526 0.07654 16.7902 219.3684 
49 13.78385 0.07255 16.8628 232.4336 
50 14.54196 0.06877 16.9315 246.2175 
60 24.83977 0.04026 17.4499 433.4504 
70 42.42992 0.02357 17.7533 753.2712 
80 72.47643 0.01380 17.9310 1299.5714 
90 123.80021 0.00808 18.0350 2232.7310 
100 211.46864 0.00473 18.0958 3826.7025 
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6 per cent 


i = 0.060000 
i(2) = 0.059126 
i(4) = 0.058695 


i(12) =- 0.058411 
5 = 0.058269 


(1 + )1/2 = 1.029563 


(1+ iji/4 
(1+ j1/12 


v 
yi/2 


l/4 - 


v!/12 


d 
a) 


1.014674 


1.004868 
0.943396 


0.971286 
0.985538 


0.995156 
0.056604 


0.057428 


44) = 0.057847 
412) = 0.058128 
i/i62) = 1.014782 
i/i($) = 1.022227 

i/i(12) = 1.027211 
i/ 6 = 1.029709 
i/d'2) = 1.044782 
i/d\4) = 1.037227 
i/a(12) = 1.032211 


n 
O Yoo N A Or DI N 


— 
(ni 


a eme 
A UN 


Ne HEHE me 
© \0 0% NI \ OI 


N 
— 


22 


(1 +2)" 


1.06000 
1.12360 
1.19102 


1.26248 
1.33823 


1.41852 
1.50363 


1.59385 
1.68948 


1.79085 
1.89830 


2.01220 
2.13293 


2.26090 
2.39656 
2.54035 
2.69277 
2.85434 


3.02560 
3.20714 


3.39956 
3.60354 


3.81975 
4.04893 
4.29187 
4.54938 
4.82235 
5.11169 
5.41839 
5.74349 
6.08810 
6.45339 
6.84059 
7.25103 
7.68609 
8.14725 
8.63609 
9.15425 
9.70351 
10.28572 
10.90286 
11.55703 
12.25045 
12.98548 
13.76461 
14.59049 
15.46592 
16.39387 
17.37750 
18.42015 
32.98769 
59.07593 
105.79599 
189.46451 
339.30208 


y” 


0.94340 
0.89000 
0.83962 


0.79209 
0.74726 


0.70496 
0.66506 


0.62741 
0.59190 


0.55839 
0.52679 


0.49697 
0.46884 


0.44230 
0.41727 
0.39365 
0.37136 
0.35034 


0.33051 
0.31180 


0.29416 
0.27751 


0.26180 
0.24698 
0.23300 
0.21981 
0.20737 
0.19563 
0.18456 
0.17411 
0.16425 
0.15496 
0.14619 
0.13791 
0.13011 
0.12274 
0.11579 
0.10924 
0.10306 
0.09722 
0.09172 
0.08653 
0.08163 
0.07701 
0.07265 
0.06854 
0.06466 
0.06100 
0.05755 
0.05429 
0.03031 
0.01693 
0.00945 
0.00528 
0.00295 


An] 


0.9434 
1.8334 
2.6730 


3.4651 
4.2124 


4.9173 
5.5824 


6.2098 
6.8017 


7.3601 
7.8869 


8.3838 
8.8527 


9.2950 
9.7122 
10.1059 
10.4773 
10.8276 


11.1581 
11.4699 


11.7641 
12.0416 


12.3034 
12.5504 
12.7834 
13.0032 
13.2105 
13.4062 
13.5907 
13.7648 
13.9291 
14.0840 
14.2302 
14.3681 
14.4982 
14.6210 
14.7368 
14.8460 
14.9491 
15.0463 
15.1380 
15.2245 
15.3062 
15.3832 
15.4558 
15.5244 
15.5890 
15.6500 
15.7076 
15.7619 
16.1614 
16.3845 
16.5091 
16.5787 
16.6175 


APPENDICES 


Sn] 


1.0000 
2.0600 
3.1836 


4.3746 
5.6371 


6.9753 
8.3938 


9.8975 
11.4913 


13.1808 
14.9716 


16.8699 
18.8821 


21.0151 
23.2760 
25.6725 
28.2129 
30.9057 


33.7600 
36.7856 


39.9927 
43.3923 


46.9958 
50.8156 
54.8645 
59.1564 
63.7058 
68.5281 
73.6398 
79.0582 
84.8017 
90.8898 
97.3432 
104.1838 
111.4348 
119.1209 
127.2681 
135.9042 
145.0585 
154.7620 
165.0477 
175.9505 
187.5076 
199.7580 
212.7435 
226.5081 
241.0986 
256.5645 
272.9584 
290.3359 
533.1282 
967.9322 
1746.5999 
3141.0752 
5638.3681 
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7 per cent 

n (1 + 1)” v” An] Sn] 
i = 0.070000 1 1.07000 0.93458 0.9346 1.0000 
i(2) = 0.068816 2 1.14490 0.87344 1.8080 2.0700 
i(4) = 0.068234 3 1.22504 0.81630 2.6243 3.2149 
(12) = 0.067850 4 1.31080 0.76290 3.3872 4.4399 
6 = 0.067659 5 1.40255 0.71299 4.1002 5.7507 
(1+ 1)1/2 = 1.034408 6 1.50073 0.66634 4.7665 7.1533 
(1 + i)1/4 = 1.017059 7 1.60578 0.62275 5.3893 8.6540 
(1+ i)1/12 = 1.005654 8 1.71819 0.58201 5.9713 10.2598 
v = 0.934579 9 1.83846 0.54393 6.5152 11.9780 
01/2 = 0.966736 10 1.96715 0.50835 7.0236 13.8164 
01/4 = 0.983228 11 2.10485 0.47509 7.4987 15.7836 
01/12 = 0.994378 12 2.25219 0.44401 7.9427 17.8885 
d = 0.065421 13 2.40985 0.41496 8.3577 20.1406 
d(?) = 0.066527 14 2.57853 0.38782 8.7455 22.5505 
d(4) = 0.067090 15 2.75903 0.36245 9.1079 25.1290 
d(12) = 0.067468 16 2.95216 0.33873 9.4466 27.8881 
i/if2) = 1.017204 17 3.15882 0.31657 9.7632 30.8402 
i/i€4) = 1.025880 18 3.37993 0.29586 10.0591 33.9990 
i/i22) = 1.031691 19 3.61653 0.27651 10.3356 37.3790 
i/8 = 1.034605 20 3.86968 0.25842 10.5940 40.9955 
i/d(2) = 1.052204 21 4.14056 0.24151 10.8355 44.8652 
i/d4) = 1.043380 22 4.43040 0.22571 11.0612 49.0057 
i/a(12) = 1.037525 23 4.74053 0.21095 11.2722 53.4361 
24 5.07237 0.19715 11.4693 58.1767 
25 5.42743 0.18425 11.6536 63.2490 
26 5.80735 0.17220 11.8258 68.6765 
27 6.21387 0.16093 11.9867 74.4838 
28 6.64884 0.15040 12.1371 80.6977 
29 7.11426 0.14056 12.2777 87.3465 
30 7.61226 0.13137 12.4090 94.4608 
31 8.14511 0.12277 12.5318 102.0730 
32 8.71527 0.11474 12.6466 110.2182 
33 9.32534 0.10723 12.7538 118.9334 
34 9.97811 0.10022 12.8540 128.2588 
35 10.67658 0.09366 12.9477 138.2369 
36 11.42394 0.08754 13.0352 148.9135 
37 12.22362 0.08181 13.1170 160.3374 
38 13.07927 0.07646 13.1935 172.5610 
39 13.99482 0.07146 13.2649 185.6403 
40 14.97446 0.06678 13.3317 199.6351 
41 16.02267 0.06241 13.3941 214.6096 
42 17.14426 0.05833 13.4524 230.6322 
43 18.34435 0.05451 13.5070 247.7765 
44 19.62846 0.05095 13.5579 266.1209 
45 21.00245 0.04761 13.6055 285.7493 
46 22.47262 0.04450 13.6500 306.7518 
47 24.04571 0.04159 13.6916 329.2244 
48 25.72891 0.03887 13.7305 353.2701 
49 27.52993 0.03632 13.7668 378.9990 
50 29.45703 0.03395 13.8007 406.5289 
60 57.94643 0.01726 14.0392 813.5204 
70 113.98939 0.00877 14.1604 1614.1342 
80 224.23439 0.00446 14.2220 3189.0627 
90 441.10298 0.00227 14.2533 6287.1854 
100 867.71633 0.00115 14.2693 12381.6618 
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8 per cent 


i= 0.080000 
i(2) = 0.078461 
i(4) - 0.077706 

(12) = 0.077208 


5 = 0.076961 

(1 + i)!/2 = 1.039230 
(1 + i)!/4 = 1.019427 
(1 + i)1/12 = 1.006434 
v = 0.925926 

01/2 = 9.962250 
01/4 = 0.980944 
01/12 = 0.993607 

d = 0.074074 

da(2) = 0.075499 


a(4) = 0.076225 
a(12) = 0.076715 
i/i62) = 1.019615 
i/i(4) = 1.029519 


i/i(12) = 1.036157 


i/8 = 1.039487 
i/d(2) = 1.059615 
i/d\4) = 1.049519 

i/d2) = 1.042824 


So ND OF WD NY me 


(1 + 1)” 


1.08000 
1.16640 
1.25971 


1.36049 
1.46933 


1.58687 
1.71382 


1.85093 
1.99900 


2.15892 
2.33164 


2.51817 
2.71962 


2.93719 
3.17217 
3.42594 
3.70002 
3.99602 


4.31570 
4.66096 


5.03383 
5.43654 


5.87146 
6.34118 
6.84848 
7.39635 
7.98806 
8.62711 
9.31727 
10.06266 
10.86767 
11.73708 
12.67605 
13.69013 
14.78534 
15.96817 
17.24563 
18.62528 
20.11530 
21.72452 
23.46248 
25.33948 
27.36664 
29.55597 
31.92045 
34.47409 
37.23201 
40.21057 
43.42742 
46.90161 
101.25706 
218.60641 
471.95483 


1018.91509 
2199.76126 


y” 


0.92593 
0.85734 
0.79383 


0.73503 
0.68058 


0.63017 
0.58349 


0.54027 
0.50025 


0.46319 
0.42888 


0.39711 
0.36770 


0.34046 
0.31524 
0.29189 
0.27027 
0.25025 


0.23171 
0.21455 


0.19866 
0.18394 


0.17032 
0.15770 
0.14602 
0.13520 
0.12519 
0.11591 
0.10733 
0.09938 
0.09202 
0.08520 
0.07889 
0.07305 
0.06763 
0.06262 
0.05799 
0.05369 
0.04971 
0.04603 
0.04262 
0.03946 
0.03654 
0.03383 
0.03133 
0.02901 
0.02686 
0.02487 
0.02303 
0.02132 
0.00988 
0.00457 
0.00212 
0.00098 
0.00045 


An] 


0.9259 
1.7833 
2.5771 


3.3121 
3.9927 


4.6229 
5.2064 


5.7466 
6.2469 


6.7101 
7.1390 


7.5361 
7.9038 


8.2442 
8.5595 
8.8514 
9.1216 
9.3719 


9.6036 
9.8181 


10.0168 
10.2007 


10.3711 
10.5288 
10.6748 
10.8100 
10.9352 
11.0511 
11.1584 
11.2578 
11.3498 
11.4350 
11.5139 
11.5869 
11.6546 
11.7172 
11.7752 
11.8289 
11.8786 
11.9246 
11.9672 
12.0067 
12.0432 
12.0771 
12.1084 
12.1374 
12.1643 
12.1891 
12.2122 
12.2335 
12.3766 
12.4428 
12.4735 
12.4877 
12.4943 


APPENDICES 


Sn] 


1.0000 
2.0800 
3.2464 


4.5061 
5.8666 


7.3359 
8.9228 


10.6366 
12.4876 


14.4866 
16.6455 


18.9771 
21.4953 


24.2149 
27.1521 
30.3243 
33.7502 
37.4502 


41.4463 
45.7620 


50.4229 
55.4568 


60.8933 
66.7648 
73.1059 
79.9544 
87.3508 
95.3388 
103.9659 
113.2832 
123.3459 
134.2135 
145.9506 
158.6267 
172.3168 
187.1021 
203.0703 
220.3159 
238.9412 
259.0565 
280.7810 
304.2435 
329.5830 
356.9496 
386.5056 
418.4261 
452.9002 
490.1322 
530.3427 
573.7702 
1253.2133 
2720.0801 
5886.9354 


12723.9386 
27484.5157 


Appendix 1 


9 per cent 


i = 0.090000 
i(2) = 0.088061 

i4) = 0.087113 

i112) - 0.086488 

5 = 0.086178 

(1 +i)!/2 = 1.044031 
(1+ i)1/4 = 1.021778 
a + i)1/12 = 1.007207 
v = 0.917431 

v1/2 = 0.957826 
v1/4 = 0.978686 
01/12 = 0.992844 

d = 0.082569 

d(2) = 0.084347 

da(4) = 0.085256 

a2) = 0.085869 


i/i(2) = 1.022015 
i/i4) = 1.033144 


i/i(12) = 1.040608 
i/6 = 1.044354 
i/d) = 1.067015 
i/al4) = 1.055644 
i/d(12) = 1.048108 


SB e BP RP SP SP SPP Se Ep 
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(1 + 1)” 


1.09000 
1.18810 
1.29503 


1.41158 
1.53862 


1.67710 
1.82804 


1.99256 
2.17189 


2.36736 
2.58043 


2.81266 
3.06580 


3.34173 
3.64248 
3.97031 
4.32763 
4.71712 


5.14166 
5.60441 


6.10881 
6.65860 


7.25787 
7.91108 
8.62308 
9.39916 
10.24508 
11.16714 
12.17218 
13.26768 
14.46177 
15.76333 
17.18203 
18.72841 
20.41397 
22.25123 
24.25384 
26.43668 
28.81598 
31.40942 
34.23627 
37.31753 
40.67611 
44.33696 
48.32729 
52.67674 
57.41765 
62.58524 
68.21791 
74.35752 
176.03129 
416.73009 
986.55167 


2335.52658 
5529.04079 


on 


0.91743 
0.84168 
0.77218 


0.70843 
0.64993 


0.59627 
0.54703 


0.50187 
0.46043 


0.42241 
0.38753 


0.35553 
0.32618 


0.29925 
0.27454 
0.25187 
0.23107 
0.21199 


0.19449 
0.17843 


0.16370 
0.15018 


0.13778 
0.12640 
0.11597 
0.10639 
0.09761 
0.08955 
0.08215 
0.07537 
0.06915 
0.06344 
0.05820 
0.05339 
0.04899 
0.04494 
0.04123 
0.03783 
0.03470 
0.03184 
0.02921 
0.02680 
0.02458 
0.02255 
0.02069 
0.01898 
0.01742 
0.01598 
0.01466 
0.01345 
0.00568 
0.00240 
0.00101 
0.00043 
0.00018 


an) 


0.9174 
1.7591 
2.5313 


3.2397 
3.8897 


4.4859 
5.0330 


5.5348 
5.9952 


6.4177 
6.8052 


7.1607 
7.4869 


7.7862 
8.0607 
8.3126 
8.5436 
8.7556 


8.9501 
9.1285 


9.2922 
9.4424 


9.5802 

9.7066 

9.8226 

9.9290 
10.0266 
10.1161 
10.1983 
10.2737 
10.3428 
10.4062 
10.4644 
10.5178 
10.5668 
10.6118 
10.6530 
10.6908 
10.7255 
10.7574 
10.7866 
10.8134 
10.8380 
10.8605 
10.8812 
10.9002 
10.9176 
10.9336 
10.9482 
10.9617 
11.0480 
11.0844 
11.0998 
11.1064 
11.1091 


Sn] 


1.0000 
2.0900 
3.2781 


4.5731 
5.9847 


7.5233 
9.2004 


11.0285 
13.0210 


15.1929 
17.5603 


20.1407 
22.9534 


26.0192 
29.3609 
33.0034 
36.9737 
41.3013 


46.0185 
51.1601 


56.7645 
62.8733 


69.5319 
76.7898 
84.7009 
93.3240 
102.7231 
112.9682 
124.1354 
136.3075 
149.5752 
164.0370 
179.8003 
196.9823 
215.7108 
236.1247 
258.3759 
282.6298 
309.0665 
337.8824 
369.2919 
403.5281 
440.8457 
481.5218 
525.8587 
574.1860 
626.8628 
684.2804 
746.8656 
815.0836 
1944.7921 
4619.2232 


10950.5741 
25939.1842 
61422.6755 
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326 


10 per cent 


i = 0.100000 
i{2) = 0.097618 
i(4) = 0.096455 

i412) = 0.095690 


8 = 0.095310 

(1 + i)1/2 = 1.048809 
(1+ i)!/4 = 1.024114 
(1 +i)!/12 = 1.007974 
v = 0.909091 

01/2 = 0.953463 
v!/4 = 0.976454 
01/12 _ 0.992089 

d = 0.090909 

42) = 0.093075 


44) = 0.094184 
da(12) = 0.094933 
i/i62) = 1.024404 
i/i($) = 1.036756 


i/i(12) = 1.045045 
i/8 = 1.049206 


i/d(2) = 1.074404 
i/dl4) = 1.061756 
i/d\12) = 1.053378 


WOonN DD OF WD IN e 


(1 + 1)” 


1.10000 
1.21000 
1.33100 


1.46410 
1.61051 


1.77156 
1.94872 


2.14359 
2.35795 


2.59374 
2.85312 


3.13843 
3.45227 


3.79750 
4.17725 
4.59497 
5.05447 
5.55992 


6.11591 
6.72750 


7.40025 
8.14027 


8.95430 
9.84973 
10.83471 
11.91818 
13.10999 
14.42099 
15.86309 
17.44940 
19.19434 
21.11378 
23.22515 
25.54767 
28.10244 
30.91268 
34.00395 
37.40434 
41.14478 
45.25926 
49.78518 
54.76370 
60.24007 
66.26408 
72.89048 
80.17953 
88.19749 
97.01723 
106.71896 
117.39085 
304.48164 
789.74696 


2048.40021 
5313.02261 
13780.61234 


y” 


0.90909 
0.82645 
0.75131 


0.68301 
0.62092 


0.56447 
0.51316 


0.46651 
0.42410 


0.38554 
0.35049 


0.31863 
0.28966 


0.26333 
0.23939 
0.21763 
0.19784 
0.17986 


0.16351 
0.14864 


0.13513 
0.12285 


0.11168 
0.10153 
0.09230 
0.08391 
0.07628 
0.06934 
0.06304 
0.05731 
0.05210 
0.04736 
0.04306 
0.03914 
0.03558 
0.03235 
0.02941 
0.02673 
0.02430 
0.02209 
0.02009 
0.01826 
0.01660 
0.01509 
0.01372 
0.01247 
0.01134 
0.01031 
0.00937 
0.00852 
0.00328 
0.00127 
0.00049 
0.00019 
0.00007 


An] 


0.9091 
1.7355 
2.4869 


3.1699 
3.7908 


4.3553 
4.8684 


5.3349 
5.7590 


6.1446 
6.4951 


6.8137 
7.1034 


7.3667 
7.6061 
7.8237 
8.0216 
8.2014 


8.3649 
8.5136 


8.6487 
8.7715 


8.8832 
8.9847 
9.0770 
9.1609 
9.2372 
9.3066 
9.3696 
9.4269 
9.4790 
9.5264 
9.5694 
9.6086 
9.6442 
9.6765 
9.7059 
9.7327 
9.7570 
9.7791 
9.7991 
9.8174 
9.8340 
9.8491 
9.8628 
9.8753 
9.8866 
9.8969 
9.9063 
9.9148 
9.9672 
9.9873 
9.9951 
9.9981 
9.9993 


APPENDICES 


Sn] 


1.0000 
2.1000 
3.3100 


4.6410 
6.1051 


7.7156 
9.4872 


11.4359 
13.5795 


15.9374 
18.5312 


21.3843 
24.5227 


27.9750 
31.7725 
35.9497 
40.5447 
45.5992 


51.1591 
57.2750 


64.0025 
71.4027 


79.5430 
88.4973 
98.3471 
109.1818 
121.0999 
134.2099 
148.6309 
164.4940 
181.9434 
201.1378 
222.2515 
245.4767 
271.0244 
299.1268 
330.0395 
364.0434 
401.4478 
442.5926 
487.8518 
537.6370 
592.4007 
652.6408 
718.9048 
791.7953 
871.9749 
960.1723 
1057.1896 
1163.9085 
3034.8164 
7887.4696 


20474.0021 
53120.2261 
137796.1234 


Appendix 1 


12 per cent 
i= 0.120000 
i(2) = 0.116601 
i(4) - 0.114949 
i12) - 0.113866 
6 = 0.113329 
(1 + i)1/2 = 1.058301 
(1 + i)1/4 = 1.028737 
(1 + i)1/12 = 1.009489 
v = 0.892857 
v1/2 = 0.944911 
v1/4 = 0.972065 
v!/12 - 0.990600 
d = 0.107143 
d‘2) = 0.110178 
a(4) = 0.111738 
d(12) = 0.112795 
i/i) = 1.029150 
i/i(4) = 1.043938 
i/i(12) = 1.053875 
i/& = 1.058867 
i/d(2) = 1.089150 
i/al4) = 1.073938 
i/a(12) = 1.063875 
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(1 +2)" 


1.12000 
1.25440 
1.40493 


1.57352 
1.76234 


1.97382 
2.21068 


2.47596 
2.77308 


3.10585 
3.47855 


3.89598 
4.36349 


4.88711 
5.47357 
6.13039 
6.86604 
7.68997 


8.61276 
9.64629 


10.80385 
12.10031 


13.55235 
15.17863 
17.00006 
19.04007 
21.32488 
23.88387 
26.74993 
29.95992 
33.55511 
37.58173 
42.09153 
47.14252 
52.79962 
59.13557 
66.23184 
74.17966 
83.08122 
93.05097 
104.21709 
116.72314 
130.72991 
146.41750 
163.98760 
183.66612 
205.70605 
230.39078 
258.03767 
289.00219 
897.59693 


2787.79983 
8658.48310 
26891.93422 
83522.26573 


o" 


0.89286 
0.79719 
0.71178 


0.63552 
0.56743 


0.50663 
0.45235 


0.40388 
0.36061 


0.32197 
0.28748 


0.25668 
0.22917 


0.20462 
0.18270 
0.16312 
0.14564 
0.13004 


0.11611 
0.10367 


0.09256 
0.08264 


0.07379 
0.06588 
0.05882 
0.05252 
0.04689 
0.04187 
0.03738 
0.03338 
0.02980 
0.02661 
0.02376 
0.02121 
0.01894 
0.01691 
0.01510 
0.01348 
0.01204 
0.01075 
0.00960 
0.00857 
0.00765 
0.00683 
0.00610 
0.00544 
0.00486 
0.00434 
0.00388 
0.00346 
0.00111 
0.00036 
0.00012 
0.00004 
0.00001 


An] 


0.8929 
1.6901 
2.4018 


3.0373 
3.6048 


4.1114 
4.5638 


4.9676 
5.3282 


5.6502 
5.9377 


6.1944 
6.4235 


6.6282 
6.8109 
6.9740 
7.1196 
7.2497 


7.3658 
7.4694 


7.5620 
7.6446 


7.7184 
7.7843 
7.8431 
7.8957 
7.9426 
7.9844 
8.0218 
8.0552 
8.0850 
8.1116 
8.1354 
8.1566 
8.1755 
8.1924 
8.2075 
8.2210 
8.2330 
8.2438 
8.2534 
8.2619 
8.2696 
8.2764 
8.2825 
8.2880 
8.2928 
8.2972 
8.3010 
8.3045 
8.3240 
8.3303 
8.3324 
8.3330 
8.3332 


Sn] 


1.0000 
2.1200 
3.3744 


4.7793 
6.3528 


8.1152 
10.0890 


12.2997 
14.7757 


17.5487 
20.6546 


24.1331 
28.0291 


32.3926 
37.2797 
42.7533 
48.8837 
55.7497 


63.4397 
72.0524 


81.6987 
92.5026 


104.6029 
118.1552 
133.3339 
150.3339 
169.3740 
190.6989 
214.5828 
241.3327 
271.2926 
304.8477 
342.4294 
384.5210 
431.6635 
484.4631 
543.5987 
609.8305 
684.0102 
767.0914 
860.1424 
964.3595 
1081.0826 
1211.8125 
1358.2300 
1522.2176 
1705.8838 
1911.5898 
2141.9806 
2400.0182 
7471.6411 


23223.3319 
72145.6925 
224091.1185 
696010.5477 


327 


328 


15 per cent 


i 
(2) 


0.150000 


= 0.144761 
i(4) = 0.142232 
(12) = 0.140579 


6 = 0.139762 

(1+ i)!/2 = 1.072381 
(1+ i)!/4 = 1.035558 
(1+ 1/12 = 1.011715 
v = 0.869565 

01/2 = 0.932505 
11/4 = 0.965663 
01/12 =- 0.988421 

d = 0.130435 

da(2) = 0.134990 


d(4) = 0.137348 
a(12) = 0.138951 
i/i(2) = 1.036190 
i/i(4) = 1.054613 


i/i12) = 1.067016 
i/ 8 = 1.073254 


i/d) = 1.111190 
i/d4) = 1.092113 
i/a(12) = 1.079516 
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(1 + 1)" 


1.15000 
1.32250 
1.52088 


1.74901 
2.01136 


2.31306 
2.66002 


3.05902 
3.51788 


4.04556 
4.65239 


5.35025 
6.15279 


7.07571 
8.13706 
9.35762 
10.76126 
12.37545 


14.23177 
16.36654 


18.82152 
21.64475 


24.89146 
28.62518 
32.91895 
37.85680 
43.53531 
50.06561 
57.57545 
66.21177 
76.14354 
87.56507 
100.69983 
115.80480 
133.17552 
153.15185 
176.12463 
202.54332 
232.92482 
267.86355 
308.04308 
354.24954 
407.38697 
468.49502 
538.76927 
619.58466 
712.52236 
819.40071 
942.31082 


1083.65744 
4383 .99875 
17735.72004 
71750.87940 
290272.32521 
1174313.45070 


o" 


0.86957 
0.75614 
0.65752 


0.57175 
0.49718 


0.43233 
0.37594 


0.32690 
0.28426 


0.24718 
0.21494 


0.18691 
0.16253 


0.14133 
0.12289 
0.10686 
0.09293 
0.08081 


0.07027 
0.06110 


0.05313 
0.04620 


0.04017 
0.03493 
0.03038 
0.02642 
0.02297 
0.01997 
0.01737 
0.01510 
0.01313 
0.01142 
0.00993 
0.00864 
0.00751 
0.00653 
0.00568 
0.00494 
0.00429 
0.00373 
0.00325 
0.00282 
0.00245 
0.00213 
0.00186 
0.00161 
0.00140 
0.00122 
0.00106 
0.00092 
0.00023 
0.00006 
0.00001 
0.00000 
0.00000 


An] 


0.8696 
1.6257 
2.2832 


2.8550 
3.3522 


3.7845 
4.1604 


4.4873 
4.7716 


5.0188 
5.2337 


5.4206 
5.5831 


5.7245 
5.8474 
5.9542 
6.0472 
6.1280 


6.1982 
6.2593 


6.3125 
6.3587 


6.3988 
6.4338 
6.4641 
6.4906 
6.5135 
6.5335 
6.5509 
6.5660 
6.5791 
6.5905 
6.6005 
6.6091 
6.6166 
6.6231 
6.6288 
6.6338 
6.6380 
6.6418 
6.6450 
6.6478 
6.6503 
6.6524 
6.6543 
6.6559 
6.6573 
6.6585 
6.6596 
6.6605 
6.6651 
6.6663 
6.6666 
6.6666 
6.6667 
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Sn] 


1.0000 
2.1500 
3.4725 


4.9934 
6.7424 


8.7537 
11.0668 


13.7268 
16.7858 


20.3037 
24.3493 


29.0017 
34.3519 


40.5047 
47.5804 
55.7175 
65.0751 
75.8364 


88.2118 
102.4436 


118.8101 
137.6316 


159.2764 
184.1678 
212.7930 
245.7120 
283.5688 
327.1041 
377.1697 
434.7451 
500.9569 
577.1005 
664.6655 
765.3654 
881.1702 
1014.3457 
1167.4975 
1343.6222 
1546.1655 
1779.0903 
2046.9539 
2354.9969 
2709.2465 
3116.6334 
3585.1285 
4123.8977 
4743.4824 
5456.0047 
6275.4055 
7217.7163 


29219.9916 
118231.4669 
478332.5293 

1935142.1680 
7828749.6713 


Appendix 1 


20 per cent 


i = 0.200000 


i(2) = 0.190890 
i(4) -= 0.186541 
i(12) - 0.183714 


ô = 0.182322 


(1 +i)!/2 = 1.095445 


(14 j1/4 


= 1.046635 


(1 + i)!/12 = 1.015309 


= 0.833333 


v 
01/2 = 0.912871 


91/4 


= 0.955443 


v1/12 = 0.984921 


0.166667 


da(2) = 0.174258 
d‘4) = 0.178229 
da(12) = 0.180943 
i/i(2) = 1.047723 
i/i) = 1.072153 


i/i(12) = 1.088651 
i/ 8 = 1.096963 


i/d) = 1.147723 
i/d4) = 1.122153 
i/a(12) = 1.105317 
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(1 +1)" 


1.20000 
1.44000 
1.72800 


2.07360 
2.48832 


2.98598 
3.58318 


4.29982 
5.15978 


6.19174 
7.43008 


8.91610 
10.69932 


12.83918 
15.40702 
18.48843 
22.18611 
26.62333 


31.94800 
38.33760 


46.00512 
55.20614 


66.24737 
79.49685 
95.39622 
114.47546 
137.37055 
164.84466 
197.81359 
237.37631 
284.85158 
341.82189 
410.18627 
492.22352 
590.66823 
708.80187 
850.56225 
1020.67470 
1224.80964 
1469.77157 
1763.72588 
2116.47106 
2539.76527 
3047.71832 
3657.26199 
4388.71439 
5266.45726 
6319.74872 
7583.69846 
9100.43815 
56347.51435 


348888.95693 
2160228 .46201 
13375565 .24893 
82817974 .52201 


y” 


0.83333 
0.69444 
0.57870 


0.48225 
0.40188 


0.33490 
0.27908 


0.23257 
0.19381 


0.16151 
0.13459 


0.11216 
0.09346 


0.07789 
0.06491 
0.05409 
0.04507 
0.03756 


0.03130 
0.02608 


0.02174 
0.01811 


0.01509 
0.01258 
0.01048 
0.00874 
0.00728 
0.00607 
0.00506 
0.00421 
0.00351 
0.00293 
0.00244 
0.00203 
0.00169 
0.00141 
0.00118 
0.00098 
0.00082 
0.00068 
0.00057 
0.00047 
0.00039 
0.00033 
0.00027 
0.00023 
0.00019 
0.00016 
0.00013 
0.00011 
0.00002 
0.00000 
0.00000 
0.00000 
0.00000 


An] 


0.8333 
1.5278 
2.1065 


2.5887 
2.9906 


3.3255 
3.6046 


3.8372 
4.0310 


4.1925 
4.3271 


4.4392 
4.5327 


4.6106 
4.6755 
4.7296 
4.7746 
4.8122 


4.8435 
4.8696 


4.8913 
4.9094 


4.9245 
4.9371 
4.9476 
4.9563 
4.9636 
4.9697 
4.9747 
4.9789 
4.9824 
4.9854 
4.9878 
4.9898 
4.9915 
4.9929 
4.9941 
4.9951 
4.9959 
4.9966 
4.9972 
4.9976 
4.9980 
4.9984 
4.9986 
4.9989 
4.9991 
4.9992 
4.9993 
4.9995 
4.9999 
5.0000 
5.0000 


Sn] 


1.0000 
2.2000 
3.6400 


5.3680 
7.4416 


9.9299 
12.9159 


16.4991 
20.7989 


25.9587 
32.1504 


39.5805 
48.4966 


59.1959 
72.0351 
87.4421 
105.9306 
128.1167 


154.7400 
186.6880 


225.0256 
271.0307 


326.2369 
392.4842 
471.9811 
567.3773 
681.8528 
819.2233 
984.0680 
1181.8816 
1419.2579 
1704.1095 
2045.9314 
2456.1176 
2948.3411 
3539.0094 
4247.8112 
5098.3735 
6119.0482 
7343.8578 
8813.6294 
10577.3553 
12693.8263 
15233.5916 
18281.3099 
21938.5719 
26327.2863 
31593.7436 
37913.4923 
45497.1908 


281732.5718 
1744439.7847 
10801137.3101 


5.0000 66877821.2447 
5.0000 414089867.6101 
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25 per cent 
i = 0.250000 
i(2) = 0.236068 
i(4) - 0.229485 
12) -= 9.295231 
5 = 0.223144 
(1+ 1/2 = 1.118034 
(1 + j1/4 = 1.057371 
(1 + 1/12 = 1.018769 
v = 0.800000 
v1/2 = 0.894427 
v1/4 = 0.945742 
v!/12 =- 0.981577 
d = 0.200000 
dl) = 0.211146 
d(4) = 0.217034 
a(12) = 0.221082 


i/i2) = 1.059017 
i/i*) = 1.089396 
izi(12) = 1.109971 
i/6 = 1.120355 
i/d(2) = 1.184017 


i/d4) 


= 1.151896 


i/d(12) = 1.130804 
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90 


(1 +i)” 


1.25000 
1.56250 
1.95313 


2.44141 
3.05176 


3.81470 
4.76837 


5.96046 
7.45058 


9.31323 
11.64153 


14.55192 
18.18989 


22.73737 
28.42171 
35.52714 
44.40892 
55.51115 


69.38894 
86.73617 


108.42022 
135.52527 


169.40659 
211.75824 
264.69780 
330.87225 
413.59031 
516.98788 
646.23485 
807.79357 
1009.74196 
1262.17745 
1577.72181 
1972.15226 
2465.19033 
3081.48791 
3851.85989 
4814.82486 
6018.53108 
7523.16385 
9403.95481 
11754.94351 
14693.67939 
18367.09923 
22958.87404 
28698.59255 
35873.24069 
44841.55086 
56051.93857 
70064.92322 
652530.44680 
6077163.35729 
56597994.24267 
527109897.16153 


100 4909093465.29773 


o" 


0.80000 
0.64000 
0.51200 


0.40960 
0.32768 


0.26214 
0.20972 


0.16777 
0.13422 


0.10737 
0.08590 


0.06872 
0.05498 


0.04398 
0.03518 
0.02815 
0.02252 
0.01801 


0.01441 
0.01153 


0.00922 
0.00738 


0.00590 
0.00472 
0.00378 
0.00302 
0.00242 
0.00193 
0.00155 
0.00124 
0.00099 
0.00079 
0.00063 
0.00051 
0.00041 
0.00032 
0.00026 
0.00021 
0.00017 
0.00013 
0.00011 
0.00009 
0.00007 
0.00005 
0.00004 
0.00003 
0.00003 
0.00002 
0.00002 
0.00001 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 


An] 


0.8000 
1.4400 
1.9520 


2.3616 
2.6893 


2.9514 
3.1611 


3.3289 
3.4631 


3.5705 
3.6564 


3.7251 
3.7801 


3.8241 
3.8593 
3.8874 
3.9099 
3.9279 


3.9424 
3.9539 


3.9631 
3.9705 


3.9764 
3.9811 
3.9849 
3.9879 
3.9903 
3.9923 
3.9938 
3.9950 
3.9960 
3.9968 
3.9975 
3.9980 
3.9984 
3.9987 
3.9990 
3.9992 
3.9993 
3.9995 
3.9996 
3.9997 
3.9997 
3.9998 
3.9998 
3.9999 
3.9999 
3.9999 
3.9999 
3.9999 
4.0000 
4.0000 
4.0000 
4.0000 
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Sn] 


1.0000 
2.2500 
3.8125 


5.7656 
8.2070 


11.2588 
15.0735 


19.8419 
25.8023 


33.2529 
42.5661 


54.2077 
68.7596 


86.9495 
109.6868 
138.1085 
173.6357 
218.0446 


273.5558 
342.9447 


429.6809 
538.1011 


673.6264 
843.0329 
1054.7912 
1319.4890 
1650.3612 
2063.9515 
2580.9394 
3227.1743 
4034.9678 
5044.7098 
6306.8872 
7884.6091 
9856.7613 
12321.9516 
15403.4396 
19255.2994 
24070.1243 
30088.6554 
37611.8192 
47015.7740 
58770.7175 
73464.3969 
91831.4962 
114790.3702 
143488.9627 
179362.2034 
224203.7543 
280255.6929 
2610117.7872 
24308649.4291 
226391972.9707 
2108439584.6461 


4.0000 19636373857.1909 


APPENDIX 2 
ILLUSTRATIVE MORTALITY TABLE 


332 APPENDICES 
BASIC FUNCTIONS 
Age ly dy 1000 qx 
0 100000.00 2042.1700 20.4217 
1 97957.83 131.5672 1.3431 
2 97826.26 119.7100 1.2237 
3 97706.55 109.8124 1.1239 
4 97596.74 101.7056 1.0421 
5 97495.03 95.2526 0.9770 
6 97399.78 90.2799 0.9269 
7 97309.50 86.6444 0.8904 
8 97222.86 84.1950 0.8660 
9 97138.66 82.7816 0.8522 
10 97055.88 82.2549 0.8475 
11 96973.63 82.4664 0.8504 
12 96891.16 83.2842 0.8594 
13 96807.88 84.5180 0.8730 
14 96723.36 86.0611 0.8898 
15 96637.30 87.7559 0.9081 
16 96549.54 89.6167 0.9282 
17 96459.92 91.6592 0.9502 
18 96368.27 93.9005 0.9744 
19 96274.36 96.3596 1.0009 
20 96178.01 99.0569 1.0299 
21 96078.95 102.0149 1.0618 
22 95976.93 105.2582 1.0967 
23 95871.68 108.8135 1.1350 
24 95762.86 112.7102 1.1770 
25 95650.15 116.9802 1.2330 
26 95533.17 121.6585 1.2735 
27 95411.51 126.7830 1.3288 
28 95284.73 132.3953 1.3895 
29 95152.33 138.5406 1.4560 
30 95013.79 145.2682 1.5289 
31 94868.53 152.6317 1.6089 
32 94715.89 160.6896 1.6965 
33 94555.20 169.5052 1.7927 
34 94385.70 179.1475 1.8980 
35 94206.55 189.6914 2.0136 
36 94016.86 201.2179 2.1402 
37 93815.64 213.8149 2.2791 
38 93601.83 227.5775 2.4313 
39 93374.25 242.6085 2.5982 
40 93131.64 259.0186 2.7812 
41 92872.62 276.9271 2.9818 
42 92595.70 296.4623 3.2017 
43 92299.23 317.7619 3.4427 
44 91981.47 340.9730 3.7070 
45 91640.50 366.2529 3.9966 
46 91274.25 393.7687 4.3141 
47 90880.48 423.6978 4.6621 
48 90456.78 456.2274 5.0436 
49 90000.55 491.5543 5.4617 
50 89509.00 529.8844 5.9199 
51 88979.11 571.4316 6.4221 
52 88407.68 616.4165 6.9724 
53 87791.26 665.0646 7.5755 
54 87126.20 717.6041 8.2364 
55 86408.60 774.2626 8.9605 


Source: From Appendix 2A of Actuarial Mathematics by Bowers et al., pages 560-569. 
Copyright 1986 by the Society of Actuaries, Schaumburg, Illinois. Reproduced by 
permission. 
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Lx 


85634.33 
84799.07 
83898.25 
82927.11 
81880.73 
80754.01 
79541.78 
78238.78 
76839.78 
75339.63 
73733.37 
72016.33 
70184.31 
68233.66 
66161.54 
63966.08 
61646.62 
59203.93 
56640.51 
53960.80 
51171.51 
48281.81 
45303.60 
42251.62 
39143.64 
36000.37 
32845.41 
29704.95 
26607.34 
23582.45 
20660.90 
17872.99 
15247.58 
12810.83 
10584.91 
8586.75 
6827.07 
5309.58 
4030.72 
2979.81 
2139.77 
1488.32 
999.65 
646.17 
400.49 
237.05 
133.39 
71.01 
35.58 
16.68 
7.27 
2.92 
1.08 
0.36 

0.11 


dx 


835.2636 
900.8215 
971.1358 
1046.3843 
1126.7146 
1212.2343 
1302.9994 
1399.0010 
1500.1504 
1606.2618 
1717.0334 
1832.0273 
1950.6476 
2072.1177 
2195.4578 
2319.4639 
2442.6884 
2563.4258 
2679.7050 
2789.2905 
2889.6965 
2978.2164 
3051.9717 
3107.9833 
3143.2679 
3154.9603 
3140.4624 
3097.6146 
3024.8830 
2921.5530 
2787.9129 
2625.4088 
2436.7474 
2225.9244 
1998.1533 
1759.6818 
1517.4869 
1278.8606 
1050.9136 
840.0452 
651.4422 
488.6776 
353.4741 
245.6772 
163.4494 
103.6560 
62.3746 
35.4358 
18.9023 
9.4105 
4.3438 
1.8458 
0.7163 
0.2517 
0.0793 


9.7538 
10.6230 
11.5752 
12.6181 
13.7604 
15.0114 
16.3813 
17.8812 
19.5231 
21.3203 
23.2871 
25.4391 
27.7932 
30.3680 
33.1833 
36.2608 
39.6240 
43.2982 
47.3108 
51.6911 
56.4708 
61.6840 
67.3671 
73.5589 
80.3009 
87.6369 
95.6134 

104.2794 
113.6860 
123.8867 
134.9367 
146.8926 
159.8121 
173.7533 
188.7738 
204.9298 
222.2749 
240.8589 
260.7257 
281.9122 
304.4456 
328.3410 
353.5993 
380.2041 
408.1188 
437.2837 
467.6133 
498.9935 
531.2793 
564.2937 
597.8266 
631.6360 
665.4495 
698.9685 
731.8742 
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Dx 


100000.00 
92413.05 
87065.03 
82036.31 
77305.76 
7 2853.96 
68663.00 
64716.38 
60998.82 
57496.23 
54195.50 
51084.50 
48151.94 
45387.31 
42780.83 
40323.37 
38006.37 
35821.78 
33762.02 
31819.93 
29988.76 
28262.14 
26634.09 
25098.94 
23651.37 
22286.35 
20999.15 
19785.29 
18640.57 
17561.00 
16542.86 
15582.61 
14676.93 
13822.67 
13016.88 
12256.76 
11539.70 
10863.21 
10224.96 

9622.73 
9054.46 
8518.19 
8012.06 
7534.35 
7083.41 
6657.69 
6255.74 
5876.18 
5517.72 
5179.14 
4859.30 
4557.10 
4271.55 
4001.66 
3746.55 
3505.37 


Nx 


1680095.45 
1580095.45 
1487682.41 
1400617.38 
1318581.07 
1241275.31 
1168421.35 
1099758.35 
1035041.97 
974043.15 
916546.92 
862351.43 
811266.93 
763114.99 
717727.68 
674946.85 
634623.48 
596617.11 
560795.33 
527033.30 
495213.37 
465224.62 
436962.48 
410328.39 
385229.45 
361578.07 
339291.72 
318292.57 
298507.28 
279866.71 
262305.71 
245762.85 
230180.23 
215503.30 
201680.64 
188663.76 
176406.99 
164867.29 
154004.08 
143779.13 
134156.39 
125101.93 
116583.74 
108571.68 
101037.33 
93953.92 
87296.23 
81040.49 
75164.31 
69646.60 
64467.45 
59608.16 
55051.05 
50779.51 
46777.85 
43031.29 
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COMMUTATION FUNCTIONS, Dx, Ny, Sx, i= 0.06 


Sx 


27526802.72 
25846707.27 
24266611.82 
22778929.41 
21378312.03 
20059730.96 
18818455.64 
17650034.29 
16550275.94 
15515233.97 
14541190.82 
13624643.89 
12762292.47 
11951025.54 
11187910.54 
10470182.86 
9795236.01 
9160612.54 
8563995.42 
8003200.10 
7476166.79 
6980953.42 
6515728.80 
6078766.32 
5668437.93 
5283208.49 
4921630.41 
4582338.70 
4264046.13 
3965538.85 
3685672.13 
3423366.42 
3177603.57 
2947423.34 
2731920.04 
2530239.40 
2341575.65 
2165168.65 
2000301.36 
1846297.28 
1702518.15 
1568361.76 
1443259.83 
1326676.08 
1218104.41 
1117067.08 
1023113.16 
935816.93 
854776.44 
779612.12 
709965.53 
645498.07 
585889.92 
530838.86 
480059.36 
433281.51 
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Dx 


3277.32 
3061.66 
2857.67 
2664.71 
2482.16 
2309.44 
2146.01 
1991.37 
1845.06 
1706.64 
1575.71 
1451.90 
1334.88 
1224.32 
1119.94 
1021.49 
928.72 
841.44 
759.44 
682.56 
610.64 
543.54 
481.14 
423.33 
369.99 
321.02 
276.31 
235.74 
199.21 
166.57 
137.67 
112.35 
90.42 
71.67 
55.87 
42.76 
32.07 
23.53 
16.85 
11.75 
7.96 
5.22 
3.31 
2.02 
1.18 
0.66 
0.35 
0.18 
0.08 
0.04 
0.02 
0.01 
0.00 
0.00 
0.00 


Nx 


39525.92 
36248.59 
33186.93 
30329.26 
27664.55 
25182.39 
22872.95 
20726.94 
18735.57 
16890.50 
15183.86 
13608.15 
12156.25 
10821.37 
9597.05 
8477.11 
7455.62 
6526.90 
5685.46 
4926.02 
4243.47 
3632.83 
3089.29 
2608.14 
2184.81 
1814.82 
1493.80 
1217.49 
981.75 
782.54 
615.97 
478.30 
365.95 
275.52 
203.85 
147.98 
105.23 
73.16 
49.63 
32.78 
21.02 
13.06 
7.84 

4.53 
2.51 
1.33 
0.67 
0.32 
0.14 
0.06 

0.02 
0.01 
0.00 
0.00 

0.00 


Sx 


390250.22 
350724.30 
314475.71 
281288.77 
250959 .22 
223294.97 
198112.58 
175239.63 
154512.70 
135777 .13 
118886.62 
103702.76 
90094.61 
77938.36 
67116.99 
57519.94 
49042.83 
41587.20 
35060.31 
29374.84 
24448.82 
20205.36 
16572.53 
13483.24 
10875.10 
8690.28 
6875.46 
5381.66 
4164.17 
3182.42 
2399.88 
1783.90 
1305.60 
939.66 
664.13 
460.28 
312.30 
207.08 
133.92 
84.29 
51.52 
30.49 
17.43 
9.59 

5.07 

2.56 

1.23 

0.56 

0.24 

0.10 

0.04 

0.01 

0.00 

0.00 

0.00 
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Cx 


1926.5755 
117.0943 
100.5108 

86.9817 
76.0003 
67.1494 
60.0413 
54.3618 
49.8349 
46.2248 
43.3308 
40.9833 
39.0469 
37.3824 
35.9013 
34.5448 
33.2804 
32.1122 
31.0353 
30.0454 
29.1381 
28.3097 
27.5563 
26.8746 
26.2613 
25.7134 
25.2281 
24.8026 
24.4344 
24.1213 
23.8610 
23.6514 
23.4906 
23.3767 
23.3080 
23.2829 
23.2997 
23.3569 
23.4531 
23.5869 
23.7569 
23.9618 
24.2001 
24.4705 
24.7717 
25.1022 
25.4604 
25.8449 
26.2539 
26.6857 
27.1383 
27.6095 
28.0972 
28.5988 
29.1113 
29.6319 


Mx 


4900.2574 
2973.6819 
2856.5876 
2756.0768 
2669.0951 
2593.0948 
2525.9454 
2465.9041 
2411.5424 
2361.7075 
2315.4827 
2272.1519 
2231.1686 
2192.1217 
2154.7393 
2118.8290 
2084.2842 
2051.0038 
2018.8916 
1987.8562 
1957.8109 
1928.6728 
1900.3631 
1872.8068 
1845.9322 
1819.6709 
1793.9575 
1768.7294 
1743.9268 
1719.4924 
1695.3711 
1671.5101 
1647.8586 
1624.3680 
1600.9913 
1577.6833 
1554.4004 
1531.1008 
1507.7439 
1484.2907 
1460.7038 
1436.9469 
1412.9851 
1388.7850 
1364.3144 
1339.5427 
1314.4406 
1288.9801 
1263.1352 
1236.8813 
1210.1957 
1183.0574 
1155.4478 
1127.3506 
1098.7519 
1069.6405 
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COMMUTATION FUNCTIONS C,, My, Rx, i= 0.06 


Rx 


121974.5442 
117074.2868 
114100.6049 
111244.0173 
108487.9406 
105818.8455 
103225.7507 
100699.8053 
98233.9012 
95822.3588 
93460.6513 
91145.1686 
88873.0168 
86641.8482 
84449.7264 
82294.9871 
80176.1581 
78091.8738 
76040.8700 
74021.9784 
72034.1222 
70076.3113 
68147.6386 
66247.2755 
64374.4687 
62528.5365 
60708.8656 
58914.9081 
57146.1787 
55402.2519 
53682.7595 
51987.3885 
50315.8784 
48668.0198 
47043.6517 
45442.6604 
43864.9771 
42310.5767 
40779.4760 
39271.7321 
37787.4414 
36326.7375 
34889.7907 
33476.8056 
32088.0206 
30723.7061 
29384.1634 
28069.7229 
26780.7427 
25517.6075 
24280.7261 
23070.5305 
21887.4731 
20732.0252 
19604.6746 
18505.9227 
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Age Cy My Ry 

56 30.1571 1040.0086 17436.2822 
57 30.6831 1009.8515 16396.2736 
58 31.2057 979.1685 15386.4221 
59 31.7204 947.9628 14407.2536 
60 32.2223 916.2423 13459.2908 
61 32.7057 884.0201 12543.0485 
62 33.1646 851.3144 11659.0284 
63 33.5925 818.1498 10807.7140 
64 33.9824 784.5573 9989.5642 
65 34.3265 750.5749 9205.0070 
66 34.6167 716.2484 8454.4320 
67 34.8444 681.6317 7738.1836 
68 35.0005 646.7873 7056.5519 
69 35.0755 611.7868 6409.7645 
70 35.0597 576.7113 5797.9777 
71 34.9434 541.6516 5221.2663 
72 34.7168 506.7082 4679.6147 
73 34.3706 471.9914 4172.9066 
74 33.8959 437.6208 3700.9152 
75 33.2850 403.7249 3263.2944 
76 32.5312 370.4400 2859.5695 
77 31.6300 337.9087 2489.1295 
78 30.5786 306.2787 2151.2208 
79 29.3771 275.7002 1844.9421 
80 28.0289 246.3230 1569.2419 
81 26.5407 218.2941 1322.9189 
82 24.9234 191.7534 1104.6247 
83 23.1918 166.8300 912.8714 
84 21.3654 143.6382 746.0413 
85 19.4675 122.2729 602.4031 
86 17.5254 102.8054 480.1303 
87 15.5697 85.2799 377.3249 
88 13.6329 69.7102 292.0449 
89 11.7485 56.0773 222.3347 
90 9.9494 44.3288 166.2574 
91 8.2660 34.3795 121.9286 
92 6.7248 26.1135 87.5491 
93 5.3465 19.3887 61.4356 
94 4.1449 14.0421 42.0470 
95 3.1256 9.8973 28.0048 
96 2.2867 6.7716 18.1075 
97 1.6183 4.4850 11.3359 
98 1.1043 2.8667 6.8509 
99 0.7241 1.7624 3.9842 
100 0.4545 1.0384 2.2218 
101 0.2719 0.5839 1.1834 
102 0.1543 0.3120 0.5995 
103 0.0827 0.1577 0.2875 
104 0.0416 0.0749 0.1299 
105 0.0196 0.0333 0.0549 
106 0.0085 0.0138 0.0216 
107 0.0034 0.0052 0.0079 
108 0.0012 0.0018 0.0026 
109 0.0004 0.0006 0.0008 


0.0001 


0.0002 


0.0002 
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NET SINGLE PREMIUMS, 1 = 0.06 


—— CLU 
Age iy 1000 Ax 1000 (<A) 
0 16.80096 49.0025 25.9210 
1 17.09819 32.1781 8.8845 
2 17.08703 32.8097 8.6512 
3 17.07314 33.5957 8.5072 
4 17.05670 34.5264 8.4443 
5 17.03786 35.5930 8.4547 
6 17.01675 36.7875 8.5310 
7 16.99351 38.1031 8.6666 
8 16.96823 39.5341 8.8553 
9 16.94100 41.0757 9.0917 
10 16.91187 42.7245 9.3712 
11 16.88089 44.4782 9.6902 
12 16.84807 46.3359 10.0460 
13 16.81340 48.2981 10.4373 
14 16.77685 50.3669 10.8638 
15 16.73836 52.5459 11.3268 
16 16.69782 54.8404 11.8295 
17 16.65515 57.2558 12.3749 
18 16.61024 59.7977 12.9665 
19 16.56299 62.4720 13.6080 
20 16.51330 65.2848 14.3034 
21 16.46105 68.2423 15.0569 
22 16.40614 71.3508 15.8730 
23 16.34843 74.6170 16.7566 
24 16.28783 78.0476 17.7128 
25 16.22419 81.6496 18.7472 
26 16.15740 85.4300 19.8657 
27 16.08733 89.3962 21.0744 
28 16.01385 93.5555 22.3802 
29 15.93683 97.9154 23.7900 
30 15.85612 102.4835 25.3113 
31 15.77161 107.2676 26.9520 
32 15.68313 112.2754 28.7206 
33 15.59057 117.5148 30.6259 
34 15.49378 122.9935 32.6772 
35 15.39262 128.7194 34.8843 
36 15.28696 134.7002 37.2574 
37 15.17666 140.9437 39.8074 
38 15.06159 147.4572 42.5455 
39 14.94161 154.2484 45.4833 
40 14.81661 161.3242 48.6332 
41 14.68645 168.6916 52.0077 
42 14.55102 176.3572 55.6199 
43 14.41022 184.3271 59.4833 
44 14.26394 192.6071 63.6117 
45 14.11209 201.2024 68.0193 
46 13.95459 210.1176 72.7205 
47 13.79136 219.3569 77.7299 
48 13.62235 228.9234 83.0624 
49 13.44752 238.8198 88.7329 
50 13.26683 249.0475 94.7561 
51 13.08027 259.6073 101.1469 
52 12.88785 270.4988 107.9196 
53 12.68960 281.7206 115.0885 
54 12.48556 293.2700 122.6672 
55 12.27581 305.1431 130.6687 
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Se E TN O 


Age fix 1000 Ax 1000 (<A) 
56 12.06042 317.3346 139.1053 
57 11.83953 329.8381 147.9883 
58 11.61327 342.6452 157.3280 
59 11.38181 355.7466 167.1332 
60 11.14535 369.1310 177.4113 
61 10.90412 382.7858 188.1682 
62 10.65836 396.6965 199.4077 
63 10.40837 410.8471 211.1318 
64 10.15444 425.2202 223.3401 
65 9.89693 439.7965 236.0299 
66 9.63619 454.5553 249.1958 
67 9.37262 469.4742 262.8299 
68 9.10664 484.5296 276.9212 
69 8.83870 499.6963 291.4559 
70 8.56925 514.9481 306.4172 
71 8.29879 530.2574 321.7850 
72 8.02781 545.5957 337.5361 
73 7.75683 560.9339 353.6443 
74 7.48639 576.2419 370.0803 
75 7.21702 591.4895 386.8119 
76 6.94925 606.6460 403.8038 
77 6.68364 621.6808 421.0184 
78 6.42071 636.5634 438.4155 
79 6.16101 651.2639 455.9527 
80 5.90503 665.7528 473.5861 
81 5.65330 680.0019 491.2698 
82 5.40629 693.9837 508.9574 
83 5.16446 707.6723 526.6012 
84 4.92824 721.0431 544.1537 
85 4.69803 734.0736 561.5675 
86 4.47421 746.7428 578.7956 
87 4.25710 759.0320 595.7923 
88 4.04700 770.9244 612.5133 
89 3.84417 782.4056 628.9163 
90 3.64881 793.4636 644.9611 
91 3.46110 804.0884 660.6105 
92 3.28118 814.2726 675.8298 
93 3.10914 824.0111 690.5878 
94 2.94502 833.3007 704.8565 
95 2.78885 842.1408 718.6115 
96 2.64059 850.5325 731.8321 
97 2.50020 858.4791 744.5010 
98 2.36759 865.9853 756.6047 
99 2.24265 873.0577 768.1330 
100 2.12522 879.7043 779.0793 
101 2.01517 885.9341 789.4400 
102 1.91229 891.7573 799.2147 
103 1.81639 897.1852 808.4054 
104 1.72728 902.2295 817.0170 
105 1.64472 906.9025 825.0563 
106 1.56850 911.2170 832.5324 
107 1.49838 915.1860 839.4558 
108 1.43414 918.8224 845.8386 
109 1.37553 922.1396 851.6944 
110 1.32234 925.1507 857.0377 
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Accumulated value (see also 
insurances), 2-9, 41-43 
Accumulation (see accumulated 
value) 
Accumulation factor, 2-9 
Annuities (see annuities -certain 
and life annuities) 
Annulities-certain, 48-79 
deferred, 51, 56-57 
due, 46-55 
immediate, 48, 55-59 
payable at intervals of time r, 
69-71 
payable continuously, 66-69 
payable pthly, 60-66 
varying, 51-54, 56 


Capital content, 1 

Capital repayment, 44-46, 72-75 

Conditional failure rate, 83 

Consistency (see principle of 
consistency) 

Continuous cash flows, 18-20, 38-43 


Cost of insurance, 321-322 


DeMoivre's law of mortality, 95 


Discount factor, 20-21 


Discount rate, 20-21 
convertible pthly, 27 
effective, 20, 23-24 
nominal, 24-25 
Double geometric law of mortality, 
95 
Endowments, 157-165 
Expected death strain, 322 
Expenses, 244-253 


Fackler valuation functions, 306 

Family income benefit, 201-206, 
262-263, 265-268, 301-303, 
311-312 

Force of interest, 6 

Force of mortality, 86 

Full preliminary term method, 349 

Future lifetime, 92-93 

curtate, 94-95 


Gompertz's law of mortality, 96 
Guaranteed annuities (see life 


annuities) 


Hazard function, 83 
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Insurances (see also life annuities, 
life insurances) 
accumulated value, 133 
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expected present value, 120-122 
variance of the present value, 

124-125 
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compound, 3 
content, 1 
payable continuously, 18-19 
payable pthly, 13-14 
simple, 1-2 

Interest rate, 1 
annual, 2-3 
convertible pthly, 13-14 
effective, 3, 10 
nominal, 10 


Internal rate of return, 35 


Laws of mortality, 95-96 

Life annuities, 165-216 
complete, 206-208 
deferred, 165-166, 178 
due, 165-177 
guaranteed, 197-201, 261, 

264-270, 312-314, 333 

immediate, 178-182 
payable continuously, 189-197 
payable pthly, 182-189 
varying, 173-174, 180-182 
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Life insurances, 139-157 
deferred, 139 
payable at the end of the year 
of death, 139-146 
payable at the moment of 
death, 146-154 
term (temporary), 139-141, 
146-150 
varying, 143-144, 150-152, 
297-301 
whole, 141 
Makeham's law of mortality, 96 
Makehams' second law of 
mortality, 96 
Mortality loss, 318 
Mortality profit, 318-337 
Mortality surplus, 319 
Mortality tables, 98-111 
select, 103-110 
ultimate, 103 


Outstanding capital, 45-46, 73-75 
Overnight money, 14 


Payment schedule, 45, 73 
Perk's law of mortality, 96 
Policy values (see reserves) 
Premiums, 217-253 
gross (office), 217, 244-253 
net (risk), 217-244 
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payable in the form of an 
annuity, 218-229, 235-241, 
247-252 
single, 217-218, 229-235, 246-247 
Present value (see also insurances), 
31-48 
Principle of consistency, 3 
Probabilities of living and dying, 
87-91 


Pure endowments, 135-139 


Rate of mortality, 88 

Rate of payment, 19 

Reserves, 254-318, 338-359 
modified, 338-359 
negative, 290-304 
net premium, 254-318 
prospective, 255-260 
retrospective, 255-260 
Zillmerized, 341 


Stochastic cash flows, 112-135 
Survival function, 80 


Survival time, 80-97 


Temporary insurances (see life 
insurances) 
Term certain insurances, 226-228, 
263, 265-266, 272-274, 333 
Term insurances (see life insurances) 


Total actual death strain, 322 
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Varying annuities (see annuities- 
certain and life annuities) 
Varying life insurances (see life 
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Whole life insurances (see life 
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Yield, 35 


Zillmer maximum, 349 


Zillmerized reserves (see reserves) 


